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PREFACE. 


i aes following work will, I hope, be found to be a 

fairly complete elementary text-book on Plane Trigo- 
nometry, suitable for Schools and the Pass and Junior 
Honour classes of Universities, In the higher portion of 
the book I have endeavoured to present to the student, 
as simply as possible, the modern treatment of complex 
quantities, and I hope it will be found that he will have 
little to unlearn when he commences to read treatises of 
a more difficult character. 

As Trigonometry consists largely of formule and the 
applications thereof, I have prefixed (on pages x to xvi) a 
list of the principal formule which the student should 
commit to memory. These more important formulee 
are distinguished in the text by the use of thick type. 
Other formule are subsidiary and of less importance. 

The number of examples is very large. A selection 
only should be solved by the student on a first reading. 
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On a first reading also the articles marked with an 
asterisk should be omitted. 

Considerable attention has been paid to the printing 
of the book and I am under great obligation to the 
Syndics of the Press for their liberality in this matter, 
and to the officers and workmen of the Press for the 
trouble they have taken. 

I am indebted to Mr W. J. Dobbs, B.A., late Scholar 
of St John’s College, for his kindness in reading and 
correcting the proof-sheets and for many valuable sug- 
gestions. 


For any corrections and suggestions for improvement 
I shall be thankful. 


Ss. L. LONEY. 


Royat Houtoway CoLueEcE, ~ 
EGHam, SURREY. 
September 12, 1893. 
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CHAPTER I. 


MEASUREMENT OF ANGLES, SEXAGESIMAL, CENTESIMAL, 
~AND CIRCULAR MEASURE. 


1. In geometry angles are measured in terms of a 
right angle. This, however, is an inconvenient unit of 
measurement on account of its size. 


2. In the Sexagesimal system of measurement a 
right angle is divided into 90 equal parts called Degrees. 
Each degree is divided into 60 equal parts called 
Minutes, and each minute into 60 equal parts. called 
Seconds. | 

The symbols 1°, 1’, and 1” are used to denote a degree, 
a minute, and a second respectively. 

Thus 60 Seconds (60”) make One Minute (1’), 

| 60 Minutes (60’) __,, » Degree (1°), 
and 90 Degrees (90°) _,, , Right Angle. 

This system is well established and is always used in 
the practical applications of Trigonometry. It is not 
however very convenient on account of the multipliers 60 
and 90. 


L. T. 1 
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~ 3. On this account another system of measurement 
called the Centesimal, or French, system has been 
proposed. In this system the right angle is divided into 
100 equal parts, called Grades; each grade is subdivided 
into 100 Minutes, and each minute into 100 Seconds. 
The symbols 1%, 1‘, and 1° are used to denote a Grade, 
a Minute, and a Second respectively. 
Thus 100 Seconds (100“) make One Minute (1°), 
100 Minutes (100°) __,, » Grade, (15), 
100 Grades (1008) . » Right angle. 


- 4, This system would be much more convenient to 
use than the ordinary Sexagesimal System. 
As a preliminary, however, to its practical adoption, a 
large number of tables would have to be recalculated. 
For this reason the system has in practice never been used. 


-§. To convert Sexagesimal into Centesimal Measure, 
and vice versa. 
Since a right angle is equal to 90° and also to 100%, we 
have | | 


90° = 1008. 

, 108 9° 
° a7 f= aan 
sul = G. , and 1 = 70° 


Hence, to change degrees into grades, add on one- 
ninth ; to change grades into degrees, subtract one-tenth. 


Ex. 36°= (36 +5 x 36) = 40s, 
d ete (64—.x 64) =(64—64)°=57°6° 
an aie | ae Te ) =( _ ) — é 


If the angle do not contain an integral number of 
degrees, we may reduce it to a fraction of a degree and 
then change to grades. 
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In practice it is generally found more convenient to 
reduce any angle to a fraction of a right angle. The 
method will be seen in the following examples ; 


Ex. 1. Reduce 63°14’ 51” to Centesimal Measure. 


Lapp ld set 
We have dl = 96 = 85’, 
and 14’ 5121485! = se =*9475°, 
63° 14’ 51 =63:2475° = ae rt. angle 


= ‘70275 rt, angle 
= 70°2758 = 708 27°5' = 708 27° 50°. 
Ex. 2. Reduce 94¢23' 87° to Sexagesimal Measure. 
94% 23° 87° = -942387 right angle 
90 
84'81483 degrees 


: 60 
48-8898 minutes _ 


60 
53°3880 seconds 


*, 948 23° 87° = 84° 48’ 53-388”. 


6. Angles of any size. 
Suppose AOA’ and BOB’ to be two fixed lines meeting 
at right angles in O, and suppose 
a revolving line OP (turning about nee 
a fixed point at QO) to start from 
OA and revolve in a direction 


Pp 
opposite to that of the hands of aa’ aaa 
a CANS 
: Pg P4 

B’ 


For any position of the re- 
volving line between OA and OB, 
such as OP,, it will have turned 
through an angle AOP,, which is less than a right angle. 
1—2 
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For any position between OB and OA’, such as OP,, 
the angle AOP, through which it has turned is greater 
than a right angle. 

For any position OP;, between OA’ and OB’, the 
angle traced out is AOP;, ie. AOB+ BOA'+ A’OPs, we. 
2 right angles + A’OP;, so that the angle described 1s 
greater than two right angles. | 

For any position OP,, between OB’ and OA, the angle 
turned through is similarly greater than three right angles. 

When the revolving line has made a complete revo- 
lution, so that it coimcides once more with OA, the angle 
through which it has turned is 4 right angles. 

If the line OP still continue to revolve, the angle 
through which it has turned, when it is for the second 
time in the position OP,, is not AOP, but 4 right angles 
+ AOP,. 

Similarly when the revolving line, having made two 
complete revolutions, is once more in the position OP,, 
the angle it has traced out is 8 right angles + AOP., 


7. If the revolving line OP be between OA and OB 
it is said to be in the first quadrant; if it be between OB 
and OA’ it is in the second quadrant; if between O.A’ and 
OB’ it is in the third quadrant; if it is between OB’ and 
OA it is in the fourth quadrant. 


8. Ex. What is the position of the revolving line when it has turned 
through (1) 225°, (2) 480°, and (3) 1050° 2 

(1) Since 225°=180°+45°, the revolving line has turned through 
45° more than two right angles and is therefore halfway between OA’ 
and OB’, 

(2) Since 480°=360° + 120°, the revolving line has turned through 
120° more than one complete revolution, and is therefore between OB 
and OA’, and makes an angle of 30° with OB. 
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(3) Since 1050° =11 x 90°+60°, the revolving line has turned through 
60° more than eleven right angles and is therefore between OB’ and OA 
and makes 60° with OB’. 


EXAMPLES. 1 


Express in terms of a right angle the angles . 


1, 60°. 9. 75°15’. 3. 68°17’ 25”. 
4, 180° 30’. 5, 210°30’ 30”. 6. 370° 20’ 48”. 
Express in grades, minutes, and seconds the angles 
7, 30°. ~8, 81°. 9, 138°30’. 10. 35°47'15”. 
Ll, 285° 12’ 36”. 12. 475° 13’ 48”. 


Express in terms of right angles and also in degrees, minutes, and 
seconds the angles 
13, 1208. 14, 45835° 24". 15, 89845° 36". 
16, 25584881". 17, 7598 45° 60". 
Mark the position of the revolving line when it has traced out the 
following angles: 


18. : right angle, 19, 34 right angles, 20, 184 right angles. 
21. 120°. 22. 315°. 93. 745°. 24, 1185°. 25, 1508. 
26, 4208. 27, 8758. | 

28. How many degrees, minutes and seconds are respectively passed 
over in 114 minutes by the hour and minute hands of a watch ? 


29. The number of degrees in one acute angle of a right-angled 
triangle is equal to the number of grades in the other; express both the 
angles in degrees. 


30. Prove that the number of Sexagesimal minutes in any angle is 
to the number of Centesimal minutes in the same angle as 27:50. | 


831. Divide 44°8' into two parts such that the number of Sexagesimal 
seconds in one part may be equal to the number of Centesimal seconds in 
the other part. 


Circular Measure. 


9. A third system of measurement of angles has 
been devised, and it is this system which is used in all 
the higher branches of Mathematics, 
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The unit used is obtained thus; 

Take any circle APBB’, whose centre is O, and from 
any point A measure off an arc 
AP whose length is equal to the 
radius of the circle. Join OA and 
OP. 

The angle AOP is the angle 
which is taken as the unit of cir- 
cular measurement, 2.e. it is the 
angle in terms of which in this 
system we measure all others. 

This angle is called A Radian and is often denoted 
by 1° 


10. It is clearly essential to the proper choice of a 
unit that it should be a constant quantity ; hence we must 
shew that the Radian is a constant angle. This we shall 
do in the following articles. 


11. Theorem. The length of the circumference of a 
circle always bears a constant ratio to its diameter. 


Take any two circles whose common centre is O. In 
the large circle inscribe a regular | 
polygon of n sides, ABCD.... are 
Let OA, OB, OC,... meet the OOS c 
smaller circle in the points a, 8, UE i 
c,d... and join ab, be, cd,.... zm 
Then, by Euc. vi. 2, abcd... is 


a regular polygon of n sides in- 
seribed in the smaller circle. 


Since Oa = Ob, and OA = OB, 
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the lines ab and AB must be parallel, and hence | 
| a = = -(Kue. VI. 4). 
Also the polygon ABCD... being regular, its perimeter, 
z.e. the sum of its sides, is equal ton. AB. Similarly for 
the inner polygon. 
Hence we have 


Perimeter of the outer polygon ».AB AB OA 


Perimeter of the inner polygon’ n.ab- ab Oa 


This relation exists whatever be the number of sides 
in the polygons. 

Let then the number of sides be indefinitely increased 
(z.e. let » become inconceivably great) so that finally the 
perimeter of the outer polygon will be the same as the 
circumference of the outer circle, and the perimeter of the 
inner polygon the same as the circumference of the inner 
circle. 

The relation (1) will then become 

Circumference of outer circle OA 
Circumference of inner circle Oa 
Radius of outer circle 
~ Radius of inner circle ’ 
Circumference of outer circle 
Radius of outer circle 
Circumference of inner circle 
~ Radius of inner circle 

Since there was no restriction whatever as to the sizes 

of the two circles, it follows that the quantity 
Circumference of a circle 
Radius of the circle 
is the same for all circles. 


Hence 


8 TRIGONOMETRY. 


Hence the ratio of the circumference of a circle to its 
radius, and therefore also to its diameter, is a constant 
quantity. | 


12. In the previous article we have shewn that the 

ratio opie is the same for all circles. The value 
Diameter 

of this constant ratio is always denoted by the Greek 


letter m (pronounced Pi), so that a is a number. 


Hence ~ irovnaterence the constant number 7r. 
Diameter | 

We have therefore the following theorem; The cir- 

cumference of a circle is always equal to 7 times 


its diameter or 277 times its radius. 


13. Unfortunately the value of 7 is not a whole 
number, nor can it be expressed in the form of a vulgar 
fraction, and hence not in the form of a decimal fraction, 
terminating or recurring. 

The number 7 is an incommensurable magnitude, te. a 
magnitude whose value cannot be exactly expressed as the 
ratio of two whole numbers. 

Its value, correct to 8 places of decimals, is 


3°14159265.... 


22 


The fraction 7 gives the value of 7 correctly for the 


first two decimal places; for = = 3°14285.... 


ww 


The fraction aa is a more accurate value of w being 


correct to 6 places of decimals; for aoe 3°14159208.... 
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[N.B. The fraction a may be remembered thus; write down the 


first three odd numbers repeating each twice, thus 113355; divide the 
number thus obtained into portions and let the first part be divided into 
the second, thus 113) 355(. 

The quotient is the value of 7 to 6 places of decimals.] 


To sum up. An approximate value of 7r, correct 
to 2 places of decimals, is the fraction “2 5; a more 


accurate value is $'14159.... 
By division we can shew that 


1 _ 3183098862... 
T 


14. Ex.1. The diameter of a tricycle wheel is 28 inches; through 
what distance does its centre move during one revolution of the wheel? 


The radius 7 is here 14 inches. 
The circumference therefore = 2.7 .14=—287 inches. 


Taking r=, the circumference = 28 x ~ inches=7 ft. 4 inches ap- 


proximately. 
Giving a the more accurate value 314159265... the circumference 


= 28x 3-14159265... inches =7 ft. 3°96459... inches. 


Ex. 2. What must be the radius of a circular running path, round 
which an athlete must run 5 times in order to describe one mile ? . 


The circumference must be 5x 1760, i.e. 352, yards. 


Hence, if 7 be the radius of the path in yards, we have 27r=352, 


: 176 
i.€. y==—— yards. 
vis 
Taking r= - , we have r= x s 56 yards nearly. 


Taking the more accurate value _ =°31831, we have 


r=176 x :31831 = 56:02256 yards, 
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EXAMPLES. II. 


1. If the radius of the earth be 4000 miles, what is the length of its 
circumference? 


2. The wheel of a railway carriage is 8 feet in diameter and makes 
3 revolutions in a second; how fast is the train going? 


3, A mill sail whose length is 18 feet makes 10 revolutions per 
minute. What distance does its end travel in an hour? | 


4, The diameter of a halfpenny is an inch; what is the length of a 
piece of string which would just surround its curved edge? 


5, Assuming that the earth describes in one year a circle, of 
92500000 miles radius, whose centre is the sun, how many miles does the 
earth travel in a year? a 


6. The radius of a carriage wheel is 1 ft. 9 ins,, and it turns 


through 80° in : 


gth of a second; how many miles does the wheel travel in 


one hour? 


15. Theorem, The radian is a constant angle. 
Take the figure of Art. 9. Let the arc AB be a 


quadrant of the circle, ze. one quarter of the circum- 
ference. 


By Art. 12, the length of AB is therefore ae where 7 


is the radius of the circle. , 

By EKuce. vi. 33, we know that angles at the centre of 
any circle are to one another as the arcs on which they 
stand. 


W ZAOP arcAP or _2 
ata ZAOB arcAB vw 7’ 
_/ 
2 
2 AOP ==. Z AOB. 


But we defined the angle AOP to be a Radian. 
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e 


._ZAOB 


Hence a Radian = 


| bo Qj | be 


xa right ‘le, 
= a right angle 


Since a right angle is a constant angle and since we 
have shewn (Art. 12) that m is a constant quantity, 16 
follows that a Radian is a constant angle, and is therefore 
the same whatever be the circle from which it is derived. 


16. Magnitude of a Radian. 


By the previous article a radian 


2 _ 180° 
= xa right angle = = 
ise = 57°2957795° 


~ 314159265... 
= 57° 17' 448" nearly. 


17. Since a Radian == xa right angle, 


therefore a right angle = 7 . radians, 


so that 180° = 2 right angles = 7 radians, 
and 360°=4 right angles = 27 radians. 

Hence when the revolving line (Art. 6) has made a 
complete revolution it has described an angle equal to 
2a radians; when it has made three complete revolutions 
it has described an angle of 67 radians; when it has made 
n revolutions it has described an angle of 2n7 radians. 


2 


18. In practice the symbol “c” is generally omitted 
and instead of “an angle @°” we find written “an 
angle 7.” 
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The student must notice this point carefully. If the 
unit, in terms of which the angle is measured, be not 
mentioned, he must mentally supply the word “ radians.” 
Otherwise he will easily fall into the mistake of supposing 
that w stands for 180°. It is true that 7 radians (7°) is 
the same as 180°, but 7 itself is a number, and a number 
only. 


19. To convert circular measure into sexagesimal 
measure or centesumal measure and vice versa. 

The student should remember the relations, 

Two right angles = 180° = 200% =z radians. 

The conversion is then merely Arithmetic. 


Ex. (1) -457°=-45 x 180°=81°= 908. 


(2) Bao xne=* 180° == x 2008. 
(3) 40° 15’ 86” = 40° 153’ =40-26° 
= 40°26 x Tap = 22860 radians. 
(4) 408 15° 36" = 40-15368= 401536 x _ radians 
= ‘2007687 radians. 


20. Ex.1. The angles of a triangle are in a. Pp. and the number of 
grades in the least is to the number of radians in the greatest as 40: 7; 
Jind the angles in degrees. 

Let the angles be (#— y)°, x°, and (#+y)°. 

Since the sum of the three angles of a triangle is 180°, we have 

180=2%2-y+u+xr+y=2d2, 
so that x= 60. 
The required angles are therefore 
(60-y)°, 60°, and (60+¥y)°. 
10 


Now (60 - y)°=— x (60-y)§, 


and (60+y)°=— 


= Tg * (60+) radians. 


4.€. 


1. 
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Hence ie (60-—y) : cca 


9 
200 60-y 40. 


ao 6O+y m7’ 
5 (60 —-y)=60+y, 
y =40. 
The angles are therefore 20°, 60°, and 100°. 


(60+ y) :: 40: 7, 
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— Bx. 2. Lapress in the 3 systems of angular measurement the magni- 
tude of the angle of a regular decagon. 


The corollary to Euc. I. 32 states that all the interior angles of any 
rectilinear figure together with four right angles are equal to twice as 
many right angles as the figure has sides, 
Let the angle of a decagon contain « right angles, so that all the 
angles are together equal to 10x right angles. 


The corollary therefore states that 


10x + 4= 20, 
so that nae right angles. 
But one right angle 
=90°=1008= 5 radians. 
Hence the required angle 
=144°-—1608= oi radians. 
EXAMPLES. III. 
Express in degrees, minutes, and seconds the angles, 
ac 47° 
1, 3° 2. = 3. 107°. 4, 1° 
Express in grades, minutes, and seconds the angles, 
Age vO R 
6. 5 e 7. 3. ° 8. 107 . 
Express in radians the following angles: | 
9, 60°. 10, 110°30’. = 11, 175° 45". 
13. 395°. 14, 608. 15, 110830°. 


o. 


8°. 


12. 47° 25’ 36”. 
16. 345825 36°. 
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17. The difference between the two acute angles of a right-angled 


triangle is om radians; express the angles in degrees. 


: _ 3 
18, One angle of a triangle is - grades and another is 5 degrees, 


whilst the third is TE radians ; express them all in degrees. 
0 : 


19. The circular measure of two angles of a triangle are respectively 


1 
~ and 3 what is the number of degrees in the third angle? 


bo 


90. The angles of a triangle are in a. Pp. and the number of degrees 
in the least is to the number of radians in the greatest as 60 to 7; find 
the angles in degrees. 

21. The angles of a triangle are in 4. Pp. and the number of radians 
in the least angle is to the number of degrees in the mean angle as 1: 120. 
Find the angles in radians. 

99, Find the magnitude, in radians and degrees, of the interior 
angle of (1) a regular pentagon, (2) a regular heptagon, (3) a regular 
octagon, (4) a regular duodecagon, and (5) a regular polygon of 17 sides. 

23. The angle in one regular polygon is to that in another as 3: 2; 
also the number of sides in the first is twice that in the second; how 
many sides have the polygons? 

94, The number of sides in two regular polygons are as 5: 4, and 
the difference between their angles is 9°; find the number of sides in 
the polygons. 

25. Find two regular polygons such that the number of their sides 
may be as 3 to 4 and the number of degrees in an angle of the first to the 
number of grades in an angle of the second as 4 to 5. 

26. The angles of a quadrilateral are in a. P. and the greatest s 
double the least; express the least angle in radians. 

27, Find in radians, degrees, and grades the angle between the 
hour-hand and the minute-hand of a clock at (1) half-past three, 
(2) twenty minutes to six, (3) a quarter past eleven. 


21. Theorem. The number of radians wn any angle 
whatever is equal to a fraction, whose numerator is the arc 
which the angle subtends at the centre of any circle, and 
whose denominator vs the radius of that circle. 
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Let AOP be the angle which has been described by a 
line starting from OA and revolv- | 
ing into the position OP. [ 

With centre O and any radius 
describe a circle cutting OA and 
OP in the points A and P. . 

Let the angle AOB be a radian, 
so that the arc AB is equal to the 
radius OA. | 

By Kuce. VI. 33, we have 

ZAOP  ZAOP_ arc AP _ are AP 
A Radian ZAOB arc AB Radius’ 


so that ZAOP aa x A Radian. 


Hence the theorem is proved. 


22. Ex.1. Find the angle subtended at the centre of a circle of 
radius 3 feet by an are of length 1 foot. | 


The number of radians in the angle = Rooke = . ‘ 
radius 3 
Hence the angle 
ee eee ae . 6 OOP hace 
=5 radian = 3'7 right angle = 37 * g0° = ie =1974°, 


taking w+ equal to = . 


Ex. 2. Ina circle of 5 feet radius what is the length of the are which 
subtends an angle of 33°15’ at the centre ? 


If x feet be the required length, we have 


© =number of radians in 33° 15’ 


5 
334 
_ 183 
~ 720 7" 
133 133 22 
 =7q4F feet = im* 7 feet nearly 


= 285 feet nearly. 
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Ex. 3. Assuming the average distance of the earth from the sun to be 
92500000 miles, and the angle subtended by the sun at the eye of a person 
on the earth to be 32’, find the sun’s diameter. 


Let D be the diameter of the sun in miles. 

The angle subtended by the sun being very small, its diameter is very 
approximately equal to a small arc of a circle whose centre is the eye of 
the observer. Also the sun subtends an angle of 32’ at the centre of this 
circle. : 

Hence, by Art. 21, we have 


D ° . , 
§9500000 =the number of radians in 32 
8° 
=the number of radians in iz 
_8 4 _ on 
15 * 180 675° 
; 185000000 . 
DD ae gi Tv miles 


__ 185000000 x re miles approximatel 
=—~67B Gawd y 


= about 862000 miles. 


Ex. 4. Assuming that a person of normal sight can read print at such 
a distance that the letters subtend an angle of 5’ at his eye, find what is 
the height of the letters that he can read at a distance (1) of 12 feet, and 
(2) of a quarter of a mile. 

Let 2 be the required height in feet. 

In the first case, x is very nearly equal to the arc of a circle, of radius 
12 feet, which subtends an angle of 5’ at its centre. ; 


4h; s . 
Hence [g = Dumber of radians in 5’ 


_ i T 
= a9. Ta 


. ee er ees 22 
Ce tgg. 160 7 


1 22.3 1, 
= 55 x 7 inches = about 5 inch. 


feet nearly 
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In the second case the height y is given by 


=number of radians in 5’ 


1 T 
= 73 * 780’ 
ee as x = feet nearly 
18 18 7 
= about 23 inches. 


y 
440 x3 
so that 


EXAMPLES. IV. 


1, Find the number of degrees subtended at the centre of a circle by 
an are whose length is ‘357 times the radius, taking r=3°1416. 

9. Express in radians and degrees the angle subtended at the centre 
of a circle by an arc whose length is 15 feet, the radius of the circle 
being 25 feet. 

8, The value of the divisions on the outer rim of a graduated circle 
is 5’ and the distance between successive graduations is *l inch. Find 
the radius of the circle. 

4, The diameter of a graduated circle is 6 feet and the graduations 
on its rim are 5’ apart; find the distance from one graduation to 
another. 

5, Find the radius of a globe which is such that the distance between 
two places on the same meridian whose latitude differs by 1°10’ may be 
half-an-inch, | 

6, Taking the radius of the earth as 4000 miles find the difference 
in latitude of two places, one of which is 100 miles north of the other. 

7, Assuming the earth to be a sphere and the distance between 
two parallels of latitude, which subtends an angle of 1° at the earth’s 
centre, to be 691 miles, find the radius of the earth. 

8. The radius of a certain circle is 3 feet; find approximately the 
length of an arc of this circle, if the length of the chord of the are be 
3 feet also. 

9, What is the ratio of the radii of two circles at the centre of which 
two arcs of the same length subtend angles of 60° and 75°? 


10. If an arc, of length 10 feet, on a circle of 8 feet diameter 
subtend at the centre an angle of 148°14'22”; find the value of r 
to 4 places of decimals. 


L. T. 2 
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11, Ifthe circumference of a circle be divided into 5 parts which are 
in a.p., and if the greatest part be 6 times the least, find in radians 
the magnitudes of the angles that the parts subtend at the centre of the 
cirele. 


12. The perimeter of a certain sector of a circle is equal to the length 
of the arc of a semicircle having the same radius; express the angle of 
the sector in degrees, minutes, and seconds. 


13, At what distance does a man, whose height is 6 feet, subtend an 
angle of 10’? 

14, Find the length which at a distance of one mile will subtend 
an angle of 1’ at the eye. 


15. Find approximately the distance at which a globe, 54 inches in 
diameter, will subtend an angle of 6’. 


16. Find approximately the distance of a tower whose height is 
51 feet and which subtends at the eye an angle of 5,3’. 


17, A-church spire, whose height is known to be 45 feet, subtends 
an angle of 9’ at the eye; find approximately its distance. 


18, Find approximately in minutes the inclination to the horizon of 
an incline which rises 34 feet in 210 yards. 


19, The radius of the earth being taken to be 3960 miles, and the 
distance of the moon from the earth being 60 times the radius of the 
earth, find approximately the radius of the moon which subtends at the 
earth an angle of 16’. 


20. When the moon is setting at any given place the angle that is 
subtended at its centre by the radius of the earth passing through the given 
place is 57’. If the earth’s radius be 3960 miles, find approximately the 
distance of the moon. . 


91, Prove that the distance of the sun is about 81 million geo- 
graphical miles, assuming that the angle which the earth’s radius 
subtends at the distance of the sun is 8°76”, and that a geographical 
mile subtends 1’ at the earth’s centre. Find also the circumference and 
diameter of the earth in geographical miles. 


99,, The radius of the earth’s orbit, which is about 92700000 miles, 
subtends at the star Sirius an angle of about -4”; find roughly the 
distance of Sirius, | 


CHAPTER IL. 


TRIGONOMETRICAL RATIOS FOR ANGLES LESS THAN 
A RIGHT ANGLE, 


23. In the present chapter we shall only consider 
angles which are less than a right angle. 
Let a revolving line OP start from OA and revolve 
into the position OP, thus tracing out 
the angle AOP. P 
In the revolving line take any 
point P and draw P&M perpendicular 
to the initial line OA. Oo ook 
In the triangle MOP, OP is the 
hypothenuse, PM is the perpendicular, and OM is the base. 
The trigonometrical ratios, or functions, of the angle 
AOP are defined as follows; 


ap , Le. ae , 1s called the Sine of the angle AOP; 


OM . Base 


op? we Hyp.” , Cosine » | % 
a ve. ee 3 » Tangent iu? 09 
-_ , we. Pare ; r ,»  Cotangent ” %9 
a , ue. a “ - »  Cosecant as »9 
a 1.0. auP 2 es » secant ‘5 » 
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The quantity by which the cosine falls short of unity, 
1.e. 1—cos AOP, is called the Versed Sine of AOP; also 
the quantity 1—sm AOP, by which the sine falls short of 
unity, is called the Coversed Sine of AOP. 


24. It will be noted that the trigonometrical ratios 
are all numbers. 

The names of these eight ratios are written, for 
brevity, | 
sin AOP, cos AOP, tan AOP, cot AOP, cosec AOP, 
sec AOP, vers AOP, and covers AOP respectively. 


The two latter ratios are seldom used. 


25. It will be noticed, from the definitions, that the 
cosecant is the reciprocal of the sine, so that 
pteeea 
sin AQP ° 
So the secant is the reciprocal of the cosine, 2. 
a 
cos A OP’ 
and the cotangent is the reciprocal of the tangent, te. 


1 
tan AOP’ 


cosec AOP = 


sec AOP = 


cot AOP = 


26. To shew that the trigonometrical ratios are always 
the same for the same angle. 

We have to shew that if in 
the revolving line OP any other 
point P’ be taken and P’M' be 
drawn perpendicular to OA, the 
ratios derived from the triangle 
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OP’M’ are the same as those derived from the triangle 
OPM. | 
In the two triangles the angle at O is common, and 
the angles at Mand M’ are both right angles and there- 
fore equal. | 
Hence the two triangles are equiangular and therefore, 
MP MP’ 
OP ~ OP"’ 
AOP is the same whatever point we take on the revolving 
line. 
Since, by the same proposition, we have 
OM OM, MP_MP' 
oP = op ™° om OM” 
it follows that the cosine and tangent are the same 
whatever point be taken on the revolving line. Similarly 
for the other ratios. 


by Euc. vi. 4, we have z.¢. the sine of the angle 


If OA be considered as the revolving line and in it be taken any 
point P” and P”M” be drawn perpendicular to OP, the functions as 
derived from the triangle OP’ M” will have the same values as before. 

For, since in the two triangles OPM and OP”M”, the two angles 
P"OM" and OM"P” are respectively equal to POM and OMP, these 
two triangles are equiangular and therefore similar, and we have 

MS 2 ae oe 
OR” OP ® OP” ~~ OP’ 
27. Fundamental relations between the trigonometrical 
ratios of an angle. | 
We shall find that if one of the trigonometrical ratios 
of an angle be known, the numerical magnitude of each of 
the others is known also. 
Let the angle AOP (Fig., Art. 23) be denoted by 0. 
In the triangle AOP we have, by Huc. 1. 47, 
MP?2+ OM =O FP°.... @eeeseeeeveoeenve sal): 
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Hence, dividing by OP?, we have 


(op) + (op) = 
1.0, (sin 6)? + (cos 0)? = 1. 


The quantity (sin @)? is always written sin? @ and so for 
the other ratios. 
Hence this relation is 


sin?@ + cos? = 1............ceceee (2). 
Again, dividing both sides of equation (1) by OM?, we 


have 
MP? OP\? 
(om) += (on) 
1.0. (tan 0)? + 1 =(sec 0), 
so that sec?O =1+tan?@ ..........cccceee (3). 


Again, dividing equations (1) by MP? we have 


OM\? /OP\ 
1+(izp) = (sp) - 
1.0. 1 + (cot 6)? = (cosec 6), 
so that cosec’@ = 1 + cot?@........... (4). 


OM 
OP OP’ 
sin@ MP OM MP 


Also, since sin 0 = _ and cos 6 = 


we have ree aa OP” OP” Oig = tne. 
Hence tan 0@="" DO oessesee (5). 
cos@ 
Similarly | cot §= se O cccesscesn (6). 
sin 6 
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28. Ex.1. Prove that Via =cosec A~-ecot A. 
1+cos A 


We have go (L—cos A)? 
1+cos A 1 — cos? A 
_ 1—cos A _1-cosA 
~~ /1—cost A sin A 


? 


by relation (1) of the last article, 


1 cos A 


= —— — --——_ = cosee d — cot A. 
sind sind 


Ex. 2. Prove that 
r/sec? A + cosec? A=tan A+cot A. 


We have seen that sec? d=1+ tan? 4, 


and cosec? 4 =1+ cot? A. 


.. sec? 4 + cosec? 4 = tan? A +2+cot? A 
=tan?A+2 tan A cot A+cot? A 


= (tan 4+ cot 4)’, 


so that af sec? A + cosec? 4 = tan 4+ cot A. 


Ex. 3. Prove that 


(cosee A — sin A) (sec A —cos A) (tan A+cot A)=1. 
The given expression 


1 : 1 sind cosA 
i (sea - sin 4) (<q 0084) (eat sera} 


1l—sin?d4 1-—cos?d_ sin? 4+c0s?A4 


~ gind *° ecosd “° sindAcosd 
__ cos? A sin? A 1 


~ sind * cosd ° sin A cos A 


= 1, 
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EXAMPLES. V. 


Prove the following statements. 


if 
2. 


12. 
13. 
14, 


15. 


16. 
17. 


cos? A —sin* A +1=2 cos? A. 
(sin A + cos A) (1—sin A cos A) =sin? A + cos? A. 


sin A 1+ cos A 


——_————. + ——— = 2 cosec A. 
1+cos A sin 4 


cos® A +sin6 4=—1-8 sin? 4 cos? A, 


/1—sin A - 
SE AF A. 
1+sin A si saa 


cosec A cosec A 
——_____ +. -—_______- = 2 see? A. 
cosec A-—1 ecosecA+l1l 
cosec A 


cot A+tan a 


(sec A -+cos A) (sec A —cos A)=tan? 4+sin? A. 


1 ‘ 
cot 4 +tan A =sin A cos A. 
1 
=secA+tan A, 


sec A —tan d 
l-tand_ cotA-1 
1+tan A  cotA+1° 
1l+tan?A sin? 4 


1+cot?4A ~~ cos? A’ 


sec A — tan A 9 
sec Adtand 17 28ecA tand +2 tan A. 
tan A cot A 


[nok =F ee ia sec d cosec A +1. 


cos A sin A 


1—tan A a [ors 


(sin 4 +cos A) (cot 4+tan A)=sec A+ cosec A. 


sec? A — sec? 4 = tan’ 4+ tan? A. 
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18. 
19. 
20. 
al, 
22, 


23. 
24. 


25, 


26. 


a7. 
28. 


29. 


30, 
3l. 


32. 
33. 


34. 
30. 


cot? A + cot? A =cosec* 4 ~ cosec? A. 
R cosec? A — 1=cos A cosec A. 
sec? A cosec? A = tan? A + cot? A +2. 
tan? A — sin? A =sin‘ A sec? A. 
(1+ cot A —cosec A) (1+ tan A+sec 4) =2. 
1 1 1 1 

cosecA—cotd sinA sinA cosecd+cotd’ 

cot A cos A _ cot A -- cos A 
cot A+cosA ecotAcosda ° 
cot A4+tan B 
cot B+tan A = cot A tan B. 

1 % 1 ee eae 1 — cos? a sin? a 
sec?a—cos?a  cosec*a—sin? a ee a= 5 +Cos?a sin? a’ 
sin® A — cos® A = (sin? A — cos? A) (1-2 sin? 4 cos? A), 
cos A cosee A — sin A sec A 
. = cosee A — sec A. 
cos A +sin A 
tan A +sece 4-1 a 1+sin 4 
tan A-—secA+1 cosa 
(tan a+ cosec 8)? — (cot B — sec a)?= 2 tan a cot B (cosec a+ sec ). 
2 sec? a — sect a — 2 cosec? a + cosec! a= cotta — tana. 
1-—sin A 
(pana 1+2 tan A (tan A —sec 4). 
(cosec A + cot A) covers A — (sec A + tan A) vers A 
= (cosec A — sec A) (2— vers A covers A). 
sec A cosec A 

1 td +tan A) (si _ =, 
(1+ cot A+ tan A) (sin A —cos A) Ce eo 
2 versin A + cos? A =1+versin? A. 


29. Lumits to the values of the trigonometrical ratios. 


From equation (2) of Art. 27 we have 


sin?@ + cos?@ = 1. 
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Now sin?@ and cos’, being both squares, are both 
necessarily positive. Hence, since their sum is unity, 
neither of them can be greater than unity. 


{For if one of them, say sin? 6, were greater than unity, the other, 
cos? @, would have to be negative, which is impossible. ] 


Hence neither the sine nor the cosine can be numeri- 
cally greater than unity. 

Since sin @ cannot be greater than unity therefore 

1 
cosec @, which equals = gy? cannot be numerically less 
than unity. — 
1 

cos 0’ 


So sec @, which equals cannot be numerically 


less than unity. 


30. The foregoing results follow easily from the figure 
of Art. 23. 

For, whatever be the value of the angle AOP, 
neither the side OM nor the side MP is ever greater 
than OP. 

: : SWE 

Since MP is never greater than OP the ratio op 3s 
never greater than unity, so that the sine of an angle is 
never greater than unity. 


Also since OM is never greater than OP, the ratio a 


is never greater than unity, 2.¢. the cosine 1s never greater 
than unity. 


31. We can express the trigonometrical ratios of an ~ 
angle in terms of any one of them. 
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The simplest method of procedure is best shewn by 
examples. 

Ex. 1. To express all the trigono- P 
metrical ratios in terms of the sine. YN 

Let AOP be any angle @. 

Let the length OP be unity and let 
the corresponding length of MP be s. 


By Euce. 1. 47, OM =VOP? — MP? = V1 — s+. 


O /1-s? M A 


Hence sin =D as, 
cos 0 = OF = VF = V1 in'd, 
; po ae s sin @ 
ee OM ~ Vi —8 Vi —sin®d’ 
_OM V1i-s /1—sin?é 
cot 0 = rp = ps er @ ’ 
cosec 9 - VE = I _ A 
MP ss sin@’ 
and aoe = ! 


OM Vi-# Vi—sind 
The last five equations give what is required. 


Ex. 2. Yo express all the trigonometrical relations in 
terms of the cotangent. | 

Taking the usual figure let the 
length MP be unity, and let the corre- 
sponding value of OM be a. 

By Hue. 1. 47, 


OP =VOM? + MP?=V14+ 2. 
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OM «x 
Hence cot 0 = WP717” 
eee : sects 
OP Vi+e V1+cot?@’ 
cos G6 Oe et 
OP Vi+a V1+ cot?@’ 
MP 1 1 
ne a ee 
seo az OP NI +e _ V1 + cot?d 
OM «  coté@ ’ 
and cose = OF = MAH _ TF cots 


The last five equations give what is required. 
It will be noticed that, in each case, the denominator 
of the fraction which defines the trigonometrical ratio was 


taken equal to unity. For example, the sine is i and 


hence in Ex. 1 the denominator OP is taken equal to 
unity. 


The cotangent is ar and hence in Ex. 2 the side MP 


is taken equal to unity. 

Similarly suppose we had to express the other ratios 
in terms of the cosine, we should, since the cosine is equal 
to os P? put OP equal to unity and OM equal toc. The 
working would then be similar to that of Exs. 1 and 2. 

In the following examples the sides have numerical 
values. 
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Ex. 8. If cos 6 equal - Jind the values of the other ratios. 


Along the initial line OA take OM equal to 3, and erect a perpen- 
dicular MP. 

Let a line OP, of length 5, revolve round O until its other end meets 
this perpendicular in the point P. Then AOP is the angle 0. 


By Euc.1.47, MP=,/0P?- OM?=,/5?-3?=4. 


Hence clearly 


; 4 
sin O=,, ‘ cosec 0=" and ager. 


3 


H| Go 


tan a=; , cotd= 


, eee ; 
Ex. 4. Supposing 0 to be an angle whose sine is =, to find the numert- 


cal magnitude of the other trigonometrical ratios. 


Here sin 0=5, so that the relation (2) of Art. 27 gives 


2 
G5) + cos? d=1, 


3 
1.€. cos? g=1-7=5, 
1.€. cos gv ; 
Hence tan 0= ane : v2 


“cos0 2/2 4’ 


1 
cot O= Fp ON: 


cosec = 2 =3, 
sin @ 


1 8 3,/2 


See 0 ab Ba 
vers @=1~cos9=1-=V*, 
and | covers 6=1-sin g=1-5=5. 
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EXAMPLES. VI. 


Express all the other trigonometrical ratios in terms of the cosine. 
Express all the ratios in terms of the tangent. 
Express all the ratios in terms of the cosecant. 


. Express all the ratios in terms of the secant. 


Pope 


5, The sine of a certain angle is a find the numerical values of the 


other trigonometrical ratios of this angle. 


6. If sin 9=7 , find tan 6 and versin @, 


7, If sin d= find tan A, cos A, and sec A. 


8, If cos 0=5 , find sin @ and cot 0. 


e 


9, If cos fee find tan A and cosec A, 


41’ 

10. If tan o=*, find the sine, cosine, versine and cosecant of @. 
1 | cosec? 6 — sec? 6 

ll. If tan O= a find the value of Perey were 

12. If cot é@ 200 find cos 6 and cosec @. 


8 ? 
3 
13, If secd=5, find tan A and cosec A. 


14, If2sin@?=2- cos 4, find sin 0. 
' 15, IRfS8sin@=4+cos 9, find sin @. 
16. If tan 6+ sec @=1°5, find sin @. 
17, If cot @+cosec 6=5, find cos @, 
18. If 3secté@+8=10 sec? @, find the values of tan 6. 
19, If tan? é@+secé=5, find cos 6. 
90, If tan@+cot @=2, find sin 6. 
91, If sec?6=2+2 tan 9, find tan 6. 
2a (x+1) 


92, Iftané= Ie pl 


, find sin @ and cos 6. 
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Values of the trigonometrical ratios in 
some useful cases. 


33. Angle of 45°. 
| Let the angle AOP traced out i 
be 45°. 
Then, since the three angles of 
a triangle are together equal to 
two right angles, 
Z OPM =180°— 2 POM—2zZ PMO 
= 180° — 45° — 90° = 45° = 2 POM. 
“. OM = MP =a(say), 


O M A 


and OP =VOM + MP? = V2.4. 
«od ia, Me 
SIN SO OP 2.0 V2? 
, OM a 1 
cos 45 = OP = 8a > 2? 
and. tan 45° = 1. 


34. Angle of 30°. 

Let the angle AOP traced 
out be 380°. 
Produce PM to P’ making 

MP’ equal to PM. me 

The two triangles OMP and a 
OMP’ have their sides OM and Pe 
MP’ equal to OM and MP and ir 
also the contamed angles equal. 

Therefore OP’ = OP, and zO0P’P = z OPP’ =60°, so 
that the triangle P’OP is equilateral. 
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Hence OP? = PP? =4PM = 40P? — 4a?, 
where OM equals a. 


. BOP? = 4a?, 
_ 2a ~1Ap a &. 
so that UES geen et Res 
o MP 1 
sin 30° = OP = ) . 
o> OM | wa W383 
cos 80° = OP mo NE} 5 
ae sO” 
and tan 30 = 90) a 
35. Angle of 60°. 
Let the angle AOP traced : 
out be 60°. 
Take a point V on OA, so 
that 
MN = OM =a (say). 
The two triangles OMP and 
NMP have now the sides OM — 
O M N A 


and MP equal to VM and MP 
respectively, and the included 
angles equal, so that the triangles are equal. 


*, PN=OP, and 4 PNM=2 POM=60°. 
The triangle OPW is therefore equilateral, and hence 
OP =0N =20M = 2a. 

. MP =VOP?— 0M? = 4a? — a? = V3. a. 
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MP 8a _ 3 
mene n 60° “Op oar oe 
OM al 
| cos 60° = Op Oa =95 
sin 60° 
and tan 60° = Goa 60e” = 4/3; 


36. Angle of 0°. 
Let the revolving line OP have turned through a very 
small angle, so that the angle 


MOP is very small. P 
en aA |e ee 
The magnitude of MP is 6 Mi A. 
then very small and initially, . 


before OP had turned through an angle big enough to be 
perceived, the quantity ZP was smaller than any quantity 
we could assign, 2.e. was what we denote by 0. 

Also, in this case, the two points M and P very nearly 
coincide, and the smaller the angle AOP the more nearly 
do they coincide. 

Hence, when the angle AOP is actually zero, the two 
lengths OM and OP are equal and MP is zero. 

MP_ 0 


Hence sin 0° = OP OP = (0), 
o OM OP 
cos 0° = OP OP = 1. 
and tan 0° =2=0, 
OM 
Also cot 0° = the value of WP when M and P coincide 
=the ratio of a finite quantity to something infinitely 


small 
=a quantity which is infinitely great. 
Such a quantity is usually denoted by the symbol 0. 
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Hence cot P= a, 

eee ta eo) ae 

Similarly cosec 0° = yp? also. 
Soe. 

And sec 0° = Ou 1. 


not quite, a right angle. 
When OP has actually described a 
right angle the point M coincides with 0, 
so that then OM is zero and OP and MP OM 
are equal. | 


37. Angle of 90°. P 
Let the angle AOP be very nearly, but | 


Hence sin 90° = Dp =op= L, 
OM 0 
eos 90° = OP =OP= —0, 
tan 90° = MP a finite quantity 


OM ~~ an infinitely small quantity’ 


=a number infinitely large = 


_ OM _ 0 
S 99° = OF in th f the t t 
see =H oo, aS in the case of the tangent, 
> OP OP 
and cosee 90° = WP OP™ = |], 


38. Complementary Angles. Def. Two angles 
are said to be complementary when their sum is equal 
to a right angle. Thus any angle @ and the angle 
90°—@ are complementary. 


3—2 
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39. To find the relations between the trigonometrical 
ratios of two complementary angles. 


Let the revolving line, starting from OA, trace out. 
any acute angle AOP, equal to 
6. From any point P on it 
draw PM perpendicular to OA. 

Since the three angles of a 
triangle are together equal to 
two right angles, and smmce OMP 
is a right angle, the sum of the 
two angles MOP and OPM isa 
right angle. 

They are therefore complementary and 


ZOPM =90° — 8. 


[When the angle OPM is considered, the line PM is 
the “base” and MO is the “perpendicular.”] 
We then have. 


sin (90° — @)=sin MPO = lee cos AOP = cos 6, 


PO. 
cos (90° — 6) =cos MPO = a sin AOP =sin 6, 
tan (90° — @) = tan MPO = oye cot AOP = cot 0, 


cot (90° — 6) =cot MPO = 7 


Q = tan AOP = tan 0, 


cosec (90° — @) = cosec MPO ——— sec AOP =sec 6, 


and sec (90° — #)=sec MPO = aa = cosec A OP = cosec 6. 
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Hence we observe that | 
the Sine of any angle = the Cosine of its complement, 
the Tangent of any angle=the Cotangent of its comple- 
ment, | 
and the Secant of an angle = the Cosecant of its comple- 
ment. 

From this is apparent what is the derivation of the 
names Cosine, Cotangent, and Cosecant. 


40. The student is advised before proceeding any 
further to make himself quite familiar with the following 
table. [For an extension of this table, see Art. 76.] 


Angle 


Sine 


Cosine 


Tangent 


Cotangent 


Cosecant 


Secant 


If the student commits accurately to memory the 
portion of the above table included between the thick 
lines, he should be able to easily reproduce the rest. 
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For 

(1) the sines of 60° and 90° are respectively the 
cosines of 30° and 0°. (Art. 39.) 

(2) the cosines of 60° and 90° are respectively the 
sines of 30° and 0°. (Art. 39.) 


Hence the' second and third lines are known. 

(3) The tangent of any angle is the result of dividing 
the sine by the cosine. 

Hence any quantity in the fourth line is obtained by 
dividing the corresponding quantity in the second line by 
the corresponding quantity in the third line. 

(4) The cotangent of any angle is the reciprocal of 
the tangent, so that the quantities in the fifth row are the 
reciprocals of the quantities in the fourth row. | 


(5) Since cosec 6 = the sixth row is obtained 


i) 
sin 0’ 
by inverting the corresponding quantities in the second 
row. 


(6) Since sec @= the seventh row is similarly 


cos @’ 
obtained from the third row. 


EXAMPLES. VII. 


1. If 4=30°, verify that 
(1) cos 24 =cos? A - sin? A=2 cos? A 1, 
(2) sin2d=2 sin d cos 4, 
(3) cos 34=4 cos? A —3 cos 4, 
(4) sin8d4=3sinA-4 sin? A, 


2 tan A 
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2. If 4=45°, verify that 
(1) sin 24=2 sin A cos 4, 
(2) cos 2A=1-2 sin? 4, 
2 tan A 
and (3) tan 24 = i—tan? A P 
Verify that 
3. sin? 30°+ sin? 45° + sin? 60° = ° 
4, tan? 30°+ tan? 45° + tan? 60°= 42, 
5, sin 30° cos 60° -++ cos 30° sin 60°=1. 


é 0. <3 one o _N8-1 
6, cos 45° cos 60 sin 45° sin 60°= 72 ; 
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CHAPTER ITI. 
SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES, 


41. ONE of the objects of Trigonometry is to find the 
distances between points, or the heights of objects, 
without actually measuring these distances or these 
heights. 


42. Suppose O and P to be two points, P being at a 
higher level than 0. 

Let OM be a horizontal line 
drawn through O to meet in M 
the vertical line drawn through 


- 


Pp 


The angle MOP is called © yi 
the Angle of Elevation of 
the point P as seen from 0. 
Draw PN parallel to MO, so that PN is the hori- 
zontal line passing through P. The angle NPO is the 
Angle of Depression of the point O as seen from P. 


43. Two of the instruments used in practical work are the Theodo- 
lite and the Sextant. | 

The Theodolite is used to measure angles in a vertical plane. 

The Theodolite, in its simple form, consists of a telescope attached 
to a flat piece of wood. This piece of wood is supported by three legs 
and can be arranged so as to be accurately horizontal. 
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This table being at O and horizontal and the telescope being initially 
pointing in the direction OM, the latter can be made to rotate in a 
vertical plane until it points accurately towards P. A graduated scale 
shews the angle through which it has been turned from the horizontal, 
i.e. gives us the angle of elevation MOP. 

Similarly, if the instrument were at P, the angle NPO through which 
the telescope would have to be turned, downward from the horizontal, 
would give us the angle NPO. 

The instrument can also be used to measure angles in a horizontal 
plane. 


44. The Sextant is used to find the angle subtended by any two 
points D and Hata third point F. It is an instrument much used on 
board ships. 

Its construction and application are too complicated to be here 
considered. 


45. We shall now solve a few simple examples 11 
heights and distances. 


Ex.1. <d vertical flagstaff stands on a horizontal plane; from a point 
distant 150 feet from its foot the angle of elevation of its top is found to be 
30°; jind the height of the flagstaff. 

Let MP (Fig. Art. 42) represent the flagstaff and O the point from 
which the angle of elevation is taken. 

Then OMW=150 feet, and 2 MOP=30°. 

Since PMO is a right angle, we have 


MP Aactk 
om 82 MOP = tan 30 Bee (Art, 33). 
_OM _ 150 __ 150,/3 | 
; 3 aa ~g = 50/8. 
Now, by extraction of the square root, we have 
/3=1:73205.... 
Hence MP =50 x 1:73205... feet = 86°6025... feet. 


Ex.2. A man wishes to find the height of a church spire which stands 
on a horizontal plane; at a point on this plane he finds the angle of 
elevation of the top of the spire to be 45°; on walking 100 feet toward the 
tower he finds the corresponding angle of elevation to be 60°; deduce the 
height of the tower and also his original distance from the foot of the 
spire. 
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Let P be the top of the spire and A and B the two points at which 
the angles of elevation are taken. Draw 


PM perpendicular to AB produced and Pp 
let MP bex. — 
We are given dB=100 feet, 
ZL MAP=45°, 
and ZL MBP=60°. 
We then have 
a = cot 45°, A 100 B  M 
M re | 
and an cot 60 = 
a 
Hence AM=zx, and BM = ‘ 
uk ead 
a aaa as ae 
100,/3 — 100,/3 (/3 +1) __ 


= 50 [3 +1-73205...]=236°6... feet. 


Also AM=2, so that both of the required distances are equal to 
936°6... feet. 


Ex. 3. From the top of a cliff, 200 feet high, the angles of depression 
of the top and bottom of a tower are observed to be 30° and 60°; find the 
height of the tower. 


Let A be the point of observation and BA the height of the cliff and 
let CD be the tower, 

Draw AE horizontally, so that 2 HAC=380° and 
ZEAD=60°. 

Let « feet be the height of the tower and produce 
DC to meet AF in E£, so that CE=AB~- x=200- 2. 

Since 4ADB= £4 DAE=60° (Euc. 1, 29), 


2 
-. DB=AB cot ADB =200 cot 60° = 
200-2 CE _ ee 


200 


Also 
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DB 200 
H0-¢="— = 
00 BB 
so that «= 200 — we = 1884 feet. 


Ex. 4. A man observes that at a point due south of a certain tower its 
angle of elevation ts 60°; he then walks 300 feet due west on a horizontal 
plane and finds that the angle of elevation is then 30°; find the height of 


the tower and his original distance from it. 


/3x 
zx 


Let P be the top, and PM the height, of the tower, A the point due 


south of the tower and B the point due west of A. 
The angles PMA, PMB, and MAB are therefore all right angles. 
For simplicity, since the triangles PAM, PBM, and ABM are in 


different planes, they are reproduced in the second, third, and fourth 


figures and drawn to scale. 
We are given 4B=300 feet, 4 PAM=60°, and 2 PBM=30°. 


Let the height of the tower be «x feet. 
From the second figure 


AM <i 
—— = cot 60 VB ’ 
that Ved 


From the third figure 
t= cot 30°=,/3, 


so that BM=,./3.2, 
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From the last figure we have 
BM?= AM? + AB?, 


i.e. 32°= ; a? + 3002. 


. 8a?=8 x 3002, 


300/38 _ 459 V6_ 
ar N= =75 x /6 


=75 x 2°44949...= 183-71... feet. 


Also his original distance from the tower 


=150. 


_ eae 
=x cot 60 Ba 75 x /2 
=75 x (1°4142...)=106-065... feet. 


EXAMPLES. VIII. 


1. A person standing on the bank of a river observes that the angle 
subtended by a tree on the opposite bank is 60°; when he retires 40 feet 
from the bank he finds the angle to be 30°; find the height of the tree 
and the breadth of the river. 


2. Atacertain point the angle of elevation of a tower is found to be 


such that its cotangent is 53 on walking 32 feet directly toward the tower 


its angle of elevation is an angle whose cotangent is Find the height 
of the tower. 


3, Ata point d the angle of elevation of a tower is found to be such 


that its tangent is 2. ; on walking 240 feet nearer the tower the tangent 
3 : : 

of the angle of elevation is found to be Z? what is the height of the 

tower ? 


4, Find the height of a chimney when it is found that on walking 
towards it 100 feet in a horizontal line through its base, the angular 
elevation of its top changes from 30° to 45°. 


5. An observer on the top of a cliff, 200 feet above the sea-level, 
observes the angles of depression of two ships at anchor to be 45° and 30° 
respectively ; find the distances between the ships if the line joining them 
points to the base of the cliff. 
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6. From the top of a cliff an observer finds that the angles of 
depression of two buoys in the sea are 39° and 26° respectively; the 
buoys are 300 yards apart and the line joining them points straight. 
at the foot of the cliff; find the height of the cliff and the distance of the 
nearest buoy from the foot of the cliff, given that cot 26°=2:0503, and 
cot 39°= 1:2349. 


7. The upper part of a tree broken over by the wind makes an angle 
of 30° with the ground, and the distance from the root to the point where 
the top of the tree touches the ground is 50 feet; what was the height of 
the tree? 


8, The horizontal distance between two towers is 60 feet and the 
angular depression of the top of the first as seen from the top of the 
second which is 150 feet high is 30°; find the height of the first. 


9, The angle of elevation of the top of an unfinished tower from a 
point distant 120 feet from its base is 45°; how much higher must the 
tower be raised so that its angle of elevation at the same point may be 
60°? 
| 10. Two pillars of equal height stand on either side of a roadway 

which is 100 feet wide; at a point in the roadway between the pillars the 
elevations of the tops of the pe are 60° nae 30° ; find their height and 
the position of the point. 


11, The angle of elevation of the top of a tower is observed to be 
60°; at a point 40 feet above the first point of observation the elevation 
is found to be 45°; find the height of the tower and its horizontal 
distance from the points of observation. | 


12. At the foot of a mountain the elevation of its summit is found 
to be 45°; after ascending one mile up a slope of 30° inclination the 
elevation is found to be 60°. Find the height of the mountain. 


13. What is the angle of elevation of the sun when the length of its 
shadow is ,/3 times its height ? 


14, The shadow of a tower standing on a level plane is found to be 
60 feet longer when the sun’s altitude is 30° than when it is 45°. Prove 
that the height of the tower is 30 (1+-,/3) feet. 


15, On a straight coast there are three objects 4, B, and C such 
that AB=BC=2 miles. A vessel approaches B in a line perpendicular 
to the coast and at a certain point AC is found to subtend an angle of 
60°; after sailing in the same direction for ten minutes AC is found to. 
subtend 120°; find the rate at which the ship is going. 
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16. Two flagstafis stand on a horizontal plane. A and B are two 
points on the line joining the bases of the flagstaffs and between them. 
The angles of elevation of the tops of the flagstaffs as seen from d are 
30° and 60° and, as seen from B, they are 60° and 45°, If the length 4B 

be 380 feet, find the heights of the flagstafis and the distance between 
them. 


17. P is the top and Q the foot of a tower standing on a horizontal 
plane. A and B are two, points on this plane such that AB is 


2 
82 feet and QAB is aright angle. It is found that cot PAQ=% and 


cot PBQ=" : 
find the height of the tower. 


18, A square tower stands upon a horizontal plane. From a point 
in this plane from which three of its upper corners are visible their 
angular elevations are respectively 45°, 60°, and 45°. Shew that the 
height of the tower is to the breadth of one of its sides as ./6(,/5+1) 
to 4. 


19, A lighthouse, facing north, sends out a fan-shaped beam of 
light extending from north-east to north-west. A steamer sailing due 
west first sees the lighthouse when it is 5 miles away from the lighthouse 
and continues to see it for 30,/2 minutes, What is the speed of the 
Steamer ? 


20. A man stands at a point X on the bank XY of a river with 
straight and parallel banks and observes that the line joining X to a 
point Z on the opposite bank makes an angle of 30° with XY. He then 
goes along the bank a distance of 200 yards to Y and finds that the angle 
LYX is 60°. Find the breadth of the river. 


91, A man, walking due north, observes that the elevation of a 
balloon, which is due east of him and is sailing toward the north-west, 
is then 60°; after he has walked 400 yards the balloon is vertically over 
his head; find its height supposing it to have always remained the same. 


CHAPTER IV. 
APPLICATION OF ALGEBRAIC SIGNS TO TRIGONOMETRY. 


46. Positive and Negative Angles. In Art. 6 in 
treating of angles of any size we spoke of the revolving 
line as if it always revolved in a direction opposite to that 
in which the hands of a watch revolve, when the watch is 
held with its face uppermost. 

This direction is called counter-clockwise. 

When the revolving line turns in this manner it 1s said 
to revolve in the positive direction and to trace out a 
positive angle. | 

When the line OP revolves in the opposite direction, 
7.e. in the same direction as the hands of the watch, it is 
said to revolve in the negative direction and to trace out 
a negative angle. This negative direction is clockwise. 


47. Let the revolving line start from OA and revolve 
until it reaches a position OP which 
lies between OA’ and OB’ and which 
‘bisects the angle A’OB’. 

If it has revolved in the positive 
direction it has traced out the positive 
angle whose measure is + 225°, 
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If it has revolved in the negative direction it has 
traced out the negative angle — 135°. 

Again, suppose we only know that the revolving line is 
in the above position. It may have made one, two, three 

. complete revolutions and then have described the 
positive angle + 225°. Or again it may have made 
one, two, three... complete revolutions in the negative 
direction and then have described the negative angle 
— 135°. 

In the first case the angle it has described is either 
225°, or 360° + 225°, or 2 x 360° + 225°, or 3 x 360° + 225° 
eee t.€, 225°, or 585°, or 945°, or 1805°.... 

In the second case the angle it has described 1s — 135°, 
or — 360° — 135°, or — 2 x 860° — 135°, or —3 x 360° — 135° 
aboet v.€. — 135°, or — 495°, or — 855°, or — 1215°.... 


48. Positive and Negative Lines. Suppose that 
a man is told to start from a given milestone on a straight 
road and to walk 1000 yards along the road and then to 
stop. Unless we are told the derection in which he 
started we do not know his position when he stops. All 
we know is that he is either at a distance 1000 yards on 
one side of ‘the milestone or at the same distance on the 
other side. | 

In measuring distances along a straight line it is 
therefore convenient to have a standard direction; this 
direction is called the positive direction and all distances 
measured along it are said to be positive. The opposite 
direction is the negative direction and all distances 
measured along it are said to be negative. 

The standard or positive directions for horizontal lines 
is towards the right. 
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The length OA is in the positive direction. The 
length OA’ is in the | 
negative direction. If 7 3 
the magnitude of the 
distance OA or OA’ be a, the point A is at a distance 
+a from O and the point A’ is at a distance — a from 0. 

All lines measured to the right have then the positive 
sign prefixed; all lines to the left have the negative sign 
prefixed. | 

If a point start from O and describe a positive distance 
OA and then a distance AB back again toward O, equal 
numerically to b, the total distance it has described 
measured in the positive direction is OA + AB 


we. +a+(—b), te.a—6. 


A 


49. For lines at right angles to AA’ the positive 
direction is from O towards the top of the page, z.e. the 
direction of OB (Fig. Art. 47). All lines measured from 
O towards the foot of the page, ze. in the direction OD’, 
are negative. 


50. Trigonometrical ratios for an angle of any magni- 
tude. 

Let OA be the initial line (drawn in the positive 
direction) and let OA’ be drawn in 
the opposite direction to OA. 

Let BOB" be a line at right 
angles to OA, its positive direction 
being OB. 

Let a revolving line OP start 
from OA and revolving in either 
direction, positive or negative, trace 


L. T. 
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out an angle of any magnitude whatever. From a 
point P in the revolving line draw PM perpendicular 
to AOA’. 


(Four positions of the revolving line are given in the figure, one in 
each of the four quadrants, and the suffixes 1, 2, 3 and 4 are attached to 
P for the purpose of distinction. ] | 


We then have the following definitions, which are the 
same as those given in Art. 23 for the simple case of an 
acute angle: 


aa is called the Sine of the angle AOP, 
oo ga Cosine ” 2 
. . Tangent r » 
ves . . Cotangent » ” 
ae 5s : Secant ” z 
iam 3 - Cosecant se. 


The quantities 1~cos AOP, and 1—sin AOP are 
respectively called the Versed Sine and the Coversed 
Sine of AOP., 


51. In exactly the same manner as in Art. 27 1t may 
be shewn that, for all values of the angle AOP (= @), we 
have | 
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sin?@ + cos?@ = 1, 


as 0 = tan 6, 

cos @ 

sec?@ = 1 + tan’, 
and cosec?§ = 1 + cot?. 


52. Signs of the trigonometrical ratios. 


First quadrant. Let the revolving line be in the first 
quadrant, as OP,. This revolving line 1s always positive. 
Here OM, and M,P, are both positive, so that all the 


trigonometrical ratios are then positive. 


Second quadrant. Let the revolving line be in the 
second quadrant, as OP,, Here M,P, is positive and OM, 
is negative. | 

The sine, being equal to the ratio of a positive quantity 
to a positive quantity, is therefore positive. 

The cosine, being equal to the ratio of a negative 
quantity to a positive quantity, is therefore negative. 

The tangent, being equal to the ratio of a positive 
quantity to a negative quantity, is therefore negative. 

The cotangent is negative. 

The cosecant 1s positive. 

The secant is negative. 


Third quadrant. If the revolving line be, as OPs, in 
the third quadrant, we have both M/;P,; and OM; negative. 

The sine is therefore negative. 

The cosine is negative. 

The tangent is positive. 

The cotangent 1s positive. 

The cosecant is negative. 

The secant is negative. 
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Fourth quadrant. Let the revolving line be in the 
fourth quadrant, as OP, Here M,P, is negative and 
OM, is positive. , | 

The sine is therefore negative. 

The cosine is positive. 

The tangent is negative. 

The cotangent is negative. 

The cosecant is negative. 

The secant is positive. 

The annexed table shews the signs of the trigono- 
metrical ratios according to the quadrant in which lies © 
the revolving line, which bounds the angle considered. 


B 
sin + sin + 
cos — cos) + 
tan — tan + 
cot — cot + 
cosec + cosec + 
see — sec + 

A’ O A 

sin - sin ay 
cos - COs 
tan + tan — 
cot + cot — 
cosec — cosec — 
sec — sec 

B’ 


53. Tracing of the changes in the sign and magnitude 
of the trigonometrical ratios of an angle, as the angle 
ancreases from 0° to 360°. 


Let the revolving line OP be of constant length a. 
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When it coincides with OA the 
length OM, is equal to a and, 
when it coincides with OB, the 
point M, coincides with O and OM, 
vanishes. Also, as the revolving 
line turns from OA to OB, the dis- 
tance OM, decreases from a_ to 
Zero. 

Whilst the revolving line is in 
the second quadrant and is revolving from OB to OA’, the 
distance OM, is negative and increases numerically from 
0 to a [ze it decreases algebraically from 0 to —a). 

In the third quadrant the distance OM, «creases 
algebraically from —a to 0, and in the fourth quadrant. 
the distance OV, increases from 0 to a. 

In the first quadrant the length M,P, increases from 
0 to a; in the second quadrant M,P, decreases from a to 
0; in the third quadrant M/,P, decreases algebraically 
from 0 to—a; whilst m the fourth quadrant M,P, 
increases algebraically from — a to 0. 


54, Sine. In the first quadrant as the angle in- 


M,P, 


YO e e e 0 
creases from 0 to 90°, the sine, 2-4. , Increases from - 


to 7 ze. from 0 to 1. 
In the second quadrant as the angle increases from 
90° to 180°, the sine decreases from - to 3 a.€. from 1 to 0. 
In the third quadrant as the angle increases from 180° 


to 270°, the sine decreases from : to — , 26. from 0 to —1. 
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In the fourth quadrant as the angle increases from 
270° to 360°, the sine zwncreases from — to . .e. from 


—l to 0. 
55. Cosine. In the first quadrant the cosine, which 


: M 
is equal to = , decreases from = to ° we. from 1. to 0. 


In the second quadrant it decreases from ° to — ie, 
from 0 to —1. 

In the third quadrant it increases from — to 7 1.€. 
from — 1 to 0. 

In the fourth quadrant it increases from ° to , 1.0. 


from 0 to 1. 


56. Tangent. In the first quadrant J/,P, increases 

from 0 to a and OM, decreases from a to 0, so that ed 

aa 

continually increases (for its numerator continually in- 
creases and its numerator continually decreases). 

When OP, coincides with OA, the tangent is 0; when 
the revolving line has turned through an angle which is 
slightly less than a right angle, so that OP, nearly 
coincides with OB, then M,P, is very nearly equal to 

| . MOP,. 
a and OM, is very small. The ratio OL is therefore very 
1 
large, and the nearer OP, gets to OB the larger does the 
ratio become, so that, by taking the revolving line near 
enough to OB, we can make the tangent as large as we 
please. This is expressed by saying that when the angle 
is equal to 90° its tangent is infinite. 
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The symbol « is used to denote an infinitely great 
quantity. | 

Hence in the first quadrant the tangent increases from 
Oto a, . 

In the second quadrant when the revolving line has 
described an angle AOP, slightly greater than a nght 
angle, M,P, is very nearly equal to a and OM, is very 
small and negative, so that the corresponding tangent is 
very large and negative. 

Also, as the revolving line turns from OB to OA’, MP, 
decreases from a to 0 and OM, is negative and decreases 
from 0 to — a, so that when the revolving line coincides 
with OA’ the tangent 1s zero. 

Hence in the second quadrant the tangent increases 
from — 2 to 0. 

In the third quadrant both MP; and OM, are negative, 
and hence their ratio is positive. Also, when the revolving 
line coincides with OB’, the tangent is infinite. 

. Hence in the third quadrant the tangent increases 
from 0 to 00. 

In the fourth quadrant M,P, is negative and OM, 1s 
positive, so that their ratio is negative. Also, as the 
revolving line passes through OB’ the tangent changes 
from +o to — [just as in passing through OB]. 

Hence in the fourth quadrant the tangent increases 
from — 0 to 0. | 


57. Cotangent. When the revolving line coimcides 
with OA, M,P, is very small and OM, is very nearly 
MP,’ 


infinite to start with. Also, as the revolving line rotates 


equal to a,so that the cotangent, 2.¢e. the ratio is 


36 TRIGONOMETRY, 


from OA to OB, the quantity MP, increases from 0 to a 
and OM, decreases from a to 0. 

Hence in the first quadrant the cotangent decreases 
from 2 to 0. 

In the second quadrant M,P, is positive and OM, 
negative, so that the cotangent decreases from 0 to = 
ae. from 0 to — | 

In the third quadrant it is positive and decreases from 
0 to 0 [for as the revolving line crosses OB’ the cotangent 
changes from — to 0 |. 

In the fourth quadrant it is negative and decreases 
from 0 to — 


58. Secant. When the revolving line coincides with 
OA the value of OM, is a, so that the value of the secant 
is then unity. 

As the revolving line turns from OA to OB, OM, 
decreases from a to 0, and when the revolving line 


coincides with OB the value of the secant is 5 1.2, 0. 

Hence in the first quadrant the secant increases from 
1 to a. 

In the second quadrant OM, is negative and decreases 
from 0 to—a. Hence in this quadrant the secant in- 
creases from — oo to—1 [for as the revolving line crosses 
OB the quantity OM, changes sign and therefore the 
secant changes from + to — © ]. 

In the third quadrant OM, is always negative and 
increases from —a to 0; therefore the secant decreases 
from —1lto—o. In ihe fourth quadrant OM, is always 
positive and increases from 0 to a. Hence in this quad- 
rant the secant decreases from to +1. 
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59. Cosecant. The change in the cosecant may be 
traced in a similar manner to that in the secant. 


In the first quadrant it decreases from to +1. 

In the second quadrant it increases from +1 to +0. 
In the third quadrant it increases from — « to —1. 
In the fourth quadrant it decreases from —1 to — a. 


60. The foregoing results are collected in the annexed 
table. 


B 
In the second quadrant the In the first quadrant the 
gine decreases from 1to 0 gine increases from Otol 
cosine decreases from 0 to-1l cosine decreasesfrom 1 to 0 


tangent increases from—o to 0 tangent increases from 0 to o 
cotangentdecreases from Oto-—o | cotangent decreases from o to 0 
secant increases from-—o to—1 secant increases from 1 too 
cosecant increases from l1to o | cosecant decreases from o to 1 


A’ O A 
In the third quadrant the In the fourth quadrant the 

sine decreases from 0 to-1 sine increases from—1 to O 

cosine increases from— 1 to 0 cosine increases from Oto 1 


tangent increases from Oto o | tangent increases from-oto 0 

cotangent decreases from oto 0 cotangent decreases from 0 to—a 

secant  decreasesfrom—1to-—w | secant decreasesfrom oto 1 

cosecant increases from—oto-1 | cosecant decreases from-—1to—a 
B’ 


61. Periods of the trigonometrical functions. 


As an angle increases from 0 to 27 radians 2.e., whilst the 
revolving line makes a complete revolution its sine first 
increases from 0 to 1, then decreases from 1 to — 1, and 
finally increases from —1 to 0, and thus the sine goes 
through all its changes returning to its original value. 
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Similarly as the angle increases from 27 radians to 
47, radians, the sine goes through the same series of 
changes, 

_ Also the sines of any two angles which differ by four 
right angles, t.e. 2a radians, are the same. 

This is expressed by saying that the period of the 
sine is 277, 

Similarly the cosine, secant, and cosecant go through 
all their changes as the angle increases by 2rr. 

The tangent, however, goes through all its changes as 
the angle increases from 0 to m radians, t.e. whilst the 
revolving line turns through two right angles. Similarly 
for the cotangent. 

The period of the sine, cosine, secant and cosecant is 
therefore 27 radians; the period of the tangent and 
cotangent is a radians. 

Since the values of the trigonometrical functions 
repeat over and over again as the angle increases, they 
are called periodic functions. 


*62. The variations in the values of the trigono- 
metrical ratios may be graphically represented to the eye 
by means of curves constructed in the following manner. 


Sine-Curve. 
Let OX and OY be two straight lines at nght angles 
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and let the magnitudes of angles be represented by 
lengths measured along OX. 

Let R,, R,, R,,... be points such that the distances 
OR,, RR, R,R;,... are equal. If then the distance OR, 
represent a right angle, the distances OR,, OR;, OR,,... 
must represent two, three, four,... right angles. 

Also if P be any point on the line OX, then OP 
represents an angle which bears the same ratio to a right 


angle that OP bears to OF,. 


[For example, if OP be equal to ; OR, then OP would represent one- 


third of a right angle; if P bisected R,R, then OP would represent 34 
right angles. | 

Let also OR, be so chosen that one unit of length 
represents one radian; since Of, represents two right 
angles, 2.e. a radians, the length OR, must be a units of 
length, ze. about 34 units of length. 

In a similar manner negative angles are represented 
by distances OR,’, OF,',... measured from O in a negative 
direction. 

At each point P erect a perpendicular PQ to represent 
the sine of the angle which is represented by OP; if the 
sine be positive the perpendicular is to be drawn parallel 
to OY in the positive direction; if the sine be negative 
the line is to be drawn in the negative direction. 


[For example, since OR, represents a right angle, the sine of which is 
1, we erect a perpendicular R,B, equal to one unit of length; since OR, 
represents an angle equal to two right angles, the sine of which is zero, 
we erect a perpendicular of length zero; since OR, represents three right 
angles, the sine of which is —1, we erect a perpendicular equal to —1, 
i.e. we draw RB, downward and equal to a unit of length; if OP were 


equal to one-third of OR, it would represent : of a right angle, 7.e. 30°, 
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the sine of which is = and so we should erect a perpendicular PQ equal 


to one-half the unit of length.] 


The ends of all these lines, thus drawn, would be 
found to lie on a curve similar to the one drawn above. 

It would be found that the curve consisted of portions, 
similar to OB,R,B,R,, placed side by side. This corre- 
sponds to the fact that each time the angle increases by 
27, the sine repeats the same value. 


*63. Cosine-Curve. 


The Cosine-Curve is obtained in the same manner as 
the Sine-Curve, except that in this case the perpendicular 
PQ represents the cosine of the angle represented by OP. 

The curve obtained is the same as that of Art. 62 if in 
that curve we move O to A, and let OY be drawn along 


RB. 


*64. Tangent-Curve. 


In this case, since the tangent of a right angle is 
infinite and since OF, represents a right angle, the per- 
pendicular drawn at A, must be of infinite length and 
the dotted curve will only meet the line #,/ at an infinite 
distance. | 
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Since the tangent of an angle slightly greater than a 
right angle is negative and almost infinitely great, the 


eee 
wer en, 
~ 
- 
~ 
- 


dotted curve immediately beyond LR,L’ commences at an 
infinite distance on the negative side, 2.e. below, OX. 

The Tangent-Curve will clearly consist of an infinite 
number of similar but disconnected portions, all ranged 
parallel to one another. Such a curve 1s called a Discon- 
tinuous Curve. Both the Sine-Curve and the Cosine- 
Curve are, on the other hand, Continuous Curves. 


*65. Cotangent-Curve. If the curve to represent 
the cotangent be drawn in a similar manner, it will be 


found to meet OY at an infinite distance above O; it will 
pass through the point £, and touch the vertical line 
through #, at an infinite distance on the negative side of 
OX. Just beyond £#, it will start at an infinite distance 
above #,, and proceed as before. 

The curve is therefore discontinuous and will consist 
of an infinite number of portions all ranged side by side. 
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*66. Cosecant-Curve. 


When the angle is zero the sine is zero, and the 
cosecant is therefore infinite. 

Hence the curve meets OY at infinity. 

When the angle is a right angle the cosecant is unity, 
and hence #6, 1s equal to the unit of length. 

When the angle is equal to two right angles its 
cosecant 1s infinity, so that the curve meets the perpen- 
dicular through A, at an infinite distance. 

Again, as the angle increases from slightly less to 
slightly greater than two right angles, the cosecant 
changes from +ato—a#,. 

Hence just beyond A, the curve commences at an 
infinite distance on the negative side of, z.e. below, OX. 


*67. Secant-Curve. If, similarly, the Secant-Curve 
be traced it will be found to be the same as the Cosecant- 
Curve would be if we moved OY to A,B... 
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MISCELLANEOUS EXAMPLES. IX. 


1. In a triangle one angle contains as many grades as another con- 
tains degrees, and the third contains as many centesimal seconds as 
there are sexagesimal seconds in the sum of the other two; find the 
number of radians in each angle. 


9. Find the number of degrees in the angle at the centre of a circle 
whose radius is 5 feet which is subtended by an arc of length 6 feet. 


3. To turn radians into seconds prove that we must multiply by 
206265 nearly, and to turn seconds into radians the multiplier must be 
"0000048. 


22 92 
4, Ifsind@ equal sae find the values of cos @ and cot 6. 
vty 


. m? + 2mn 
5. it ae m? + 2nn + An?’ 
m? + 2nn 
prove that tan @= onan 
6, If cos 0—sin 6=,/2 sin @, 
prove that cos 6+ sin 0=,/2 cos 6. 


7, Prove that 
cosec§ a - cot® a=3 cosec? a cot? a+1, 


8, Express 2 sec” A — sect A — 2 cosec? A + cosec* A 
in terms of tan 4. 


9, Solve the equation 3 cosec? § =2 sec 8. 


10. A man on a cliff observes a boat at an angle of depression of 
30°, which is making for the shore immediately beneath him. Three 
minutes later the angle of depression of the boat is 60°. How soon will 
it reach the shore? 


11. Prove that the equation sin @=xz +2 is impossible if x be real. 


19. Shew that the equation sec?@= eee is only possible when 


V=y. 


CHAPTER V. 


TRIGONOMETRICAL FUNCTIONS OF ANGLES OF ANY 
SIZE AND SIGN. 


[On a first reading of the subject, the student is recommended 
to confine his attention to the first of the four figures given in 
Arts. 68, 69 and 72.] 


68. To find the trigonometrical ratios of an angle 
(— 6) in terms of those of 0, for all values of 8. 
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Let the revolving line, starting from OA, revolve 
through any angle @ and stop in the position OP. 

Draw PM perpendicular to OA (or OA produced) and 
produce it to P’, so that the lengths of PM and MP’ are 
equal. 

In the geometrical triangles MOP and MOP’ we have 
the two sides OM and MP equal to the two OM and 
MP’, and the included angles OMP and OMP’ are right 
angles. | 

Hence (Eue. 1. 4), the magnitudes of the angles MOP 
and MOP’ are the same and OP is equal to OP’. 

In each of the four figures, the magnitudes of the 
angle AOP (measured counter-clockwise) and of the angle 
AOFP’ (measured clockwise) are the same. 

Hence the angle AOP’ (measured clockwise) is | 
denoted by —@. 

Also MP and MP’ are equal in magnitude but are 
opposite in sign. (Art. 49.) We have therefore 


sin ( -- pao = pp =osin 6, 
cos (—0)=0 y= p= 008 6 
et 
witch Ot mont 
cosee (— 0) = Vy =a, = — cose G, 
and seo(—8)= = oar = 8° 6 


m 
Gi 
wr 
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Exs. sin (- 30°) = —sin 30°= — ; ; 
tan (— 60°) = — tan 60°= — ,/3, 
| 1 
and cos ( — 45°) = cos aie: ‘ 
69. To find the trigonometrical ratios of the angle 


(90° — 0) in terms of those of @, for all values of @. 
The relations have already been discussed in Art. 39, 


for values of 6 less than a right angle. 


Let the revolving line, starting from OA, trace out 
any angle AOP denoted by @. 

To obtain the angle 90°—9@, let the revolving line 
rotate to B and then rotate from 6 in the opposite 
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direction through the angle @, and let the position of the 
revolving line be then OP’. 
The angle AOP’ is then 90° —@. 

_ Take OP’ equal to OP and draw P’M' and PM per- 
pendicular to OA, produced if necessary. Also draw P’N’ 
perpendicular to OB, produced if necessary. 

In each figure the angles AOP and BOP’ are numeri- 
cally equal, by construction. 
Hence in each figure 


ZMOP=zZNO0P’=z0PM, 
since ON' and M'P’ are parallel. 


Hence the triangles MOP and M’P’0 are equal in all 
respects, and therefore OM = M’P’ numerically, 


and OM = MP numerically. 


Also in each figure OM and M'P’ are of the same 
sign, and so also are MP and OM’, 


we. OM=+ MP’, and OM =+ MP. 


Hence 
sin (90° — 0) =sin AOP’= _ = a cos 6, 
cos (90° — 6) = cos AOP’ = ie = o = sin 0, 
tan (90° — @) = tan AOP'’= our = p> cot 6, 
cot (90° — @)=cot AOP' = an = —— tan 0, 
sec (90° — 0) =sec AOP’ = an = os = cosec 0, 
and cosec (90° — 8) =cosec AOP’ = = = a sec 0. 


5—2 
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170. Lo jmd the trigonometrical ratios of the angle 
(90° + @) in terms of those of 6, for all values of @. 


- 5 Soe so 0 Sew mene 


Let the revolving line, starting from OA, trace out 
any angle @ and let OP be the position of the revolving 
line then, so that the angle AOP is @. 

Let the revolving line turn through a right angle from 
OP in the positive direction to the position OP’, so that: 
the angle AOP’ is (90° + @). 

Take OP’ equal to OP and draw. PM and PM’ 
perpendicular to AOA’. In each figure, since POP’ is a 
right angle, the sum of the angles MOP and POM is 
always a right angle. | 

Hence ZMOP=90°-Z2 POM =20PM. 
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The two triangles MOP and M’P’0 are therefore equal 
m all respects. 

Hence OM and M’P' are numerically equal, as also 
MP and OM’ are numerically equal. 

In each figure OM and M’P’ have the same sign, 
whilst MP and OM’ have the opposite, so that 


MP’ =+ 0M, and OM =— MP. 
We therefore have 


sin (90° + 6) =sin AOP’ = _ == ap cos 6, 
cos (90° + @)=cos AOP’ = _ = set = —sin 6, 
tan (90° + @) = tan AOP’ =e = a =— cot 0, 
cot (90° + 0) =cot AOP’ = ae = a — tan 6, 
sec (90° + 6) =sec AOP = or = = — cosec 0, 
and cosec (90° + @) = cosec AO P’ = ae = a sec 0. 
EXxs. sin 150°= sin (90° + 60°) =cos 60° = 5, 
cos 135°= cos (90° + 45°) = —sin 45° = — mt 
and tan 120° = tan (90° + 30°) = — cot 30°= — J. 


71. Supplementary Angles. 

Two angles are said to be supplementary when their 
sum is equal to two right angles, ze. the supplement of 
any angle @ is 180° — 6. 
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Exs. The supplement of 30°=180° — 30°=150°. 


The supplement of 120°=180° — 120°= 60°. 
The supplement of 275°=180° — 275°= — 95°. 
The supplement of — 126°=180° — ( — 126°) = 306°. 


72. To find the values of the trigonometrical ratios of 
the angle (180° — 0) in terms of those of the angle @, for all 
values of 0. 


P’ 


, 
Aw _O m 


Let the revolving line start from OA and describe any 
angle AOP (= @). 

To obtain the angle 180°— @, let the revolving line 
start from OA and, after revolving through two right 
angles (ze. into the position OA’), then revolve back 
through an angle @ into the position OP’, so that the angle 
A’ OP’ is equal in magnitude but opposite in sign to the 
angle AOP. 

The angle AOP’ is then 180° — @. 
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Take OP’ equal to OP and draw PM’ and PM 
perpendicular to AOA’. 

The angles MOP and MOP’ are equal and hence the 
triangles MOP and M’OP’ are equal in all respects. 

Hence OM and OM’ are equal in magnitude and so 
also are MP and M’P’. 

In each figure OM and OM’ are drawn in opposite 
directions, whilst MP and M’P’ are drawn in the same 
direction, so that 


OM =— OM, and MP’ =+ MP. 


Hence we have 


sin (180° — 6) = in AOP'= as = aes = sin 6, 
cos (180° — 9) = cos AOP’ = aa - a —cos 6, 
tan (180° — @)= tan AOP’ = a = = == — tan 0, 
cot (180° — 6) =cot AOP’ = —_ ad =— cot 6, 
sec (180° — @) = sec AOP’= ae = _—- aise sec 0, 
and cosec (180° — @) = cosec AOP’ = _ = a = cosec @. 
Exs, sin 120°=sin (180° - 60°) =sin 60° ; 


1 
OL Oo OV ee oe 
cos 135°= cos (180° ~ 45°) = — cos 45°= al 


and tan 150° = tan (180° — 30°) = — tan 30°= - i: 
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73. To find the trigonometrical ratios of (180° + @) i 
terms of those of 0, for all values of 0. 


The required relations may be obtained geometrically, 
as in the previous articles. The figures for this propo- 
sition are easily obtained and are left as an example for 
the student. | 


They may also be deduced from the results of Art. 70, 
which have been proved true for all angles. For putting 
90° + 6 = B, we have 


sin (180° + 9) =sin (90° + B)=cos B (Art. 70) 

= cos (90° + 6) =—sin 0, (Art. 70) 

and cos(180°+ @)=cos(90°+ B)=—-sinB (Art. 70) 
= — sin (90° + 6)=—cos 6. (Art. 70). 


So tan (180° + @) = tan (90° + B) = —cot B 
| = — cot (90° + @) = tan 8, | 
and similarly | cot (180° + @) = cot 8, 
| sec (180° + 0) =— sec 8, 
and | cosec (180° + @) = — cosec 8. 


14. To find the trigonometrical ratios of an angle 
(360° + @) in terms of those of @, for all values of 0. 


In whatever position the revolving line may be when 
it has described any angle @, it will be in exactly the same 
position when it has made one more complete revolution 
in the positive direction, 27.e. when it has described an 
angle 360° + 0. : 
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Hence the trigonometrical ratios for an angle 360° + @ 
are the same as those for 0. 


It follows that the addition or subtraction of 360°, or 
any multiple of 360°, to or from any angle does not alter 
its trigonometrical ratios. 


75. From the theorems of this chapter it follows that 
the trigonometrical ratios of any angle whatever can be 
reduced to the determination of the trigonometrical ratios 
of an angle which lies between 0° and 45°. 


Yor example, 
sin 1765° = sin [4 x 360° + 325°] =sin 325° (Art. 74) 
= sin (180° + 145°) = —sin 145° — (Art. 73) 
= —sin (180° — 35°) =— sin 35° (Art. 72); 
tan 1190° = tan (3 x 360°+110°)=tan 110° = (Art. 74) 
= tan (90° + 20°) =— cot 20° (Art. 70) ; 
and cosec ( — 1465°) = — cosec 1465° (Art. 68) 
= — cosec (4 x 360° + 25°) = — cosec 25° (Art. 74). 


Similarly any other such large angles may be treated. 
First, multiples of 360° should be subtracted until the 
angle lies between 0° and 360°; if 1t be then greater than 
180° it should be reduced by 180°; if then greater than 
90° the formulae of Art. 70 should be used, and finally, if 
necessary, the formulae of Art. 69 applied. 
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76. The table of Art. 40 may now be extended to 
-some important angles greater than a right angle. 


Angle | O° | 80° | 45° | 60° | 90°| 120° | 135° | 150° | 180°: 
| vei oe | a 
Sine 0 1 o NE 5 0 
: ] /3 ! 
Cosine —B aes | | 
Tangent —1 = us 0 
Cotangent -1 |-8| @ | 
Cosecant /2 2 oo 
| 
ee eee = 
Secant are ah | 1 
i 5 | ase 
EXAMPLES. X. 
Prove that 


1, sin 420° cos 390° + cos ( — 300°) sin ( — 330°) =1. 
9. cos 570° sin 510° — sin 330° cos 390° = 0. 
and 3, tan 225° cot 405° + tan 765° cot 675° =0. 


What are the values of cos A—sin A and tan 4+cot A when A has. 
the values 


T 2a 51r Tr 11 
as is cial Oe ome pei 
3 b] 5. 3 3? 6. 4 3 te 4 and 8, 3 
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What values between 0° and 360° may A have when 


9, sinA= = 


’ 10. or ee Ll. tan d= —-1, 
n/2 . 2 


12. cotA = —,/8, 138. secd= -4 and 14, cosecdA= —2? 
nN 


Express in terms. of the ratios of a positive angle, which is less than 
45°, the quantities 


15, sin (- 65°). ' 16. cos (- 84°), 17. tan137°. | 


18, sin 168°. 19. cos 287°. 20. tan (- 246°). 
91, sin 843°. 92, cos (— 928°). 93. tan 1145°. 
94. cos1410° 25. cot(-—1054°). 96. sec1327° and 


27. cosec (— 756°). 
What sign has sin 4+cos A for the following values of A? 


98, 140°. 29. 278°.- 30, -356° and 3], ~—1125°. 
What sign has sin A ~— cos 4 for the following values of A? 
32. 215°. 33. 825°. 34, —634° and 35, - 457°. 


36. Find the sines and cosines of all angles in the first four quadrants 
whose tangents are equal to cos 135°. 


Prove that 
37. sin (270°+A)=—-—cos A, and tan (270°+ A) = —cot 4. 
38. cos(270°- A)=—sin A, and cot (270°— d)=tan 4. 


CHAPTER VI. 


GENERAL EXPRESSIONS FOR ALL ANGLES HAVING A 
GIVEN TRIGONOMETRICAL RATIO, 


77. To construct the least posite angle whose sine ts 
equal to a, where a is a proper fraction. 


Let OA be the initial line and let OB be drawn in the 
positive direction perpendicular to OA. 

Measure off along OB a distance 
ON which is equal to a units of length. 
[If a be negative the pomt WV will lie in 
BO produced. ] 

Through NV draw VP parallel to OA. With centre O 
and radius equal to the unit of length describe a circle 
and let it meet VP in P. 

Then AOP will be the required angle. 
Draw PJM perpendicular to OA, so that 


MP ON a 
sin AOP = OP OP st aeaacy 
The sine AOP is therefore equal to the given quantity 
and AOP is therefore the angle required. 


ANGLES HAVING A GIVEN COSINE, 77 


78. To construct the least positiwe angle whose cosine 
as equal to b where b is a proper fraction. 


Along the initial line measure off a distance OM equal 
to b and draw MP perpendicular to OA. ---... _ 
[If 6 be negative M will he on the other 
side of O in the line AO produced. | 

With centre O and radius equal to 
unity, describe a circle and let 1t meet 
MP in P. 

Then AOP is the angle required. For 

OM b_ 


COS AOP = OP = i. b, 


79. To construct the least positive angle whose tangent 
as equal to ¢. 


Along the initial line measure off y 
OM equal to unity and erect a per- c 
pendicular MP. Measure off MP 
equal to ¢. Oo i M A 

Then 
MP 
tan AOP = OM ° 


so that AOP is the required angle. 


80. It is clear from the definition given in Art. 50, 
that, when an angle is given, so also is its sine. The 
converse statement is not correct; there is more than one 
angle having a given sine; for example, the angles 30°, 
150°, 890°, — 210°,... all have their sine equal to $. 

Hence, when the sine of an angle is given, we do not 
definitely know the angle; all we know is that the angle 
is one out of a large number of angles. 


78 TRIGONOMETRY. 


Similar statements are true if the cosine, tangent, or 
any other trigonometrical function of the angle be given. 

Hence, simply to give one of the trigonometrical 
functions of an angle does not determine it without 
ambiguity. 

81. Suppose we know that the revolving line OP 
coincides with the mitial line OA. All we know is that 
the revolving line has made 0, or 1, or 2, or 3,... complete 
revolutions, either positive or negative. 

But when the revolving line has made one complete 
revolution the angle it has described is (Art. 17) equal to 
27 radians. 

Hence when the revolving line OP coincides with the 
initial line OA, the angle that it has described is 0, or 1, 
or 2, or 3... times 27 radians, in either the positive or 
negative directions, 2.e. either 0, or + 27, or + 4, or + 67... 
radians. 

This is expressed by saying that when the revolving 
line coincides with the initial line the angle it has de- 
scribed is 2n7r, where n is some positive or negative 
whole number. 


82. Theorem. To find a general expression to wm- 
clude all angles which have the same sine. 

Let AOP be the smallest positive angle having the 
given sine and let it be denoted 
by a. 

Draw PM perpendicular to OA 
and produce MO to M making 
MO equal to OM and draw M’P’ 
parallel and equal to MP. 

As in Art. 72 the angle AOP’ is equal to a — a. 
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When the revolving line is in either of the positions 
OP or OP’, and in no other position, the sine of the angle 
traced out is equal to the given sine. 

When the revolving line is in the position OP it has 
made a whole number of complete revolutions and then 
described an angle a, z.e. by the last article it has described 
an angle equal to 


where r is zero or some positive or negative integer. 
When the revolving line is in the position OP’ it has, 
similarly, described an angle 2r7+ AOP’, 1.e an angle 
2ra7 +14 — a, 
VO 20 Sid at Se Cees sonaeuaewusute (2) 
where 1s zero or some positive or negative integer. 
All these angles will be found to be included in the 
expression 
ME ee LP Gs seseeavciuaranientes (3), 
where 7 is zero or a positive or negative integer. 
For, when n = 2r, since (— 1)” =+1, the expression (3) 
gives 2ra +a, which is the same as the expression (1). 
Also, when n= 2r +1, since (—1)7"t!=~—1, the expres- 
sion (3) gives (2r+1)m—a, which is the same as the 
expression (2). 


Cor. Since all angles which have the same sine have 
also the same cosecant, the expression (3) includes all 
angles which have the same cosecant as a, 


83. Theorem. 70 find a general expression to in- 
clude all angles which have the same cosine. 

Let AOP be the smallest angle having the given 
cosine and let it be denoted by a. 
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Draw PM perpendicular to OA and pro- 
duce it to P’, making PM equal to MP". 

When the revolving line is in the position 
OP or OP’, and in no other position, then, as 
in Art. 78, the cosine of the angle traced out 
is equal to the given cosine. 

When the revolving line is in the sostion OP it has 
made a whole number of complete revolutions and then 
described an angle a, 7.e. it has described an angle 2n7 +4, 
where n is zero or some positive or negative integer. 


When the revolving line is in the position OP’ it has 
made a whole number of complete revolutions and then 
described an angle — a, 7.e. it has described an angle 2na—«. 

All these angles are included in the expression 


ONT Lc cccccccccccensceescees (1) | 


where 7 is some positive or negative number. 


Cor. The expression (1) includes all angles having 
the same secant as a. 


84. Theorem. 10 find a general expression for all 
angles which have the same tangent. 

Let AOP be the smallest angle having the given 
tangent, and let it be denoted by a. 

Produce PO to P’ making OP" 
equal to OP and draw PM’ per- 
pendicular to OM’. 

As in Art. 73 the angles AOP 
and AOP’ have the same tangent ; 
also the angle AOP’=a7 +a. 

When the revolving line is in 
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the position OP, it has described a whole number of 
complete revolutions and then turned through an angle 
a, z.¢. 1t has described an angle 


QrT + Ae ceeeee, ee ere eee (1), 


where + is zero or some positive or negative integer. 
When the revolving line is in the position OP’, it has 
similarly described an angle 2ra + (a +a), 


1.8. eS ee ce ee ee ee (2). 
All these angles are included in the expression 
a, deena eee 


For, when is even, (=2r say), the expression (3) 
gives the same angles as the expression (1). 

Also, when n is odd, (= 2r+1 say), it gives the same 
angles as the expression (2). | 


Cor. The expression (3) includes all angles which 
have the same cotangent as a. 


85. Ex. 1. Write down the general expression for all angles, 


3 
(1) whose sine is equal to Ty 
ich oe 1 
(2) whose cosine is equal to - 5° 
1 
and (3) whose tangent is equal to NES 
(1) The smallest angle, whose sine is SES is 60°, 7.e. =e 


Hence, by Art. 82, the general expression for all the angles which 
have this sine is 


nm+(—1)"3. 


(2) The smallest positive angle, whose cosine is 


T -4 by ee 
at 120 ple 3s 
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Hence, by Art. 88, the general expression for all the angles which 


have this cosine is 


2 
nme 


(3) The smallest positive angle, whose tangent is 


ae UE 
—~ , 18 80°, z.e. = 


/8 6° 
Hence, by Art. 84, the general expression for all the angles which 
have this tangent is 


n Apis 
Tea. 
6 


Ex. 2. What is the most general value of 0 satisfying the equation 


1 
sin? 6=_? 
sin? 6 


Here we have sin @= + : ‘ 


Taking the upper sign, 


Taking the lower sign, 


gin @6= -5=sin ( _ 


Putting both solutions together we have 


| 6=nm (—1)"% 
or, what is the same expression, 
6=nr+ 
= 5: 


Ex. 3. What is the most general value of 0 which satisfies both of the 


1 1 
Tae ee a 
equations sin 6 = 5 and tan @= Wed 


Considering only angles between 0° and 360° the only angles, whose 
sine is — are 210° and 330°. Similarly the only angles, whose tan- 


gent is a are 30° and 210°. . 
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The only angle, between 0° and 360°, satisfying both conditions is 


therefore 210°, z.e. i ; 


The most general value is hence obtained by adding any multiple 
of four right angles to this angle, and hence is 27 + im where n is any 


positive or negative integer. 


EXAMPLES. XI. 


What are the most general values of 6 which satisfy the equations, 


; 1 : J/3 | See SR 
1, sin @= 95. D. sin 0= — “5 3. ade 
1 J3 1 
4, cos0= —5. 5, cosd="F-. 6. ae 
7, tand=,/3. 8, tand=—1. 9, cotd=l. 
10. secd=2. 11. cosee 0= sy. 12. sin?é=1. 
| 1 ee ae 
13. cos’O =F . 14, tan*O=,. 15, 4sin?é=3. 
16. 2cot?6=cosec? 0. 17, sec?0= = 


18, What is the most general value of 6 that satisfies both of the 
equations 
1 
genni =]? 
GOs 8 7 and tan@=1? 
19, What is the most general value of 0 that satisfies both of the 


equations 
cotd= —,/3 and cosecd= —2? 


90. If cos(A-B)= - and sin (A +B)=5, find the smallest positive 


values of A and B and also their most general values. 
91, Iftan (4 -B)=1, and sec(A+B)= mt find the smallest positive 


values of A and B and also their most general values. 


6—2 


84 TRIGONOMETRY. [Exs. XT.] 


99, Find the angles between 0° and 360° which have respectively (1) 


their sines equal to (2) their cosines equal to = , and (3) their tan- 


1 
gents equal to NES | 
93, Taking into consideration only angles less than 180°, how many 


values of « are there if (1) sin w=2, (2) cos a=, (3) cosa = - a (4) 


ene and (5) cotw= —7? 


3 ? 
94, Given the angle x construct the angle y if (1) siny=2sina, (2} 


tan y=38 tan x, (3) cosy = : cosa, and (4) sec y=cosec x. 


25. Shew that the same angles are indicated by the two following 


formulae: (1) (2n- 1); +(-1)” : , and (2) 2nm + 5 , n being any integer. 


_ 96. Prove that the two formulae 
(1) (2n-+5) w+a and (2) nr+(-1)” (5 ~ «) 


denote the same angles, n being any integer. 
Illustrate by a figure. 


97, If @-a=nr+(-1)"6 prove that 6=2mr+a+6 or else that 
O=(2m+1)r+a—B where m and m are any integers. 


28, If cospé+cos qé@=0, prove that the different values of @ form two 


: ‘ ; F ; ; 2a 
arithmetical progressions in which the common differences are —— and, 
P+4q 


respectively. 


~~ 


99, Construct the angle whose sine is 56 ; 
86. An equation involving the trigonometrical ratios 
of an unknown angle is called a trigonometrical equation. 
The equation is not completely solved unless we 
obtain an expression for all the angles which satisfy it. 
Some elementary types of equations are solved in the 
following article. 


EQUATIONS. S55 


87. Ex. 1. Solve the equation 2sin?x+,/3 cosx+1=0. 
The equation may be written 
2-2 cos?x+,/3cosz+1=0, 


1.€. 2cos? «—,/3 cos x-3=0, | 
1.€. (cos x — ,/3) (2 cos # +,/3) =0. 
The equation is therefore satisfied by cosz=,/3, or cos“= — al ; 


There is no angle whose cosine is ,/3, so that the first factor gives no 


solution. 


The smallest positive angle, whose cosine is — S is 150°, t.e. 7 , 


Hence the most general value of the angle, whose cosine is — ok 


is Qn = (Art. 83.) 


This is the general solution of the given equation. 


Ex. 2. Solve the equation tan 56 =cot 20. 
The equation may be written 
tan 56 = tan G -- 20 ) : 
Now the most general value of the angle, that has the same tangent as 
57 28 is, by Art. 84, mr +5 — 26, 


where n is any positive or negative integer. 
The most general solution of the equation is therefore 


50=nm +5 ~ 20 


.6=5(nr+e 
as aa, NIT 2 } 


where 7 is any integer. 


EXAMPLES. XII. 


Solve the equations 


i cos? @— sin 9-5 =0. 9, 2sin?6+3cos@=0. 


3. 2/3 cos? @=sin @. 4, cos 6+cos? d=1. 


33. 


- Of nip 
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4 cos @—3 sec 6=2 tan 6. 6. 
tan? 6 — (1+,/3) tan 0+,/3=0. 


P 1 
cot? 6 + (v3 +35) cot é+1=0., 
cot 0—abtan 6=a-—b. 10. 


secO -1=(,/2—1)tang. 12. 


sin 96=sin 0. 14, 
cosm = cos nO. 16. 
cos 56 =cos 40. 18. 
cot d= tan 89. 20. 
tan 20 = tan : , 22. 
tan? 36 = cot? a. 24. 
tan? 30 = tan? a. 26. 
tan mx +cotnz=0. - 28, 
sin (0 — o)=5) and cos (#+4)= 


sin? @ —2 cos 047=0. 


tan? 6+ cot? 6=2. 


sin 50 =35 : 
sin 3@= sin 26. 
sin 20=cos 38. 
cos m#@=sin né. 


cot d=tan nd. | 
tan 2¢ tan @=1. 


tan 86=cot 6. 

3 tan?@=1. 

tan (7 cot 6) = cot (7 tan @). 
1 


2° 
Cos (2a + By) = 5, cos (30-+2y)=%. 


Find all the angles between 0° and 90° which satisfy the equation 


sec? 6 cosec? 6 + 2 cosec? d= 8. 


A? 


1 
If the coversin of an angle be 5: 


find versin @ and explain the double result. 


find its cosine and cotangent. 


CHAPTER VII. 


TRIGONOMETRICAL RATIOS OF THE SUM AND DIFFERENCE 
OF TWO ANGLES. 


88. Theorem. 7 prove that 
sin(A + B)=sin A cos B+ cos A sin B, 
and cos (A + B)=cos A cos B—sin A sin B. 


Let the revolving line start from OA and trace out 
the angle AOB (=A), and then trace out the further 
angle BOC (= B). 

In the final position of the revolving line take any 
point P, and draw PM and PN perpendicular to OA and 
OB respectively; through NV draw VA parallel to AO to 
meet MP in R& and draw VQ perpendicular to OA. 
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The angle 
RPN =90°-—-ZPNR=2ZRNO=2ZNOQ=A. 
. 2 oat _MP MR+RKP 
Hence sin (A + B)=sin AOP = Fy = OP 


_QN _RP_QNON , RP NP 
~ OP ' OP ON OP ' NP OP 
=sin A cos 8+cos RPN sin B. 

*, sin (A+ B)=sin A cos B+ cos Asin B. 


7 _OM 0Q-MQ 
Again cos(A + B)=cos AOP =op=— OP 


=cos A cos B —sin RPN sin B. 
‘, cos(A +B) =cosAcos B —sin A sin B. 


89, The figures in the last article have been drawn only for the case 
in which 4 and B are acute angles. 


The same proof will be found to apply to angles of any size, due 
attention being paid to the signs of the quantities involved. 

The results may however be shewn to be true of all angles, without 
drawing any more figures, as follows. 

Let A and B be acute angles, so that, by Art. 88, we know that the 
theorem is true for A and B. 

Let A,=90°+ A, so that, by Art. 70, we have 


sin 4,=cos Ad, and cos A4,= —sin 4. 
Then sin (A, + B)=sin {90°+(4+B)}=cos(A4+B), by Art. 70, 
=cos A cos B-sin A sin B=sin A, cos B+cos A, sin B. 
Also cos (4, +B) =cos [90°+ (4+ B)]= — sin (A +B) 
= -—sin A cos B—cos 4 sin B=cos A, cos B-sin 4, sin B. 


Similarly, we may proceed if B be increased by 90°. 
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Hence the formulae of Art. 88 are true if either A or B be increased 
by 90°, i.e. they are true if the component angles lie between 0° and 
180°. 

Similarly, by putting 4,=90°+A,, we can prove the truth of the 
theorems when either or both of the component angles have values 
between 0° and 270°. 

By proceeding in this way we see that the theorems are true uni- 
versally. 


90. Theorem. 1 prove that 
sin (A — B)=sin A cos B—cos A sin B, 
and cos (A — B)=cos A cos B+sin A sin B. 


Let the revolving line starting from the initial line 
OA trace out the angle 
AOB (= A) and then re- 
volving in the opposite d1- 
rection, trace out the angle = N&-------- 
BOC, whose magnitude is 
B. The angle AOC is there- 
fore A — B. 


Take a point Pin the 6 
final position of the revolv- 
ing line, and draw PM and PI perpendicular to OA and 
OB respectively ; from V draw VQ and VA perpendicular 
to OA and MP respectively. 

The angle RPN = 90°— 4 PNR=2 RNB=2 QON =A. 


Hence 


Q M A 


; MP MR-PR QN PR 
sin (A — B) =sin AOU= 5 = pp =" - OP 
WN ON PREN 
ONOP PN OP 
=sin A cos B—cos RPN sin B, 
so that sin (A — B)=sin A cos B —cosA sin B. 
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OM O0Q+QM OQ, NR 
OP ~~ OP ~OP* OP 
=ae eee a = 008 A cos B+sin NPR sin B, 


so that cos(A—B)=cosAcosB+sin Asin B. 


Also cos (A —B)= 


91. The proofs of the previous article will be found to apply to 
angles of any size, provided that due attention be paid to the signs of 
the quantities involved. 


Assuming the truth of the formulae for acute angles, we can shew 
them to be true universally without drawing any more figures. 
For, putting 4,=90°+ 4, we have, 
(since sin 4;=cos A, and cos 4,;= —sin A), 
sin (4, ~— B)=sin [90° + (4 — B)]=cos (A — B) (Art. 70) 

=cos A cos B+sin A sin B 
=sin 4, cos B~—cos 4, sin B. 

Also cos (A, — B)=cos[90°+ (A — B)]j= -sin (A -B) (Art. 70) 
= ~—sin A cos B+cos 4 sin B 
= cos 4,cos B+sin A, sin B. 


Similarly we may proceed if B be increased by 90°. 

Hence the theorem is true for all angles which are not greater than 
two right angles. . 

So, by putting 4,=90°+.4,, we may shew the theorems to be true for 
all angles less than three right angles, and so on. 

Hence, by proceeding in this manner, we may shew that the theorems 
are true for all angles whatever. 


92. The theorems of Arts. 88 and 90 which give 
respectively the trigonometrical functions of the sum and 
differences of two angles in terms of the functions of the - 
angles themselves are often called the Addition and Sub- 
traction Theorems. 


ADDITION AND SUBTRACTION FORMULZ. 91. 


93. Ex. 1. Find the values of sin 75° and cos/15°. 
sin 75°=sin (45° + 30°) =sin 45° cos 30° + cos 45° sin 30° 
1 7/3 11 /38+1 
= 3 3 2 97 2/2 ’ 
and cos 75° = cos (45° + 30°) = cos 45° cos 30° — sin 45° sin 30° 
eT Ne Swe! 
~/2 2 Jf/22° 2/2 © 
Ex. 2. Assuming the formulae for sin(«+y) and cos(x+y), deduce 
the formulae for sin (a—y) and cos (%—y). 
We have 
sinz=sin {(«~-y)+y}=sin (x —y) cosy +cos (@—-y) siny...... (1), 
and cos w=cos {(«—y)+y}=cos (x — y) cosy — sin (x —y) siny...... (2). 
Multiplying (1) by cosy and (2) by sin y and subtracting, we have 
sin x cos 7 — COS x sin y =sin (x — y) {cos*y + sin? y} = sin (@ - Yy). 
Multiplying (1) by sin y and (2) by cosy and adding, we have 
sin w sin y +cCOs x Cos y =COs (w7—y) {cos? y + sin? y} =cos (v—y). 


Hence the two formulae required are proved. 
These two formulae are true for all values of the angles since the 
formulae from which they are derived are true for all values. 


EXAMPLES. XIII. 


1, Ifsin yee and cos B= z find the value of sin (a ~ 8)andcos(a + 8). 


5 4’ 
.9, Tf sin a=e and sin p= , find the values of sin (a—£) and 
sin (a+ 8). 
3. If sin a= 8 and cos B= 75 , find the values of sin (a+ 8), cos (a — 8), 


and tan (a+). 
Prove that | 
4, sin (4+ 8B) sin(d —-B)=sin? A —sin? B. 
5. cos(4+B) cos(dA —- B)=cos? A —sin? B. 
6. cos (45° -- A) cos (45° - B) - sin (45° - A) sin (45°~ B) =sin (A+B). 
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7. sin (45°+ 4) cos (45° — B) + cos (45° + A) sin (45° ~ B) =cos (A — B). 


sin(d-B)  sin(B-C) sin (C—dA) _ 
_eosAcosB cosBeosC cosCcosA 


9, sin 105°+cos 105°=cos 45°. 
10, sin 75°— sin 15°=cos 105° +cos 15°. 
Ll. cos acos (y—a) — sin asin (y— a) =cos a. 
12. cos (a+) cosy —cos (8+) cosa=sin B sin (y— a). 
13, sin (n+1) Asin (n—1) 4+ 08 (n +1) A cos (n—1) A=cos 24. 
14, sin (x+1) Asin (n+2) 4 +cos (n+1) A cos (n+2) A=cos A. 
94. From Arts. 88 and 90, we have, for all values of 
A and B, 
sin (A + B)=sin A cos B+ cos A sin B, 
and sin (A — B)=sin A cos B— cos A sin B. 
Hence, by addition and subtraction, we have 
sin(4 + B)+sin(A - B)=2sin A cos B..... (), 
and sin (A + B)—sin(A — B)=2cos A sin B...... (2), 


From the same articles we have, for all values of A 
and B, 
cos (A + .B)=cos A cos B—sin A sin B, 


and cos (A — B)=cos A cos B+ sin A sin B. 
Hence, by addition and subtraction, we have 
cos (A + B)+cos(A — B)=2 cos A cos B...... (3), 
and cos(A—B)—cos(A+B)=2sin Asin B......(4). 
Put 4+ B=C, and A — B=D, so that 


PRODUCT FORMULA. 93: 


On making these substitutions the relations (1) to (4) 
become, for all values of C and D, 


eon DS o4in eo a Soaees I, 
jinesaGn w= aces” Ss oS ae i ip 
sn Cased So ten cos ae 
and cos D— cos = 2sin °° sin c2° . IV: 


[The student should carefully notice that the left-hand 
member of IV is cos D — cos C and not cos C— cos D.| 


95. These relations I to LV are extremely important 
and should be very carefully committed to memory. 

On account of their great importance we give a geo- 
metrical proof for the case when C and D are acute angles. 

Let AOC be the angle C and AOD the angle D. 
Bisect the angle COD by the straight lme O#. On O# 
take a point P and draw QPR perpendicular to OP to 
meet OC and OD in Q and £ respectively. 

Draw PL, QM and RMN perpendicular to OA, and 
through R draw RST perpendicular to PL or QM to 
meet them in S and 7’ respectively. 

Since the angle DOC is C—D, each of the angles 


DOE and FOC is - 
£AOE= 2 AOD +2DOB = D+" =24”. 
Since the two triangles POR and POQ are equal in 
all respects we have OQ = OR, and PR = PQ, so that 


RQ =2RP. 


, and also 


94 
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Hence Q7'=2PS, and RT = 2RS, 1.e. MN =2ML. 

Therefore MQ + NR= TQ + 2LS=28P + 2L8 = 2LP, 

Also OM + ON =20M 4+ MN =20M + 2ML =20L. 
MQ NK MQ+NR 


Hence sin C+sin D = 00 a OB = AB 


a ee a op = 2sin LOP cos POR 


= 2 sl ean 
=2sin 7 


Again an) - R= ORT 
as Gp = 208 SPR sin ROP 
C—D 


C+D. 
= 2 cos —~— sin —=— , 


2 2 
| for Z8PR= 90° —28P0=2 LOP =" " 


_OM ON OM+0N 
Also aC laa pT Hope oR” 
_9 GL _,9LOP 
"OR “OPOR 


= 2 cos LOP cos POR = 2 cos ae cos as 


=2 


PRODUCT FORMULA. 95 


ON OM ON-~-OM 
Finally cos D—cosC= OR 00 OR. 


_ MN _ Sf _ 2A PR 
OR OR PROR 
=2sin SPR. sin POR 
= 2 sin C+h sin clit a 
2 Zz 


96. The student is strongly urged to make himself 
perfectly familiar with the formulae of the last article and 
to carefully practise himself in their application; perfect 
familiarity with these formulae will considerably facilitate 
his further progress. 

The formulae are very useful because they change 
sums and differences of certain quantities into products of 
certain other quantities, and products of quantities are, as 
the student probably knows from Algebra, easily dealt 
with by the help of logarithms. 

We subjoin a few examples of their use. 


60 + 40 60 —46 


Ex. 1. sin6@+sin 46=2sin. 3 cos - a —2 sin 5@ cos @, 
Ex. 2. cos3@-—cos70=2 sin _ ay sin ie 5 se, sin 56 sin 26. 
2 cos De sin Ce. 
ae gin 75° — sin 15° _ 2 2 
cos 75°+¢08s 15° 75°+ 15° To? = 15° 
2 cos ar ai 008 


_ 2 cos 45° sin 30° | ae Sete cee 
= 5 cos 45° cos 50° 1? oa ae 57735...... 


[This is an example of the simplification given by these formulae; it 
would be a very long and tiresome process to look out from the tables the 
values of sin 75°, sin 15°, cos 75°, and cos 15°, and then to perform the 
division of one long decimal fraction by another.] 
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Ex. 4. Simplify the expression 


(cos 6 — cos 36) (sin 89 + sin 26) 
(sin 50 — sin 0) (cos 40 — cos 60) ° 


On applying the formulae of Art. 94 this expression 


9 gin O39 gin 89-9 oy gin S9+28 555, 80-28 
Rai a gr SEO 2 


7 50+ 6 on 09-8 . 40466 . 60-40 


2 cos 5 Sl 5 x2 sin 9 sin 9 


_ 4.sin 24 sin @.sin 56 c0s30 _ 
~4.,c08 36sin26.sin5ésing ~ 


EXAMPLES. XIV. 


Prove that 
1. on On cian 0. 2. Oe ea? —tan 6. 
g, AIAN ang 
4, ea ery =cos4d sec 5A. 
a ope So “4 =cot(d +B) cot (4 ~B). 
g, "ned +sin 2B _ tan (d+B) 
* sin2d4—sin2B tan (Ad -B) 
y mata oot g, Smead ag 
9, eee ay xian (A -B). 


10. cos(4+B)+sin (A — B)=2 sin (45° + A) cos (45° + B). 
cos3d-—cosd cos2d—cos4d _ sin A 
sin3d—sind sin 4d—sin2A cos 24 cos 34° 
sin (44 —-2B)+sin (4B — 24) 
cos (4.4 — 2B) + cos (4B —- 24) 


tan 56+ tan 30 
13. Tans ane =4 cos 26 cos 46. 


12. =tan (A +B). 


[Exs. XIV.] PRODUCT FORMULAE. a 97 


cos 36 +2 cos 56+ cos 70 : 
ip ee Se 26 - 26 tan 36. 
| 14, cos 6 +2 cos 36+ cos 58 sag en 


15 sin 4+sin 34 +sin 54 +sin 7A on 4d 
‘ cos 4A+cos 34 +c¢0854+c0s7A _ ° 


sin (0+) —2sin 0+sin (6 -@) 


16. OE) Aeose hee 
17 sin A+2sin3d4+sin5d _ sin3A 
’ gsin384+2sin5d+sin7A sin5A° 
18 sin (4 -C)+2sin d4+sin(d4+C)_ sin A 
' sin (B-C)+2sinB+sin(B+C)~ sin B° 
sin A —sin 54 +sin 94 —sin 134 
19. cos A — cos 5A ~— Gos 94 -+ cos 134 =oot 4d. 
sin d+sin B A+B A-—B 
20. Snd-sinB "gy Cf a 
cos 4d +cos B A+B A-B 
21. sosB-coad °° gO BE 
sin A +sin B A+B 
22. cosdtoosB "2 
sin 4d -sin B A+B 
23. cosB-cosd 2 ; 
O4 cos(A+B-+C)+cos(-4+B+C)+cos(4 —-B+C)+¢e0s(A4+B-C) 


sin(A+B+C)+sin(-4+B+C)-sin(d4-£B+C)+sin(4+B-C) 
=cot B. 
95, cos84-+cos 54 +cos 7A +c0s 154 =4 cos 44 cos 5A cos 6A. 


26. cos(-A4+B+C)+cos(d -B+C)+cos(4+B-C)+cos(4+B+C) 


=4cosAcosBcosC. 
27, sin 50°—sin 70°+sin 10°=0. 


98, sin 10°+ sin 20° + sin 40° + sin 50°= sin 70°+ sin 80°. 


99, sina+sin2a+sin4a+sin 5a=4 cos 5 cos “ sin 3a. 


Simplify 
30. cos \o+ (»-5) # — Cos {0+ (n+5) ot ; 
3l. sin \0 + ( _ 5) 6 + sin ? + (n+5) 6} ' 


L. T. 4 
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97. The formulae (1), (2), (3), and (4) of Art. 94 are 
also very important. They should be remembered in the 
form , 

2sin A cos B = sin (A+ B)+sin (A —B)...(1), 
2cos Asin B = sin (A + B) — sin (A — B)...(2), 
2 cos Acos B= cos (A+B) + cos (A — B)...(8), 
2 sin A sin B = cos (A —B) —cos(A+B)...(4). | 

They may be looked upon as the converse of the 

formulae I—Iv. of Art. 94. 


2 sin 36 cos 6=sin 46 + sin 20, 
2 sin 56 sin 30= cos 26 — cos 80. 
2 cos 116 cos 26=cos 136+ cos 94, 


td 
ee Re 


Simplify 
sin 88 cos @ — sin 66 cos 30 
cos 26 cos 6 — sin 36 sin 40° 
By the above formulae the expression 
: [sin 99+ sin 70] = [sin 99 + sin 36] 


5 [cos 34 +cos 6] = [cos 6 —cos 70] 


_ sin 79 -—sin 30 
~ Cos 36+ cos 76 
secon Bee! 
~ 2 cos 58 cos 20’ 
= tan 20. 

[The student should carefully notice the artifice of first employing 
the formulae of this article and then, to obtain a further simplification, 
employing the converse formulae of Art. 94. This artifice is often 
successful in simplifications. ] 


by the formulae of Art. 94, 


EXAMPLES. XV. 
Express as a sum or difference the following 
1, 2sin 56 sin 76. 9. 2cos7é@sin 56. 
3. 2cos116@ cos 36. 4, 2sin 54° sin 66°. 


[Exs. XV.] TANGENT OF THE SUM OF TWO ANGLES. 99 


Prove that 
. 9. 760. ..380 . 11é . ‘ 
5. sin 5 gin at sin-> sin ac sin 26 sin 54. 


cos 24 cos 5 — cos 36 cos . = sin 56 sin z : 


6 
7. sin A sin(A+2B) —sin Bsin(B+2A)=sin (A —-B) sin (4 +B). 
8, (sin34+sin A) sin 4+ (cos 34 —cos A) cos 4=0. 

9, 2sin (4-0) cos C-sin(4-2C) _ sind . 

2 sin (B-—C)cosC-sin(B-2C) sinB 

sin A sin 24 +sin 34 sin64+sin 4A sin 134 
sin A cos 24 +sin 34 cos 64 +sin 44 cos 134 


1, “FaadcinBd ain adeinBA tein dd ain 74 =ObO4 Cob. 
12. cos (36° — A) cos (36°+ A) + cos (54° + A) cos (54° -— A)=cos 2A. 
18. cos sin (B- C)+cos B sin (C - A) +cos C sin (A — B)=0. 
14, sin (45°+ A) sin (45°~ A) = : cos 2A. 

15, versin (4 +B) versin (A - B)=(cos A —cos B)?. 


16. sin(8—-y)cos(a—6)+sin(y—- a) cos (8 — 6) + sin (a — B)cos (y — 6) =0. 


ar Qn 3r br 
17, 2cos B 008 55 +c0s73 + coss, = 


10. =tan 9A. 


0. 


98. To prove that tan (A+ B)= = eae 


tan A — tan B 
we i +tan A tan B’ 


By Art. 88, we have, for all values of A and B, 
_sin(A4+ 8) sin A cos B+cosA sin B 
aa eae (A+B) cos AcosB-—sin A sinB 
sin A sin B 
cos A * cos B ee 
= —in den Te by dividing both 
~ cos A cos B 
numerator and denominator by cos A cos B. 


tan A+ tan B 
l—tan Atan B 


and 


“, tan (A+ B)= 


7—2 
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Again, by Art. 90, 
sin(A —B)_ sin A cos B—cos A sin B 
cos(A —B) cos A cos B+sin Asin B 


sin Ad sin B 
cos A cosB prasad 
= —an dem 2 by dividing as before. 
cos A cos B 
tan A— tan B 


1+tanAtanB’ 


tan (A — B)= 


.. tan (A —B)= 


99, The formulae of the preceding article may be obtained geometri-. 
cally from the figures of Arts. 88 and 90. 


(1) Taking the figure of Art. 88 we have 


| MP QN+RP 
tan (A+B)=55= GOT EN 
QN RP 1. PP 
00 06. "00 
| RN | _ RN RP 
0d RP OQ 


But, since the angles RPN and QON are equal, the triangles RPN and. 


QON are similar, so that 
RP OQ 


PN ON’ 
RP _ PN _ 
OQ ON 

tan A+tan B tan 4+tan B 


Hence tan(4+B)=7—7 Oo ppw ian Bo 1otanAtanB’ 


and therefore tan B. 


(2) Taking the figure of Art. 90, we have 


MP QN-—PR 
OM OQ+NR 


QN _PR PR 
00 09 = 08 
TNR NE PR 

0g PR OQ 


tan (4 - B)= 
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; : RP OQ 
But, since the angles RPN and NOQ are equal, we have PN = ON 
PR PN 
and therefore 00 ON™ tan B. 
tan A —tan B tan A —tan B 


Bento: tant 3) =a aan BPN ae a a 


100. As particular cases of the preceding formulae, 
we have, by putting B equal to 45°, 


tand+1 1+tanad 


US ad ae A 


~o, tan A—1 
and vena 40) Tian A 
Similarly as in Art. 98 we may prove that 

cot A cot B—1 

cot (4 + B)= Pay eta 

_ cot AcotB+1 
“ee aes cot B—cot A’ 

tan 45° + tan 30° 


Os-2 “oO OVS 
101, Ex. 1. tan 75° = tan (45 + 30 ) ~ 1~ tan 45° tan 30° 


1 
Le 
= TB _V8+1_ (841)? _ 4423, 3 
~. i 8-1 8-1 7 2 az 


vB 
=241:73205,..=3°73205.... 


tan 45° — tan 30° 


Oo. KO Olas 
Ex. 2. tan 15° = tan (46° — 30°) = 1+tan 45° tan 30° 
1 1 
= V3 _V8-1 _ (3-1) 4-2v3_9 ig 
o, 2 a ee 
/3 


=2-—1'73205...=°26795.... 
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EXAMPLES. XVI. 


lL i tan A=5 and tan B=, find the values of tan (24+8) and 
tan (24 — B). 
_ v2 _ 3 
9, IftanA= t_,/3 and tan B=7 OB , prove that 


tan (A — B)="375. 


n 1 
3. If tan A= and tan B= ra find tan (4+ 3B). 


Tv 


5 1 
4, If tana= 6 and tan B=7; , prove that a+p=7 ‘ 
Prove that 


5, ton (T+ 0) xtan (F + @ \= 1. 


6. cot (F+e) cot & 0) =1, 


7, i+tanA tan 4 =tan AcotS—1=s0e A. 


102. As further examples of the use of the formulae 
of the present chapter we shall find the general value of 
the angle which has a given sine, cosine or tangent. This 
has been already found in Arts. 82—84. 


Find the general value of all angles having a given sine. 

Let a be any angle having the given sine and @ any 
other angle having the same sine. 

We have then to find the most general value of 0 
which satisfies the equation 

sin @ =sin a, 
ze. sin @—sina= 0. 

This may be written 

oe 


2 2 . 


2 cos 
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and it is therefore satisfied by 


cos oF 4 0, and by sin f= 4-0, 
1.e. by : < = = any odd multiple of 5 
O— a ; 
and by 5 = any multiple of a 
we. by @=—a-+ any odd multiple of 7...... (1), 
and O6=a+ any even multiple of 7 ...... (2), 


ae. 6 must =(—1)"a+nm, where n is any positive or 
negative integer. 

For when n is odd this expression agrees with (1), and 
when 7 is even it agrees with (2). 


103. Find the general value of all angles having the 
same cosine, 
The equation we have now to solve is 


cos 8 = cos a, 


1.€. cos a—cos @=0, 
1.€. 2 sin “F4 sin 9S <0, 


and it is therefore satisfied by 


sin _ =0, and by sin — = 0, 


= any multiple of zr, 


v.€. by 


= any multiple of 7, 


ee 
2 
and by die 
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ae. by @=—a+ any multiple of 27, 
and by 9=a-+ any multiple of 2rr. 


Both these sets of values are included in the solution 
§ = 2nm + a, where n is any positive or negative integer. 


104. Find the general value of all angles having the 
same tangent. 
The equation we have now to solve is 
tan @é—tana=0, 
1.6. sin 8 cosa— cos @ sin a= 0, 
1.6. sin(@—a)=0. 
‘, @—a=any multiple of 
=n, where n is any positive or 
negative integer, 


so that the most general solution is @=nm+a. 


CHAPTER VIII. 


THE TRIGONOMETRICAL RATIOS OF MULTIPLE AND 
SUBMULTIPLE ANGLES. 


105. To find the trigonometrical ratios of an angle 2A 
wn terms of those of the angle A. 
If in the formulae of Art. 88 we put B= A, we have 


sin2A=sin A cos A+cos Asin dA =2sin AcosA, 
cos 2A=cos A cos A —sin A sin A = cos? A — sin?’ A 


=(1 —sin? A) — sin? 4 = 1—- Q2sin’ A, 
and also | 
= cos? A — (1 — cos? A) =2 cos’, A-1; 
and 
tan A +tan A 2tanA 


tan 24°=7— tan d.tand~ 1—tan® A’ 


Now the formulae of Art. 88 are true for all values of 
A and B; hence any formulae derived from them are true 
for all values of the angles. 

In particular the above formulae are true for all values 


of A. 
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106. An independent geometrical proof of the formulae 
of the preceding article may be given, for values of A 
which are less than a right angle. 


Let QCP be the angle 24. | 
With centre C and radius CP (IN 
describe a circle and let QC meet a 
it again in O. : 
Join OP and PQ,and draw PN \ 


perpendicular to OQ. 
By Euc. 111. 20, the angle 


QOP =4 2ZQCP =A, 
and the angle NPQ=ZQOP=A. 


Hence 
_ NP _ 2NP _ io NP OP 


= 2 sin NOP cos POQ, since OPQ is a right angle, 


= 2sin A cos A; 
oa CN 2¢C OC 
_OW _20N _ (00+ GW)—(00- GN) 
cos 24 = Aa = 0g 7 00 
_ON-NQ_ONOP _NQPQ 
0Q OP OQ PQ OQ 
= cos? A — sin? A ; 
g NP 
and poet _2NP_ ___ ON 
CN ON—NQ- NQ PN 
~ PNON 


_ 2tan A 
~ 1 —tan? A’ 


MULTIPLE ANGLES. 107 


Ex. To find the values of sin 15° and cos 15°. 


Let the angle 24 be 30°, so that A is 15°. 
Let the radius CP be 2a, so that we have 


CN =2a cos 30°=a,/3, 


and NP =2a sin 30° =a. 
Hence ON=O0C+ CN=a (2+,/3), 
and NQ=CQ~ CN=a (2-,/3). 
. OF? =0N.O0Q=a (24+,/8) x 4a (uc. vi. 8), 
so that OP=an/2 (/3+1), 
and PQ@=QN .QO0=a (2-,/3) x 4a, 
so that PQ=4y/2 (\/3 - 1). 
: PQ Jf2(/38-1) /3-1 
C= ae YE 
Hence sin 15 =09 Z 57D? 
OP Jf/2(/3+1)  /3+1 
Oise aE AE eS Ere 
and cos 15°= 007 Z = "O79 


107. To find the trigonometrical functions of 3A wie 
terms of those of A. 


By Art. 88, putting B equal to 2A, we have 
sin3A =sin(A + 2A) =sin A cos2A + cos Asin 2A 
=sin A (1—2sin’ A)+ cos A.2sin A cos A 
=sin A (1 —2 sin? A)+2sin A (1 — sin? A). 


Hence sinSA=SsinA-—4sin’A......... (1). 
So 


cos 3A =cos(A +2A)=cos A cos2d —sin A sin 24 
= cos A (2 cos? A —1)—sin A.2sin A cos A 
= cos A (2 cos?-A — 1) —2 cos A (1 — cos? A). 
Hence cos3A=4cos*'A—ScosA......... (2). 
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tan A+ tan 2.4 
Also on 3A =tan(dA+2A)= qf Sa 
has, a 2 tan A 
ee tan A _ tan A(1 — tan? A) + 2 tan A 
= 2tan A (1—tan?A)—2tan? A 
1—tan A . arrow | 


3 tan A —tan’?A 


Hence tanSA= 1 Sinus 


108. By a process similar to that of the last article, 
the trigonometrical ratios of any higher multiples of 6 
may be expressed in terms of those of 6. The method is 
however long and tedious. In a later chapter better 
methods will be pointed out. 


As an example let us express cos 56 in terms of cos 6. 


We have 
cos 50 = cos (30 + 26) 
= cos 84 cos 20 — sin 34 sin 20 
= (4 cos’ 0 — 3 cos 0) (2 cos? @— 1) 
— (3 sin 0 — 4sin* @).2 sin @ cos @ 
= (8 cos® § — 10 cos? 8 + 3 cos 8) | 
— 2 cos @.sin? 6 (3 — 4 sin? @) 
= (8 cos’ @ — 10 cos? 6 + 3 cos 0) 
— 2 cos 0 (1 — cos? @) (4 cos? 6 — 1) 
= (8 cos’ @ — 10 cos? 6 + 3 cos @) 
— 2. cos 0 (5 cos? 6 — 4.cost 8 — 1) 
= 16 cos’ 6 — 20 cos? 8+ 5 cos 0. 
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EXAMPLES. XVII. 


1. Find the value of sin 2a when 


‘ 12 16 
(1) cosa=z, (2) sin a=73 and (3) tan a= Fe. 


9, Find the value of cos 2a, when 


5. . 4 5 
(1) COSa= Ta (2) sin a=5, and (3) tana=5. 
3. If tan 9=~ , find the value of a cos 20+) sin 26. 
Prove that 
sin 24 sin 2A 
A Teco ag of he ggea 
1-—cos 24 " 
6. ieee A. 7, tan dA-+cot A=2 cosec 2A. 
8. tan 4 -—cot A= —2 cot 2A. 9, cosec 24 +cot 24=—cot A. 
1—cosd+cosB-cos(A+B) , A B 
10. 1+cos A —cos B—cos(A <p) oo 7 
cosA4 Aas, sec84-1  tan8d4 
il. izena7 (4 = ) 12. eo4d—-1 > tan 2d 


1+ tan? (45° — A) 


13. 7am (ja 2A. 
a+B 
14, Sa(ot—)_ 2 
” ange) aah =e 
2 


‘42 4 ain2 R 
15. sin¢ A -- sin? B eee (A+B). 


16, tan (F+0) —tan & 9 )=2 tan 26. 


cos 4+sinA ecosA-—sind 
cosd—-sinA cosd+sin 4 


17. =2 tan 2A. 
4 cos 2A 


O\ __ = io) aan : 
18, cot (4+15°) -tan (4-15 ak Beet w ie 
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sin #+sin 20 1+ sin 6 — cos 6 6 
eee : =tan-=. 
19. 1+cos 0 +cos 26 oe a0. i+sind+coso 2 
91. sin(n+1)A-sin(n-1)A =tan 4. 
cos(nt+1)A+2cosnd+cos(n—1)4 =? 
99 sin (n+1) A+2sinnd+sin(n—-1) 4 _ 4 
; cos (n-1) A —cos(n+1) A ria 


93, sin (2n+1) Asin A=sin? (n+1) A —sin? nd, 


sin (4 +3B)+sin (34 +B) 


24, sin 24 +sin 2B 


=2cos(4+B8). 

95, sin 34+sin2d4 —-sindA=4sin 4 cos c cos “s : 
96. tan24=(sec 24 +1) /sec?A—1. 

2.7, cos® 26 +3 cos 20=4 (cos @ - sin’ @), 

28, 1+cos? 20=2 (cost 6 +sin' 6). 

29, sec? A (1+sec 24) =2 sec 2d. 

30. cosec A —-2cot 24 cos A4=2 sin A. 


1 A A 
Sl. cot 4 = 3 (cot 3 ~ tan 3) ® 


32, sin asin (60° - a) sin (60°+a) =5 sinh: 


33. cosa cos (60 — a) cos (60°+ a) = cos 3a. 
34, cot a+cot (60 +a) — cot (60° — a) =3 cot 3a. 


35, cos 20° cos 40° cos 60° cos 80°= 5, ; 


36. sin 20°sin 40° sin 60° sin 80°= 5 ; 

37, cos4a=1-8 cos?a+8 costa. 

38. sin44=4 sin A cos? 4-—4cos4 sin? A. 

39, cos 6a=—32 cos? a — 48 cost a+18 cos? a—1. 
40, tan 3A tan 24 tan 4 =tan 34 — tan 24 -- tan A. 


2 cos 2°9+1 
41. aE 


ar re ee cos 6 — 1) (2 cos 20 — 1) (2. cos 2? 6-1) 


er (2 cos 2"-1 9-1). 
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Submultiple angles. 


109. Since the relations of Art. 105 are true for all 
values of the angle A, they will be true if instead of A 


we substitute = and therefore if instead of 2A we put 
A 
Zz 3? 
Hence we have the relations 


te. A. 


A A 
sin A= 2 sin —cos — 


2 Boe (1), 
JA _i A 
cos A=cos a sin 2 
A A 
ce re = an in? — 
= 2 cos’ 5 1=1 2sin’ 5 Sis aueaaiee (2), 
2 tan ; 
and 7: 0 en (3). 
1 — tan? A 
2 
From (1) we also have 
| A A 
2 sin — cos — 
2 2 
sin A = 
cos? — + sin? A 
2 ys 
2 tan 
= , by dividing numera- 
] -- tan” 9 


A 
tor and denominator by cos’ 3° 
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pA... wis ge 
cos 3 7 sin’ 
So cos A = 


110. To express the trigonometrical ratios of the angle 


A. 
Un terms of cos A. 


From equation (2) of the last article we have 


cos A =1—2 sin’ S, 
mee | 
so that 2 sin’ > = ]1—cos A, 
and therefore sin = - Se pate: (1). 
2 2 
= AS 
Again, cos A = 2 cos? gah 
A 
so that 2 cos? or 1+cos A, 
and therefore cos zi = + Zz eo iteniis (2). 
2. 2. 
sin ss Sica 
A 2 1—cos A 
pines, taney fA oy 
ence an = + er eer (3) 
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111. In each of the preceding formulae it will be 


noted that there is an ambiguous sign. In any particular 
case the proper sign can be determined as the following 


examples will shew. 


1 
Ex, 1. Given cos 45°= Ja Jind the values of sin 224° and cos 224°. 


The equation (1) of the last article gives, by putting A equal to 45°, 


Noah (os 
| Paes Sgt 
F 1 — cos 45° /2 2—,/2 
10 — OT “a na — — oo 
sin 224° = + i) 5 5 a i 4 
= a /2 _ a/ 2. 
Now sin 224° is necessarily positive, so that the upper sign must be 


taken. 


Ll ye 
Hence sin 224°= 5 Wale. 


1 : 2 DP jasseie 
So cos 2940 a, /PEOE a ws ENE 3 5/24/82; 


also cos 224° is positive ; 


2+ /2 
. COS gaye VB+N2 


Ex. 2. Given cos 3309-82 , find the values of sin 165° and cos 165°. 


The equation (1) gives 


3 
pos 5 ee a eee 
gael 
= st -———-. 
9/2 
Also 
1 v3 
eee See oats 14+— ee ety 
wert, ESE | 2 mae RY ae 
2 2 8 
_ _w8+1 
= OD 
8 
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Now 165° lies between 90° and 180°, so that, by Art. 52, its sine is 
positive and its cosine is negative. 


© aaro _V3-1 

Hence sin 165 =O? 
J34+1 

Ons Na 
and cos 165°= 578 


From the above examples it will be seen that, when the angle A and 
its cosine are given, the ratios for the angle é may be determined without 
any ambiguity of sign. 

When however only cos A is given, there is an ambiguity in finding 


sin 5 and cos é . The explanation of this ambiguity is given in the next 


article. 


**112. To explain why there is ambiguity when cos a 


and sin’ are found from the value of cos A. 


We know that, ifn be any integer, 
cos A = cos (2nq7 + A) =k (say). 


Hence any formula which gives us cos = in terms of k, 


2 
should give us also the cosine of ae 
Qn7r +A A 
Now cos——— = cos (rr + =) 
2 2 
= COS n7r COS — F Sin n7 sin — = co es 
= 9 + nm sin > = S NIT 5 
= + cos 


ah 9? 


according as 7 is even or odd. 
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Similarly any formula giving us in 4 in terms of &, 
should give us also the sine of a 


Also sin si = sin (wm + =| 


e A e A e 
= s1n n7r COS — + cosn7 SIN = = +cosnr sin — 
2 2 2 
= + ce 
=+ 5° 


Hence in each case we should expect to obtain two 
values for cos 4 and sin o , and this is the number which 
the formulae of Art. 110 give. 

113. To express the trigonometrical ratios of the angle 


. on terms of sin A. 


2 
From equation (1) of Art. 109 we have 
eee: ae 
2 sin 7 008 GF = sin A. sites arias (1). 
Also sin? 7 + cos? = =A BIWaAYS secdu cise (2). 


First adding these equations, and then subtracting 
them, we have 


cin’ 4 + 2sin 4 cos 4 + cos? = 1 + sin A, 


. A e A A A e 
, See = — ae : 
and sin’ 5 2 sin 7 8S % + COs 5 1—sin A; 


8—2 
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_ A 2 
1.€. (sin z ++ cos <) =14sm A, 
and (sin ae Cos =) =l-—snd; 
2 2 / 
so that sin . + cos 4 =+V¥248in A... (3), 
a ee A PEERTEETT 
and sin 3 —cos > =4V1—sin A see eewieusos (4), 


By adding, and then subtracting, we have 


_ A ee ee ee 
2sin—=iV14+sinAivV1-—sinA...... (5), 


2 
A ee ee pa 
and 2oos5=+V1+sin AF V1—sinA ina ks (6). 
The other ratios of = are then easily obtained. 


2 


114. In each of the formulae (5) and (6) there are 
two ambiguous signs. In the followmg examples it 1s 
shewn how to determine the ambiguity in any particular 


Case. 


Ex. 1. Given that sin 30° is _ find the values of sin 15° and cos 15°. 


Putting A =30°, we have from relations (3) and (4), 


sin 15°+ cos 15°= + ,/1+sin 30°= + 5 


sin 15°-~ cos 15°= + ,/1—sin 30°= + “5 


Now sin 15° and cos15° are both positive and cos15° is greater than 
sin 15°, Hence the expressions sin 15°+cos 15° and sin 15° — cos 15° are 
respectively positive and negative. 
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2 
Hence the above two relations should be 
: fe) ona J3 
sin 15°+ cos 15°= +7 
and sin 15° — cos 15°= -- - 
/2° 
row 3— 1 oN3+1 
Hence sin 15°= 2/2” and cos15°= a9 


Ex. 2. Given that sin 570° is equal to — ; , Jind the values of sin 285° 


and cos 285°. 
Putting A equal to 570°, we have 


° ago ee ae pee ey 1 
sin 285° + cos 285°= + ./1+sin 570°= + wD 
and sin 285° — cos 285°= + ,/1—sin 570°= + Js 


Now sin 285° is negative, cos 285° is positive, and the former is 
numerically greater than the latter, as may be seen by a figure. 

Hence sin 285°+ cos 285° is negative and sin 285° — cos 285° is also 
negative. 


*, gin 285°+ cos 285° = — 53 ‘ 
and sin 285° — cos 285° = — - i 
Hence sin 285°= — Sa" ; 
and cos 205° =a : 


*%*115. To explain why there is ambiguity when sins 


A 3 ; 
and cos g we found from the value of sin A. 


We know that, if be any integer, 
sin {n7 +(—1)? A} =sin A= (say). (Art. 82.) 
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Hence any formula which gives us ree in terms of k, 


2 
should give us also the sine of ae 
First, let n be even and equal to 2m. Then 
Ar a i te os eee sin (mm + 3) 


A so GA . A 
= In Mm COS — + COS Ma SIN > = COS Mar SIN > 


. A 
= +sin —, 


according as m is even or odd. 


Secondly, let n be odd and equal to 2p + 1. 
Then 


sett ath : 7 
sin ECA = gin PEAT A _ sin pr +754 


Tr—-A Tv 


9 + COS pr sin —> 


A 
= COS pir COS -= 


= sin p7r COs 5 


= +cos —, 


according as p is even or odd. 


Hence any formula. which gives us sin in terms of 


sin A should be expected to give us, in addition, the 
values of 


ee ae d —cos= 
—sin-Z, cosy an 085» 


ae. 4 values in all, This is the number of values which 
we get from the formulae of Art. 113, by giving all possible 
values to the ambiguities. 
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—_ ; A. 
In a similar manner it may be shewn that when cos 3 


is found from sin A, we should expect 4 values. 


116. In any general case we can shew how the 
ambiguities in relations (8) and (4) of Art. 113 may be 
found. 

We have 


in $ +0085 = 9/2 (Fysin + A 
mn ® g VA 3 08 5] 
. A T A.f Soft. GA 
= /2 sin % 008 a cos > sin 4 = /2 sin F +5) 
The right-hand member of this equation 1s positive if 


i i= le between 2n7 and 2n7 + 7, 


a.e. uf é lie between 2n7r ar and 2n7 on 


Hence sin . + cos S is positive if 4 lie between 


7 OT 
Qn — Z and 2 eae 
it is negative otherwise. 
Similarly we can prove that 


_ A A _ (A 
sin 5 — cos 5 = v2sin (5-5). 


Therefore sin o —- cos is positive if 


2 4 
5or 


2.e if . lie between 2n7r +3 and 2n7 + ri 


(5 i) lie between 2nm and 2nr + 7, 


120 TRIGONOMETRY. 


It is negative otherwise. 
The results of this article are shewn graphically in the 
following figure. 


aa Canes: 
| gts 


ine Say a ll eae eos IS+ 

an 5 G08 1s — 9 9 

A’ . A A. 
sin  — 608 5 is+ 


a. As A 
[sin 3 — COs 5 18 


nA ee 
sin 3 +/¢ 5 


ac sae tas 
sin 9 0°" 9 


B’ 
OA is the initial line and OP, OQ, OR and OS bisect 


the angles in the first, second, third and fourth quadrants 
respectively. 
Numerical Example. Within what limits must é lie if 
A pelo ean nem 
2 sins = —Jfitsind—/1- sind. 


In this case the formulae of Art. 113 must clearly be 


wilh soe, 
sin 5 +008 4 =~ /i¢sind cpiteaeteaaNGs ..(L), 
and | sin ~cos =~ Ji-sind J acaneiecanamesenits (2). 


For the addition of these two formulae gives the given formula. 
From (1) it follows that the revolving line which bounds the angle é 
must be between OQ and OR or else between OR and OS. 
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From (2) it follows that the revolving line must lie between OR and 
OS or else between OS and OP. 

Both these conditions are satisfied only when the revolving line lies 


between OR and OS, and therefore the angle - lies between 


37 ; Us 
Qn — 7 and 2ar— A: 


117. To express the trigonometrical ratios of a mM 


terms of tan A. | 
From equation (3) of Art. 109 we have 


2 tan — 
tan A= 2 
1— tan’ > 
A 2 A 
— 2 eae 
. | —tan 5 aA 5 
A ye A 1 1 
2 Prereeomee as rr, ee a 
Hence van 2 Tian an 2 ery | | «Gane A 
1 + tan? A 
tan? A 
. tan — i _ , vittan’ A 
2 TtianA ~ tandA 
A 4+%V1+4+tan?A-—1 
Pa a Bees Sia aie eee (1). 


118. The ambiguous sign in equation (1) can only 
be determined when we know something of the magnitude 


of A. | 
Ex. Given tan15°=2-,/3, find tan 73°. 
Putting 4 =15° we have, from equation (1), of the last article, 


0 EAN L4+ (2-1/8)? -1_ +/8-4/38-1 
tan 74 = v1 G-J/5P-1_ + ve-4v atid: Wearelearanis (1). 
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Now tan 74° is positive so that we must take the upper sign. 


Hence tan 74°= 2 we =3 = , 
= (,/6 —/2 -—1) (2+/8) = /6 — /B 44/2 — 2=(/8 — /2) (./2 - 1). 


.@] 
Since tan 15°=tan 195°, the equation which gives us tan =a in terms 


oO 
of tan 15° may be expected to give us tan au in terms of tan 195°, In 


fact the value obtained from (1) by taking the negative sign before the 
ere 195° 
radical is tan 


Tee 
195° —-V8-4/3-1_ —(/6-./2)-1 
Hence tan 9° = 2-3 = 2-,/3 
= (= /6 +4/2 —1) (24/3) = — (6/3 +/2) (/2 +1), 
so that ~ cot 74°= tan 974°= — (0/3 +4/2) (/24+1). 


**119. To explain why there is ambiguity when tan a 


2 
is found from the value of tan A. 
We know, by Art. 84, that, if m be any integer, 
tan (nw + A) =tan A =k (say). 


; Ai 
Hence any equation which gives us tan in terms of k 


2 
may be expected to give us tan Le also. 
First, let n be even and equal to 2m. 
Then 
tan zt = tan Pin A = tan (nor DE 5) 


= tan = ,as in Art, 84. 


Secondly, let n be odd and equal to 2p + 1. 


A 
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Then tan a — tan a 


7+ 4) tan 4 (Art. 84) _ 


= tan (pr +7 5 


=— cot . (Art. 70.) 


Hence the formula which gives us the value of tan 


should be expected to give us also the value of — cot = 


An illustration of this is seen in the example of the 
last article. 


EXAMPLES, XVIII. 


fd 


], If sin d=5 and sin =5 , find the values of sin (6+) and 


sin (20 +2¢). 
2. The tangent of an angle is 2°4. Find its cosecant, the cosecant of 
half the angle and the cosecant of the supplement of double the angle. 


3. If eee and sin B=3, find the values of sin? 8 


61 
cos? o+P , the angles a and B being positive acute angles. 


and 


4, If cosa=s and cos B=5, find the value of cos - the angles 


a and 8 being positive acute angles. 

5, Given sec 6=1}, find tan 5 and tan @. 

6, if cos A=:28, find the value of tan 5, and explain the resulting 
ambiguity. 


7, Find the values of (1) sin 73°, (2) cos7$°, (3) tan 224°, and 
(4) tan 113°. 
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8. Ifsin 6+sing=aand cos ¢+cos ¢=), find the value of tan _ ‘ 


Prove that 


9, (cosa+cos 8)?+ (sin a —sin 8)?=4 cos? _ : 
10. (cosa+cos £)?+(sin a +sin B)?=4 cos? oF . 
11. (cosa-—cos 8)?+ (sin a — sin B)?=4 sin? a 
2 tan - 1 tan? 3 
12. sin d= 13. cosd= -. 
1+ tan’ > 1+tan? > 


14. sec (i+ a) Sec G- 0) = 2 sec 20. 


15, tan (45°45 | = a Eas 500 A+tan A, 


2 l—sin A 
w(t a 4\_gn(t™_ 4\_ 1 
16, sin (5+5) sin (3 a) = 38 sin A. 
17, cos? a+ cos? (a+ 120°) + cos? (a — 120°) = ; 
Per aa 4 oT 407 git _3 
18, cos g + cos g 1 008 8 -+- COS GG" 
Tr 3 


T 37 dir 
int — int — ind int = 
19. sin 8 + Sin 8 + Sin -++- Sin = 


5° 
90. cos 26 cos 2¢ + sin? (0 — d) — sin? (8 + d) =cos (26 + 2¢). 
91. (tan 4A +tan 24) (1—tan?3Atan? A) =2 tan 34 sec? A. 
a a a a ; 5 & 
22. € + tan 5 — SEC 5) € + tans + seos ) = SIN a Sec" 5 . 
Find the proper signs to be applied to the radicals in the 3 following 
formulae. 


23. 2008 = +,/1-sin A+ ,/1+sin A, when f= 278°, 


: Boe eee aon ee 1 . 
24, asin $= + /1—sin A+ J/1+sin A, when ie 


[Exs. XVIII. | EXAMPLES, 


pete —_——__-— A 
25, 2.008 5 = 4+ /il—sindA+,/1+sin A, when o> — 140°. 


96. If 4 =340°, prove that 


and 


asin = ~ /i+sin d+ /1-sin A, 


2 cos f= ~/1+sin d-/1-sin A. 


27, If 4=460°, prove that 


2008 5= ~ /1+sin 4+,/1~sin A. 


98, If 4=580°, prove that 


asin $= —~/1+sin 4~,/1-sin A. 


99, Within what respective limits must = lie when 


and 


(1) osin* = Ji+sin 4+, /1-sin A. 


2 
(2) acing = - /i+sin d+ /i1-sind, 
(3) asin $= + /itsmd -J/1-sind, 
(4) 2eosS—= Jitsind-Ji-sin A. 


30. In the formula 


20085 = + /1+sin A+ /1-sin 4, 


find within what limits a must lie when 


and 


2 
(1) the two positive signs are taken, 


(2) the two negative ,, 


29 > 


(3) the first sign is negative and the second positive. 


81. Prove that the sine is algebraically less than the cosine for any 


3 
angle between 2na — 


4 4 


oT and 2nw -+~ where n is any integer. 
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32, If sin 5 be determined from the equation 


A A 

e == ° ae e 3 2a 
sin A =3 sin 3 4 sin 5 
prove that we should expect to obtain also the values of 


. wea . wea 
sin ar and ~ sin —~ ; 


33. If cos be found from the equation 


cos A =4 cos? 5 3 cos 


prove that we should expect to obtain also the values of 


ede and cos ont 
3 3 ° 


COs 


120. By the use of the formulae of the present 
chapter we can now find the trigonometrical ratios of 
some important angles. , 


To find the trigonometrical functions of an angle of 18°. 
Let @ stand for 18°, so that 20 is 36° and 30 is 54°. 


Hence 20 = 90° — 34, 
and therefore 
sin 26 = sin (90° — 30) = cos 36. 
‘, 2sin 8 cos 0 = 4 cos* 8 —3 cos @ (Arts. 105 and 107). 
Hence, either cos 0=0, which gives @= 90°, or 
2sin @=4co? 6-38 =1—4sin? 6. 
“. 4sin? @+2sin €=1. 
By solving this quadratic equation, we have 


sing =2 NO * | 
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In our case sin@ is necessarily a positive quantity. 
Hence we take the upper sign, and have 


» o V5-—1 
sin 138 = ra 
Hence 
= inane" = 4/ HG 
cos 18° =4 sin? 18 1 16 ag 
_ N10 + 24/5 


4 
The remaining trigonometrical ratios of 18° may be — 
now found. 
Since 72° is the complement of 18°, the values of the 
ratios for 72° may be obtained by the use of Art. 69. 


121. To find the trigonometrical functions of an angle 
of 36°. 
Since cos 26 =1—2sin?6, (Art. 105), 


ie cos 36° = 1 — 2sin® 18° = 1-2 (9 52") 


16 
_, 38-5 
ae ae 
so that cos ae° =o = 
Hence | | 
sin 36° = V1 — cos? 36° ave — prteue ay 


The remaining trigonometrical functions of 36° may 
now be found. 

Also, since 54° is the complement of 36°, the values of 
the functions for 54° may be found by the help of Art. 69. 


122. The value of sin 18° and cos 36° may also be 
found geometrically as follows. 
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Let ABC be a triangle constructed, 
as in Euc. Iy. 10, so that each of the 
angles B and C is double of the angle 
A. Then 

180° = A+ B+C=A+2A4 2A, 
so that A = 36". 

Hence, if AD be drawn perpendicu- 
lar to BC, we have 


ZBAD= 18". 


By Euclid’s construction we know that BC is equal to 


AX where X is a point on AB, such that 
AB, BX =AX*. 
Let AB=a, and AX =a. 
This relation then gives 
a (a— £2) = 2’, 


1.6, w+ an = a, 
1.e. C=O = t 
oe at BD 1B¢C 
Hence sin l8°=sin BAD= BA 73 BA 
_V5=1 


_i«z 
9a 4 


Again (by Euc. tv. 10) we know that AX and XC are 
equal; hence if XZ be perpendicular to AC, then L 


bisects AC. 
Hence 7 | 
cos 386° = soe oaks 
AX 2 Vf5—1 
V5+1 V5+1 


~(V5—-1l)\(V5+1).~ 4 
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123. To find the trigonometrical functions for an angle 
of 9°. 

Since sin 9° and cos 9° are both positive the relation 
(8) of Art. 113 gives | 
‘sin 9° + cos 9° = 1 ain 18"= 4/1 a vot wea 
—..””ti«<C<“(Mti(‘(“t«‘“ eee (1). 

Also, since cos 9° is greater than sin 9° (Art. 53), the 
quantity sin9°— cos 9° is negative. Hence the relation 
(4) of Art. 113 gives 


sin 9° — cos 9° = — V1 —sin 18° ang Soi Vas 


ree = dscaveuedsenaee (2). 

By adding (1) and (2), we have 
V3 4/5 —-V5 —V5 

A ) 
and, by subtracting (2) from (1), we have 
VB +75 4+V5 —W/5 

7 
The remaining functions for 9° may now be found. 
Also, since 81° is the complement of 9°, the values of 


the functions for 81° may be obtained by the use of 
Art. 69. 


sin 9° = 


cos 9° = 


EXAMPLES. XIX. 


Prove that 
1. sin? 72° - sin? 69°=¥>—* : 


9. cos?48° — sin? 1g0VO 44 : 


| Fae ie 9 


1380 


9, 
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Gos 12° -+- cos 60° + cos 84° = cos 24° + cos 48°, 


sin = a et 
pe Be a 


137 1 7 


es T se es ° 
sin — + sin xe: 6, sin =~ sin —— 


10 10”~ 2 
tan 6° tan 42° tan 66° tan 78°=1. 


30 Aor Sor 67 ir 1 


T 24 
cos — > COS =~ COS — | GOS -— COS == COS =~ GOS = = 


15° °° 15° «15 15. «15 15 15° 7° 


16¢ gat att geet cos —— =1 
OP GR ib 1S toa 


[Exs. XIX. ] 


10. Two parallel chords of a circle, which are on the same side of the 
centre, subtend angles of 72° and 144° respectively at the centre. Prove 
that the perpendicular distance between the chords is half the radius of 
the circle. 


11, In any circle prove that the chord which subtends 108° at the 
centre is equal to the sum of the two chords which subtend angles of 36° 
and 60°. 


12, Construct the angle whose cosine is equal to its tangent. 


13. 


Solve the equation 
4cos@—3secd=2 tan 0. 


CHAPTER IX. 
IDENTITIES AND TRIGONOMETRICAL EQUATIONS. 


124. THe formulae of Arts. 88 and 90 can be used to 
obtain the trigonometrical ratios of the sum of more than 
two angles. 

For example 


sn(A4+B+0C)=sin (A+ 8) cosC+cos(4 + B) sin C 
=[sin A cos B+ cos A sin B] cosC 
+ [cos A cos B—sin A sin B] x sin C 
= sin A cos Bcos C + cos A sin B cos C 


+ cos A cos B sin C—sin A sin Bsin C. 
So 


cos (A + B+C)=cos(A + B)cosC—sin (A + B) sin C 
-=(cos A cos B—sin A sin B) cos C 
— (sin A cos B+ cos A sin B) en C 
= cos A cos Bcos C—cos A sin B sin C—sin A cos Bsin C 


— sin A sin B cos C. 
9—2 
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tan (A + B)+tanC 
1 jan (EB) an 0 

tan A + tan B 
Berney, 
7 1_ tan A + tan B 

1 —tanAtanB 
_ tan 4+ tan B+ tan C — tan A tan B tan C 
~ 1—tan B tan C—tan C tan A —tan A tan B’ 


Also tan(4+B+0)= 


+tan C 


tan C 


125. The last formula of the ‘previous article is a 
particular case of a very general theorem which gives the 
tangent of the sum of any number of angles in terms of 
the tangents of the angles themselves. The theorem is 


tan (A, + A,+A,+...+A,) 


where 
s, = tan A,+ tan A,+...+ tan A, 
= the sum of the tangents of the separate angles, 
s, = tan A, tan A,+tan A,tan A;+4+... 
= the sum of the tangents taken two at a time, 
$, = tan A, tan A, tan A,+ tan A, tan A, tan A,+4+... 
= the sum of the tangents taken three at a time, and so 
on. 
Assume the relation (1) to hold for n angles and add 
on another angle A,4,. 
Then tan (A,+ A,+... + Ans) 
= tan[(A,+ 4,+...+A,) + Ans] 


_ tan(A,+ A,+...+An) + tan Any, 
~ L—tan (A, + A,+...+A,). tan Api, 
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8; — Sg t+ Ss — Sy + eve 
+ tan Any 


f.) 1 — 83+ Sy... 
8; — Sg +8 eee 
1 — Sg + S84 eee 


Let tan A,, tan A.,... tan A,,, be respectively called 
hi, bo, oe bnt1 


Then tan (A, + A,+... + Agss) 
_ (Si = 83+55 +02) + tng CL — & + 8 ..+) 
(1 — 8 +84...) — (8 — 83+ 85...) baa 
= (s; as tn+a) = (ss + 8» tna) + (s; + S84 bata) wae 
1 — (8. + 8 tna) + (Sa + 83 tna) — (86+ 8; tnar) ++: 
But 8 +tag = (G+ b+... tr) + tan | 
= the sum of the (n + 1) tangents, 
So -+- Sy basa = (t,t, -k tots + ee ‘) + (é, -} to +. ee -+- tn) bn 1 
= the sum, two at a time, of the (7+ 1) tangents, 
S83 + So bata — (ttt; + botsta + oe .) + (tite + tots +- ee ) tn+a 
=the sum three at a time of the (n+ 1) tangents 
and so on. 
Hence we see that the same rule holds for (7+1) 
angles as for n angles. 
Hence, if the theorem be true for n angles, it 1s true 
for (n+ 1) angles. 
But, by Arts. 98 and 124, it 7s true for 2 and 3 angles. 
Hence the theorem is true for 4 angles; hence for 
5angles.... Hence it is true universally. 


Cor. If the angles be all equal and there be n of 
them and each equal to 6, then 


s=n. tan; s,="C, tan’; s,="C, tan®?é 
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Ex. Write down the value of tan 46. 


_ %-8 _ 4tan d—4C, tan? é 
Here tan 40 = 1-s,+s, 1-4C, tan? 0+4C, tanto 
p01 A 
~ 1-6 tan? 6+ tan‘ 6° 
5 tan 6 — 10 tan? 6+ tan 6 
1-10 tan? 6+5 tan‘ 6 


Ex. Prove that tan50= 


126. By a method similar to that of the last article 
it may be shewn that sin (A,+ A,+...+ Az) 
=cos A, cos A,... cos Ay (8; — $3 +8;—...), 
and that cos (A, + A,+... + Az) 
= cos A, cos A,... cos Ay (1—s,+58,—...), 


where $,, 5, S3,... have the same values as in that article. 


127. Identities holding between the trigono- 
metrical ratios of the angles of a triangle. 

When three angles A, B and C, are such that their 
sum is 180°, many identical relations are found to hold 
between their trigonometrical ratios. 

The method of proof is best seen from the following 
examples, 


Ex.1. Jf A+B+C=180°, to prove that 
sin 2A +sin2B+sin 2C0=4 sin A sin B sin C. 


sin 24 +sin 2B +sin 2C 
=2sin (A +B) cos (A - B) +2 sin C cos C, 
Since A+B+C=180, 
we have A+B=180°-C, 
and therefore sin (4 + B)=sin C, 


and cos (4+ B)= —cos C: (Art. 72) 


IDENTITIES. 
Hence the expression 
=2sin C cos (A — B) +2 sin C cosC 
=2sin C[cos (4 —- B)+cos C] 
= 2sin C [cos (A — B) — cos (A+ B)]} 
=2sinC.2sin Asin B. 


=4 gin A sin B sin C. 


Ex. 2. If A+B+C=180°, 
A B.C 
prove that cos 4+cos B-—cosC=-1+4 cos 5 cos 5 sin 5. 
The expression =cos A + (cos B — cos C) 
A BEC... 02P 
ats pein . 
=2 cos Y 1+-2 sin 5 sin 57° 
Now B+C=180° - A, 
B+C_ an 4 
so that a gt 
and therefore sin at f= 0085, 
d ea a 
o ae 
Hence the expression 
A A. C-B 
ners eo fan 
= 2 cos 5 1+ 2 cos 9 sin 5 
= pipe [cos + sin 252) 1 
Png 9 D} 
APs BHO... CB 
=? COs > sin 9 + sin 5 |-2 


A . C B 
=2cos 5 .2s8in 5 cos 5-1 


= taAcne cea ae 
—— 9 5 8 3° 


Ex. 3. If A+B+C=180°, 
prove that sin? A+sin? B+sin? C=2+42cos 4 cos Beos C, 


135 
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Let S=sin? A + sin? B+ sin? C, 
so that 2S=2 sin? A +1—cos2B+1-—cos 2C 
=2sin? A +2 -~2 cos (B+ C) cos (B- C) 
= 22 cos? d +2~2cos (B-+C) cos (B - C). 
. §=2+e084 [cos (B -- C) + cos (B+ C)], 
since cos A=cos {180°-(B+C)!= -—cos(B+C). 
“. S=2+cos4.2cosBcos C. 


=2+2cos 4 cos BeosC, 
Ex.4. i A+B+C=180°, 
prove that tan A+tanB+tan C=tanA tan B tan C. 


By the third formula of Art. 124, we have 


tan A+tan B+ tan C~tan A tan B tan C 
= AR Cla en Ban C+tan C tan 4 +tan A tan B) 


But tan (A+B+ C)=tan 180°=0. 
Hence O=tan A-+tan B+ tan C-—tan A tan B tan C, 
1.€. tan A+tan B+tan C=tan A tan B tan C. 
This may also be proved independently. For 
tan (A +B) =tan (180° — C) = — tan C. 


tand+tanB _ 
“* 1l-—tanAtanB ~ 


. tand+tan B= -tanC+tan A tan Btan C, 


—tan C. 


40. tan 4+tan B+tan C=tan 4 tan B tan C. 


Ex. 5. If«+y+z=xyz, prove that 
2a. 2y 22  8=an 2y 22 
{et i_ yt ie Ie Tay "1-20 
Put «=tan,A, y=tan B, and z=tan C, so that we have 
tan A+tan B+tan C=tan A tan B tan C. 
tanA+tanB _ tee GO 
"* 1-tan A tan B : 


so that tan (4 +B)=tan (r-C). [Art. 72.] 
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Hence A+B+iC=nr-+7q, 


2x 2y 22 2 tan A 2 tan B 2 tan C 


5, 


* [rt Ty ti 27 1— tan? A "1 tan? BT 1 tan? C 


=tan 2A + tan 2B+ tan 2C=tan 24 tan 2B tan 2C, 


(by a proof similar to that of the last example) 


_ 2a 2y 22 
~J-a? 1l-y? 1-22" 


EXAMPLES... XX. 


If A+B+C=180°, prove that 


1, 
2. 
3. 


4., 


13. 
14. 


sin 2A + sin 2B—sin2C=4cos A cos B sin C, 
cos 24 4. c0s 2B +008 2C= —1-4cosd cos B cos C. 
cos 24 + cos 2B ~ cos 2C—1-—4 sin A sin B cos C. 


sin 4 +sin B+sin C=4cos4 cos cos S. 


sin A +sin B - sin C=4sin 4 sin 5 cosy. 


cos A + cos B+cos C=1+4sin 4 sin 5 sin S. 


sin? A+sin? B — sin? C=2sin A sin B cos C. 
cos? A + cos? B+ cos? C=1—-—2cos A cos B cos C. 


cos? A + cos? B— cos? C=1-2 sin A sin Bcos C. 


i Aa B C .A B 
> ee e 2.3. a 20 nee ail e —s: e« rie 
gin 9g + sin 9 + sin 9 1 2sin 5 sin > sin >. 


. oA B C A B C 
2 M2 ~~ an2 ae ee ; aie 
sin 3 -+-g1n 3 sin } =1 2 cos 5 cos 3 sin 5° 


A B B Cc C A 
tan 5 tan 5 + tan > tan; + tan 5 tan5=1. 


A B C A B C 
cots + cots + cot > =cot > cot 5 cot 3° 


cot B cot C+ cot C cot A4+cot A cot B=]. 
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15, sin (B+2C)+sin (C+2A)+sin (A+ 2B) 


B-C ,. C-A ,. A-B 
3 Sin 


2 
16 sie ea oj C 1=—4 93 n-A wy tPF gin TIE 
; 5) at 20 ae =4 $n Z gi i 7 


- sin ——— 


=4 gin 9 


sin 2A + sin 2B+sin 2C wc Ae 1d ee 
=8 sin —sin —sin—, 


ly. sin 4d +sin B+sin C 2 2 2 


18, sin(B+C-A)+sin (C+A-B)+sin (A+B-C) 


=4 sin A sin Bsin C, 
If A4+B+C=28 prove that 


19, sin(S—A)sin (S—-B)+sin S sin (S —- C)=sin A sin B. 
20. sin Ssin (S— A) sin (S—- B) sin (S - C) 

=1- cos? A — cos? B — cos? C+ 2cos A cos B cos C. 
91, sin (S-A)+sin (S—B)+sin (S-C)-sin S 


=4 fa ee 
2 2 9° 


22. cos? S+ cos? (S — A) + cos? (S — B) +cos?(S — C) 
=2+2cos 4 cos B cos C. 
23. cos?.A+cos? B+ cos? (+2 cos A cos B cos C 
=1+4 cos S cos (S -- A) cos (S— B) cos (S — C). 


24, Ifa+B+y+d=27, prove that 


cos a+ cos B-+e0sy +008 3-+4 cos* + cog **7 cos a+ oO _ 


2 2 | 2 °, 


and sina-—sin8+siny—sind+4 cos FP sin “5 cos “390, 


95, If the sum of four angles be 180° prove that the sum of their 
cosines taken two and two together is equal to the sum of their sines 
taken similarly. 


Prove 
26, 1-cos?6— cos? ¢— cos? y+ 2 cos 6 cos ¢ cos Y 


CF OTE gin ST PRY Yi ONY, gry sin oat ery, 


=4sin 9 
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27. sin 2a+sin 26+ sin 2y 
= 2 (sin a+sin 8 +sin y) (1+cos a+ cos B + cos y) 
if a+B+y=0. 
28. Verify that 
sin® a sin (b — c)-+ sin? b sin (c — a) + sin®c sin (a — Bb) 
+sin (a+b-+c) sin (b — ¢) sin (¢c ~ a) sin (a —- b) =0. 
If A, B, C, and D be any angles prove that 
29, sin Asin Bsin (A — B)+sin Bsin Csin (B-C) 
+sin C sin A sin (C —- A) +sin (4 — B) sin (B —- C) sin(C — A4)=0. 
30. sin (4 —- B) cos(A+B)+sin (B —- C) cos (B+ C) 
+sin (C — D) cos (C+D) +sin (D - A) cos(D+A)=0. 
31, sin(4+B-2C)cos B-sin(4+C-—2B) cosC 
=sin (B-- C) {cos(B+ C-—A) +008 (C+A - B)+cos(A4+B-C)}. 
92. sin(A+B+C+D)+sin(A4+B-C-—D)+sin(4+B-C+D) 
+sin (4+B+C-D)=4sin (4 +B) cos C cos D. 
33. If any theorem be true for values of A, B, and C such that 
A+B+C=180°, | 


prove that the theorem is still true if we substitute for A, B, and C 
respectively the quantities 


(1) 90°- en 90° — =. and 90° — a 

2 2 
or (2) 180°-2A, 180°-2B, and 180° -2¢. 
it “+y+2=xyz prove that 


34. Bu—a® By — YP 82-28  8a—2° By —y? 32-23 
+ {328 7 23y2T 1-32” 1-822" 1-3y2° 1-32 


and 35, 2(1—y2) (1-22) +y (1-2) (1-2) +2 (1-2) (1-y) =4ayz. 


128. The Addition and Subtraction Theorems may be 
used to solve some kinds of trigonometrical equations. 


Ex. Solve the equation 


sin «2+ sin 5x = sin 8a. 
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By the formulae of Art. 94 the equation is 
2 sin 3x cos 24 = sin 3a. 


', sin 82=0, or 2.cos 24 = I. 


If sin 32 = 0, then 3a = nz. 

If cos 2 = 5, then Qa = Qn + 5 
nT 7 

Hence =, ornTte. 


129. To solve an equation of the form 
acos $+ bsin @=c. 


Divide both sides of the equation by Vu? + 2, so that 
it may be written 


a C 
ee COS) as 


~ ———— sin = ———. 
Va? + 6 Va? +b? Va? +b 
Find from the table of tangents the angle whose 


tangent is” and call it a. 


Then tan a= 7 so that 


b 
sin a= —————- , and cosa= 


a 
Va2-+ bo? Va2+ 62 


The equation can then be written 

¢ 
cos acos 6+ sin asin 0 =—-———., 
Va?+ b 
_  € 


1.€. COs (0 = a) VeLb . 
a? 2 
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Next find from the tables, or otherwise, the angle @ 


beaten C 
whose cosine is ——— , 
Va? +b 
so that cos B= aa ee 
| Va? + b2’ 


[N.B. This can only be done when c is < Va? + 8°. 
The equation is then cos (0 — a)=cos £. 
The solution of this is 6 —a = 2n7 + B, so that 


9d=%nr+at BP, 


where n is any integer. 

Angles, such as a and 8, which are introduced into 
trigonometrical work to facilitate computation are called 
Subsidiary Angles. 


130. The above solution may be illustrated graphically 
as follows ; 

Measure OM along the initial 
line equal to a, and MP perpen- 
dicular to it, and equal to b. The 
angle MOP is then the angle whose 


Oe 3 
tangent 1s a? er 


With centre O and radius OP, 
ie. Va?+%, describe a circle and measure ON along 
the initial line equal to ce. | 

Draw QNQ' perpendicular to ON to meet the circle in’ 
Q and Q’; the angles VOQ and Q’ON are therefore each 
equal to £. 

The angle QOP is therefore a— 8 and Q’OP is a+ 8. 
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Hence the solutions of the equation are respectively 
Qn7 +QOP and 2m + Q’OP. 


The construction clearly fails if c be > Va? + 6°, for then 
the point V would fall outside the circle. 


131. As a numerical example let us solve the equation 
5 cos 6-2 sin @=2, 


given that tan 21° 48’= 7 
Dividing both sides of the equation by 
J57+2? i.e. /29, 


we have 
ee cos @ ES sin 6 = — 
/ 29 /29 ~ /29° 
Hence cos 8 cos 21° 48’ — sin 6 sin 21° 48! 
= sin 21° 48’= sin (90 — 68° 12’) 
= cos 68° 12’, 
. COs (0 +21° 48’) = cos 68° 12’, 
Hence 6 + 21° 48’ = Qn + 68° 12’, (Art. 83) 


“. @=22nm — 21° 48’ + 68° 12’ 
=2n7 — 5 or 2nm + 46° 24’, 


where n is any integer, 
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Solve the equations 
sin 6+ sin 70=sin 40. cos 6-++- cos 70= cos 40. 
cos 6+ cos 36 = 2 cos 24. sin 46 — sin 26=cos 38. 


sin 70=sin 0+ sin 36. 


OS > Pw 


sin 6+ sin 36+sin 56=0. 


1 

3 

5. cos @—sin 36=cos 20, 

7, cos 6+cos 26+c0s36=0. 
9 


gin 26 — cos 26 — sin @+cos@=0. 


10, sin (30 +a) +sin (30 — a) + sin (a — 0) — sin (a+ 6)=cos a. 


[Exs. XXT.] 


11. 
12. 


14. 
16. 
18. 
20, 


22. 


93. 
OA. 
25. 
o7. 
29. 
31. 


33. 


34. 
36. 
37. 
38. 
39. 


40. 


132. Ex. 
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cos (39 + a) cos (30 — a) + cos (58 + a) cos (50 — a) =cos Qa. 


cos nO =cos (n— 2) 6+sin 4. 


sin mé + sin nd =0, 

sin? né — sin? (n—1) 6=sin? @. 
/3 cos 6+sin 0=,/2. 

/3 sin 0 — cos 0=,/2. 


13. 


21. 


sin mrtg =sin™5* §+sin 6. 


cos mé + cos né@=0. 
sin 30 + cos 26=0. 
sin 0+cos 0=,/2. 


sin «+cos 7=,/2 cos A. 


5 sin 6+2 cos @=5 (given tan 21° 48’=°4). 


6cos %+8 sin x=9 (given tan 53° 8’ = 14). 


1+sin? @=8 sin 6 cos 6 (given tan 71° 34’=3). 


cosec 0=cot 6+./3. 
(2-+,/8) cos @=1-sin @. 
cos 20 = cos? 6, 


cos 26 +3 cos 6=0. 


cos 20= (./2 +1) (cos 6 -- -'3) . 


NA 
cot é—-tan 6=2. 


3 tan (6 — 15°)=tan (6+ 15°). 
tan 6+tan 26 +tan 3@=0. 


tan §+tan 26 +,/3 tan 6 tan 26 =,/3. 


26, 
28: 
30. 
32. 


35. 


sin 8a=4 sin a sin (cv +a) sin (%—a). 


cosec x=1+cot x. 

tan 6-+sec 0=,/3. 
4cos@-—3 sec @=tan @. 
cos 30+ 2 cos 6=0. 


4 cot 26= cot? 6 — tan? 0. 


Prove that the equation x? —- 2%+1=0 is satisfied by putting for x 
either of the values 


/2 sin 45°, 2 sin 18°, and 2 sin 234°. 


To trace the changes wn the sign and 


magmtude of the expression sin 6 + cos 0 as @ increases from 
0 to 860°. 


We have sin 6 + cos 6 = 1/2 


59 sin 0 + 9 GOs | 


= /2[sin @ cos 45° + cos @ sin 45°] = 4/2 sin (6 + 45°). 
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As @ increases from 0 to 45°, sin (@ + 45°) increases 
from sin 45° to sin 90°, and hence the expression increases _ 
from 1 to /2. 

As @ increases from 45° to 185°, 86+ 45° increases from 
90° to 180°, and hence the expression is positive and 
decreases from 1/2 to 0. | 

As @ increases from 135° to 225°, the expression 
changes from 1/2 sin 180° to /2 sin 270°, 2. it is negative 
and decreases from 0 to — 4/2. 

As @ increases from 225° to 315°, the expression 
changes from 4/2 sin 270° to ./2 sin 860°, 2. it is negative 
and increases from — 4/2 to 0. 

As @ increases from 315° to 360°, the expression 
changes from 4/2 sin 360° to /2 sin 405°, ze. 1t 18 positive 
and increases from 0 to 1. 


133. Ex. To trace the changes in the sign and 
magnitude of acos0+bsin@, and to find the ” eatest 
value of the expression. 

We have 

, Sin 5, 8in |. 


acos 6+bsin 6=Va?+b? Tarp 


boy. oe 
Let a be the smallest positive angle such that 
cos a = ——-——, and sin a = —— is 
Va? + b? Ve + 


The expression therefore 
= Va? + b? [cos 6 cosa +sin 6 sin a] = Va? + b? cos (6 — a). 


As @ changes from a to 360°+a, the angle 0—a 
changes from 0 to 360°, and hence the changes in the 
sign and magnitude of the expression are easily obtained. 
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Since the greatest value of the quantity cos (@ — a) is 
unity, 2.¢ when @ equals a, the greatest value of the 
expression 1s V a? + 62 

Also the value of @ which gives this greatest value is 


such that its cosine is eee ; 
Va? +b 


EXAMPLES. XXII, 


As @ increases from 0 to 360°, trace the changes in the sign and 
magnitude of 


1. sin 6-cos8@, 
2. siné+,/3cos 8, 
[. B. sin@+,/3 cos 0=2 E sin 0+ wh cos 9 |=2 sin (0-+60°). | 


a 

3. sin @—,/3 cos 4. 4, cos* @—sin? 6. 

‘ sin 6+sin 20 
5 sin 8 cos 6. 6. cos 6 + cos 20 . 
7, sin (7 sin 6). 8. cos(msin 6). 
9 sin (7 cos @) 

cos (asin 6)" 
10, Trace the changes in the sign and magnitude of — = as the 


angle increases from 0 to 90°. 


CHAPTER X. 


LOGARITHMS. 


134. SupposinG that we know that 
1 ()2+4081205 — 258, 1 ()2*6095944 407, 
and 105749 — 102971, 


we can shew that 253 x 407 = 102971 without performing 
the operation of multiplication. For 


953 x 40'7 = 1024931205 ye 1 ()2-6095044 
== | ()2-4031205+2-6095944 
= ] (50127149 — 10297]. 


Here it will be noticed that the process of multiplica- 
tion has been replaced by the simpler process of addition. 
Again supposing that we know that 


| Leos = 79507, 
and that 1.01-6934685 — 4.3, 
we can easily shew that the cube root of 79507 is 43. 
For  0/79507 =[79507]° = (10+)? 
se Be omsees =] Qe = 43. 


Here it will be noticed that the difficult process of 
extracting the cube root has been replaced by the simpler 
process of division. 
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135. Logarithm. Def. Jf a be any number and « 
and N two other numbers such that a* = N, then « zs called 
the logarithm of N to the base a and ts written log, N. 


Exs. Since 10?=100, therefore 2=1log,, 100. 


Since 10°= 100000, therefore 5=1log,, 100000. 
Since 24=16, therefore 4=log, 16. 


Since 83 =[83}2=2=4, therefore = log, 4. 


Since 9-3 = Ee 


= =a= x , therefore 
zy . 


sf eee : 
97 &9 27 ° 


N.B. Since a®=1 always, the logarithm of unity to any base is always 
zero. 


136. In Algebra, if m and 7 be any real quantities 
whatever, the following laws, known as the laws of indices, 
are found to be true: 


(i) aw xq’= qmtn, 
Gi) a™+a®=a"™, 
and (iit) (a)? = ain”, 


Corresponding to these we have three fundamental 
laws of logarithms, viz. 


(i) log, (mn) =log, m + log, n, 


(ii) log, e = log, m — log, nN, 


and (ii) log, m" =n log, m, 


The proofs of these laws are given in the following 
articles. 


10—2 
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137. The logarithm of the. product of two quantities 1s 
equal to the sum of the logarithms of the quantities to the 
same base, 1.é. 

log, (mn) = log, m + log, n. 


Let x=log,m, so that a®* =m, 
and y =log,n, so that a¥ =n. 
Then mn=a* x aw=aPty, 
. loggmn=a+y (Art. 135, Def.) 
= log, m+ log, n. 


138. The logarithm of the quotient of two quantities os 
equal to the difference of their logarithms, ve. 


log, @ = log, m — log, n. 
Let «=log,m, so that a®=m, (Art. 135, Def.) 


and y = logan, so that a¥ =n. 
mm, 
Then wr 


oi loga (=) =xe—y (Art. 135, Def.) 
= log, m — logy n. 


139. The logarithm of a quantity raised to any power 
is equal to the logarithm of the quantity multiplied by the 
mdex of the power, 1.€. 

log, (m™) = n log, m. 

Let #=log,m, so that a” =m. Then 

m= (a*)" = yr, 
o. logy (m”) = ne (Art. 135, Def.) 


= 7 log, m. 
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140. Common system of logarithms. In the 
system of logarithms which we practically use the base is 
always 10, so that, if no base be expressed, the base 10 
is always understood. The advantage of using 10 as the 
base is seen in the three following articles. 


141. Characteristic and Mantissa. Def. If the 
logarithm of any number be partly integral and partly 
fractional, the integral portion of the logarithm is called its 
characteristic and the decimal portion is called its mantissa. 

Thus, supposing that log 795 = 29003671, the number 
2 is the characteristic and ‘9003671 is the mantissa. 


Negative characteristics. Suppose we know that 


log 2 =*30103. 
Then 
log $= log 1 — log 2= 0 — log 2 = — ‘301038, 


so that log 4 1s negative. 

Now it is found convenient, as will be seen in Art. 143, 
that the mantissz of all logarithms should be kept positive. 
We therefore instead of —°30103 write — [1 —‘69897], so 
that — | 
log $ =— (1 — 69897) = —1+°69897. 

For shortness this latter expression is written 1:69897. 

The horizontal line over the 1 denotes that the integral 
part is negative; the decimal part however is positive. 

As another example 3°4771218 stands for 


—3+4+°4771213. 


142. The characteristic of the logarithm of any number 
can always be determined by inspection. 
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(i) Let the number be greater than unity. 
Since 10°=1, therefore logl =0; 


since 10'=10, therefore log10 =1; 
since 10? = 100, therefore log 100 = 2, 
and so on. 


Hence the logarithm of any number lying between 1 
and 10 must lie between 0 and 1, that is, it will be a 
decimal fraction and therefore have 0 as its characteristic. 

So the logarithm of any number between 10 and 100 
must lie between 1 and 2, 4.e. it will have a characteristic 
equal to 1. 

Similarly the logarithm of any number between 100 
and 1000 must lie between 2 and 3, ze. it will have a 
characteristic equal to 2. 

So, if the number lie between 1000 and 10000, the 
characteristic will be 3. 

Generally, the characteristic of the logarithm of any 
number will be one less than the number of digits in tts 
entegral part. 


Exs. The number 296:3457 has 3 figures in its integral part and 
therefore the characteristic of its logarithm is 2. 
The characteristic of the logarithm of 29634°57 will be 5 —1, @.e. 4. 
(ii) Let the number be less than unity. 
Since 10°= 1, therefore log 1=0; 
1 


since 107= io = ‘1, therefore log ‘l=—1,; 
since 107?= iw = ‘Ol, therefore log ‘01=—2; 
since 107? = ai = 001, therefore log 001 =—38; 


and so on. 
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The logarithm of any number between 1 and ‘1 there- 
fore lies between 0 and —1, and so is equal to — 1 + some 
decimal, 7.e. its characteristic is 1. 

So the logarithm of any number between ‘1 and ‘01 
lies between —1 and —2, and hence it is equal to —2+ 
some decimal, 7.e. its characteristic is 2. 

Similarly the logarithm of any number between ‘01 
and ‘001 lies between — 2 and — 3, we. its characteristic is 3. 

Generally, the characteristic of the logarithm of any 
decimal fraction will be negate and numerically will be 
greater by unity than the number of cyphers following the 
decimal pownt. 

For any fraction between 1 and ‘1 (eg. °5) has no 
cypher following the decimal point and we have seen that 
its characteristic is 1. 

Any fraction between ‘1 and ‘01 (e.g. (07) has 1 cypher 
following the decimal point and we have seen that its 
characteristic is 2. 

Any fraction between ‘01 and ‘001 (eg. (003) has two 
cyphers following the decimal point and we have seen that 


its characteristic is 3. 
Similarly for any fraction. 


Eixs, The characteristic of the logarithm of the number -00835 is 3. 
The characteristic of the logarithm of the number -0000053 is 6. 
The characteristic of the logarithm of the number ‘34567 is 1. 


143. The mantisse of the logarithm of all numbers, 
consisting of the same digits, are the same. 
This will be made clear by an example. 
Suppose we are given that 
log 66818 = 4°8248935. 
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Then 
log 668'18 = log “ = log 66818 — log 100 (Art. 188) 
= 48248935 — 2 = 2:8248935 ; 
2 66818 _ 
log 66818 = log FH 6000 = log 66818 — log 100000 


(Art. 135) 
= 4°8248935 — 5 = 1'8248935. 
So log 00066818 = log ae = log 66818 — log 108 
= 48248935 — 8 = 48248935. 

Now the numbers 66818, 668'18, ‘66818, and ‘00066818 
consist of the same significant figures and only differ in 
the position of the decimal point. We observe that their 
logarithms have the same decimal portion, 7.e. the same 
mantissa, and they only differ m the characteristic. 

The value of this characteristic is in each case deter- 
mined by the rule of the previous article. 

It will be noted that the mantissa of a logarithm is 
always positive. 


144. Tables of logarithms. The logarithms of all 
numbers from 1 to 108000 are given in Chambers’ Tables 
of Logarithms. Their values are there given correct to 
seven places of decimals. 

The student should have access to a copy of the above 
table of logarithms or to some other suitable table. It 
will be required for many examples in the course of the 
next few chapters. 

On the opposite page is a specimen page selected from 
Chambers’ Tables. It gives the mantissz of the logarithms - 
of all whole numbers from 52500 to 53000. 


0 


2420 
3247 
4074 
4901 
5727 


6554 
7380 
8206 
9032 
9857 
721 0683 
1508 
2334 
3159 
3984 


4809 
56338 
6458 
7282 
8106 


8930 


9754 
7220578 
1401 
2225 


3048 
3871 
4694 
5517 
6339 
7162 
7984 
8806 
9628 
723 0450 


1272 
20393 
2914 
3736 
4557 


5378 
6198 
7019 
7839 
8660 


9480 
724 0300 
1120 
1939 
2759 


1 


1676 
2503 
3330 
4157 
4983 
5810 


6636 
7462 
8288 
9114 


9940 


0766 
1591 
2416 
3241 
4066 


4891 
5716 
6540 
7364 
8189 


9013 


9836 
0660 
1484 
2307 


3130 
3953 
4776 
5599 
6421 


7244 
8066 
8888 
9710 
0532 


1354 
2175 
2997 
3818 
4639 


5460 
6280 
7101 
7921 
8742 


9562 
0382 
1202 
2021 
2841 


2 


1758 
2586 
3413 
4239 
5066 
5892 


6719 
1545 
8371 
9197 


0023 


0848 
1674 
2499 
3324 
4149 


4973 
5798 
6623 
7447 
8271 


9095 


3 


1841 
2668 


4322 
5149 
5975 


6801 
7628 
8454 
9279 


0931 
1756 
2581 
3406 
4231 
5056 
5881 


3495. 


0105 


9919 
0742 
1566 
2389 


3212 
4036 
4858 
5681 
6504 


7326 
8148 
8971 
9792 
0614 


1436 
2257 
3079 
3900 
4721 


5542 
6362 
7183 
8003 
8824 


9644 9726 
0464 0546 
1283 1365 
2103 2185 
2923 3005 


5788 5870 
6609 6691 
7429 7511 
8250 8332 
9070 9152 


9890 9972 005 


6710 0792 
1529 1611 
2349 2431 
3168 3250 


Contour ka we 
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145. To obtain the logarithm of any such number, such 
as 52687, we proceed as follows. Run the eye down the 
extreme left-hand column until it arrives at the number 
5268. Then look horizontally until the eye sees the figures 
7035 which are vertically beneath the number 7 at the top 
of the page. The number corresponding to 52687 is there- 
fore 7217035. But this last number consists only of the 
digits of the mantissa, so that the mantissa required 1s 
‘7217035. But the characteristic for 52687 is 4. 


Hence log 52687 = 47217035. 
So log ‘52687 = 1°72170835, 
and log (00052687 = 4°7217635. 


If again the logarithm of 52725 be required the student 
will find (on running his eye vertically down the extreme 
left-hand column as far as 5272 and then horizontally 
along the row until he comes to the column under the 
digit 5) the number 0166. The bar which is placed over 
these digits denotes that to them must be prefixed not 
721 but 722. Hence the mantissa corresponding to the 
number 52725 is ‘7220166. 

Also the characteristic of the logarithm of the number 
52725 is 4. 

Hence log 52725 = 4°7220166. 

So log 052725 = 2°7220166. 

We shall now work a few numerical examples to shew 
the efficiency of the application of logarithms for purposes 
of calculation. 


146, Bx. 1. Find the value of </23°4. 
— q 
Let 2 = ./23'4 = (28°4)°, 
so that log a=5 log (23°4), by Art. 139. 
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In the table of logarithms we find, opposite the number 234, the 
logarithm 3692159. ue 
Hence log 23° = 1°3692159, 


Therefore log v= : [1°3692159] = -2738432., 


Again in the table of logarithms we find, corresponding to the logarithm 
2738432, the number 187864, so that 
log 1:87864 = :2738432. 


* g=1°:87864. 


Ex. 2. Find the value of 
(6°45)3 x 2/*000384 
Let « be the required value so that, by Arts. 138 and 139, 


log x= log (6°45)3-+ log ("00034)3 — log (9°37)? — log 4/8-93 
= 8 log (6°45) + : log (:00034) — 2 log (9°37) — i log 8°93. 


Now in the table of logarithms we find 
opposite the number 645 the logarithm 8095597, 


99 ” 99 34 ” ” 5314789, 
” 9 9 937 39 ” 9717396, 
39 9 99 893 29 39 9508515. 
Hence 
log#=3 x ‘8095597 +5 (4 03814789) 
—2x ‘9717396 - ; x *9508515. 
L.= | 
But 5 (4:5314789) =3 [6 + 2°5314789] 


=2 + 8438263. 
». log e=2°4286791 + [2 + 8438263] — 1-9484792 — -2377129 
= 32725054 — 4:1811921 
= 1 +44:2725054 — 4:1811921 
= 10918133. 
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In the table of logarithms we find, opposite the number 12340 the 
logarithm 0913152, so that 


log -12340= 10913152. 
Hence log «=log ‘12340 nearly, 
and therefore x ='12340 nearly. 


When the logarithm of any number does not quite agree with any 
logarithm in the tables but lies between two consecutive logarithms, it 
will be shewn in the next chapter how the number may be accurately 
found. | 


Ex. 3. Having given log2=°30103, find the number of digits in 2° 
and the position of the first significant figure in 2-%, 
We have log 267 = 67 x log 2=67 x *30103 
= 20°16901. 


Since the characteristic of the logarithm of 2% is 20 it follows, by Art. 
142, that in 2° there are 21 digits. 
Again log 2-*7= — 37 log 2= — 37 x 30103 
= —11:13811 =12°86189. 


Hence by Art. 142, in 2-37 there are 11 cyphers following the decimal 
point, i.e. the first significant figure is in the twelfth place of decimals, 


Ex, 4. Given log3=°4771213, log7 = — 8450980 and log 11=1:0413927, 


solve the equation 
BX yx 72x41 — [1 *+9, 


Taking logarithms of both sides we have 
log 3% + log 72*+1= log 117+. 
* gwlog3+(2e+1) log 7=(#+5) log 11. 
. eflog3+2 log 7 -log 11]=5 log 11 — log 7. 

_ _. Slogil—log7 _ 
“= Tog 3+2log 7-log 11 

_ 52069635 — -8450980 

~~ ‘4771213 + 1°6901960 — 1:0413927 


__ 43618655 
~ [1259246 


rants bo i Se 
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147. To prove that 


log, m = log, m x log, b. 


Let logym =x, so that a® =m. 
Also let log, m= y, so that bY =m. 
| . a” = bY. 
Hence log, (a) = log, (bY). 
*. c= y log, b (Art. 139). 
Hence log, m = log, m x log, b. 


By the theorem of the foregoing article we can from 
the logarithm of any number to a base 6 find its logarithm 
to any other base a. It is found convenient, as will appear 
in a subsequent chapter, not to calculate the logarithms to 

base 10 directly, but to calculate them first to another 
base and then to transform them by this theorem. 


EXAMPLES. XXIII. 


1. Given log 4=-°60206 and log 3= ‘4771213, find the logarithms of 
‘8, ‘003, 0108, and (-00018)7. 

9. Given log 11=1:0413927 and log 13 =1°1139434, find the values of 
(1) log 1:43, (2) log 133-1, (3) log Y148 and (4) log s/-00169. 

3. What are the characteristics of the logarithms of 243°7, :0153, 
28713, -00057, ‘023, x/24615, and (24589)#? 

4. Find the 5th root of 003, having given log 3=:4771213 and 

log 312936 = 5:4954243. 
5, Find the value of (1) 77, (2) (84)® and (3) (021), having given 
log 2=°30103, log 3=°4771218, 
log 7=°8450980, log 182057 = 51207283, 
log 588453 = 5:7697117 and log 461791 = 5°6644438, 
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6. Having given log 8=°4771213, 
find the number of digits in 


(1) 8%, (2) 3°”, and (3) 3®, 
and the position of the first significant figure in 


(4) 3-8, (5) 3-4, and (6) 3-®, 


7, Given log 2=-30103, log 3=°4771213 and log 7=°8450980, solve 
the equations 
9x , 3xt4 — 7%, 
Q2e+1 | 238x+2 — Y fa 
and (OF BBE", 


8, From the tables find the seventh root of ‘000026751. 
Making use of the tables find the approximate values of 


9, 3/6453, 10. .°/82857. 11, VOXN7 


N/8 x X/9 
i 1 
12. Ny pee 83 x 113 
A--16°5 J74 x 5/62" 


CHAPTER XI. 


TABLES OF LOGARITHMS AND TRIGONOMETRICAL RATIOS. 
PRINCIPLE OF PROPORTIONAL PARTS. 


148. WE have pointed out that the logarithms of all 
numbers from 1 to 108000 may be found in Chambers’ 
Mathematical Tables, so that, for example, the logarithms 
of 74583 and 74584 may be obtained directly therefrom. 

Suppose however we wanted the logarithm of a 
number lying between these two, e.g. the number 74583°3. 

To obtain the logarithm of this number we use the 
Principle of Proportional Parts which states that the 
increase in the logarithm of a number is proportional to 
the increase in the number itself. 

Thus from the tables we find 


log 74583 = 48726398 ...ccceceeeeees (1), 
and log 74584 = 48726457 ...cccceecees (2). 


The quantity log 74583°3 will clearly le between 
log 74583 and log 74584. 


Let then log 74583:3 =log 74588 + # 
= 48726398 + ...0c0ceee, (3). 
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From (1) and (2) we see that for an increase 1 in the 
number the increase in the logarithm is (0000059. 

The Theory of Proportional Parts then states that for 
an increase of ‘3 in the number the increase in the 


logarithm 1S 
‘3 x 0000059, ze, ‘00000177. 


Hence log 745833 = 4°8726398 + ‘00000177 
= 487264157. 


149. As another example we shall find the value of 
log 0382757 and shall exhibit the working in a more 
concise form. 

From the tables we obtain 

log 088275 = 2°5829152 
log 038276 = 25829265. 
Hence difference for 
(000001 = ‘0000118. 
Therefore the difference for 
‘0000007 = 7 x ‘0000113 
= 00000791, 
log 0382757 = 2'5829152 
+ 00000791 


= 258292311. 
Since we only require logarithms to seven places of 
decimals we omit the last digit and the answer is 
2 5829231. 


150. The converse question is often met with, viz., 
to find the number whose logarithm is given. If the 
logarithm be one of those tabulated the required number 
is easily found. The method to be followed when this is 
not the case is shewn in the following examples. 


PROPORTIONAL PARTS. 161 


Find the number whose logarithm is 2°6283924. 


On reference to the tables we find that the logarithm 6283924 is not 
tabulated, but that the nearest logarithms are 6283889 and 6283991, 
between which our logarithm lies, 


We have then log 425:00 = 2°6283889...........cceccceeeeaes (1), 
and log 425-01 = 2°6283991...............-eceeeees (2). 
Let log (425°00 + 2) =2°6283924..00 ee eececceeeeseees (3). 


From (1) and (2) we see that corresponding to a difference ‘O01 in the 
number there is a difference 0000102 in the logarithm. 

From (1) and (3) we see that corresponding to a difference x in the 
number there is a difference ‘0000035 in the logarithm. 


Hence we have «::'01:: 0000035 : -0000102. 


35 "35 
/ P=FHp X 0O1= Toa 00343 nearly. 


Hence the required number = 425:00 + :00343 = 425°00343, 


151. Where logarithms are taken out of the tables 
the labour of subtracting successive logarithms may be 
avoided. On reference to page 153 there is found at the 
extreme right a column headed Diff. The number 82 at 
the head of the figures in this column gives the difference 
corresponding to a difference unity in the numbers on 
that page. 

This number 82 means ‘0000082. 

The rows below the 82 give the differences correspond- 
ing to ‘1, ‘2,..... Thus the fifth of these rows means that 
the difference for ‘5 1s ‘0000041. 

As an example let us find the logarithm of 52746-74, 

From page 153 we have 

log 52746 = 47221895 
diff. for ‘7 = ‘0000057 


diff. for O04 


, oo 
(=15 o diht fox 4) 


‘0000003 
log 52746°74 = 4°7221955., 
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152. The proof of the Principle of Proportional Parts 
will not be given at this stage. It is not strictly true 
without certain limitations. 

The numbers to which the principle is applied must 
contain not less than five significant figures, and then we 
may rely on the result as correct to seven places of 
decimals. 

For example, we must not apply the principle to 
obtain the value of log 2°5 from the values of log 2 and 
log 3. | 

For, if we did, since these logarithms are °30103 and 
‘4771213, the logarithm of 2°5 would be °389075. 

But from the tables the value of log 2°5 is found to be 
‘3979400. 

Hence the result which we should obtain would be 
manifestly quite incorrect. 


Tables of trigonometrical ratios. 


153. In Chambers’ Tables will be found tables giving 
the values of the trigonometrical ratios of angles between 
0° and 45°, the angles increasing by differences of 1’. 

It is unnecessary to separately tabulate the ratios for 
angles between 45° and 90°, since the ratios of angles 
between 45° and 90° can be reduced to those of angles 
between O° and 45°, (Art. 75.) 

For example, 

[sin 76° 11’ = sin (90° — 13° 49’) = cos 13° 49, 
and is therefore known |. 

Such a table is called a table of natural sines, cosines, 
etc. to distinguish it from the table of logarithmic sines, 
cosines, ete. 
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If we want to find the sine of an angle which contains 
an integral number of degrees and minutes we can obtain 
it from the tables. If, however, the angle contain seconds 
we must use the principle of proportional parts. 

Ex.1. Given sin 29° 14’ = -4883674, 
and sin 29° 15’ = -4886212, 
Jind the value of sin 29° 14’ 32”, 

By subtraction we have 


difference in the sine for 1’= 0002538. 


.. difference in the sine for 32” = ~ x 0002538 = :00013536, 
*, gin 29° 14’ 32” = -4883674 
+ 00013536 
~ = 148850276. 


Since we want our answer only to seven places of decimals we omit 
the last 6, and, since 76 is nearer to 80 than 70, we write 


sin 29° 14’ 32” = -4885028, 


N.B. When we omit a figure in the eighth place of decimals we add 
1 to the figure in the seventh place, if the omitted figure be 5 or a number 
greater than 5. 


Ex. 2. Given cos 16° 27’ = :9590672, 
and | cos 16° 28’ = °9589848, 
find cos 16° 27’ 47”. 

We note that, as was shewn in Art, 55, the cosine decreases as the 
angle increases. 

Hence for an inerease of 1’, i.e. 60”, in the angle, there is a decrease 
of 0000824 in the cosine. 

Hence for an inerease of 47” in the angle there is a decrease of 


= x 0000824 in the cosine. 


*. 08 16° 27' 47” =+9590672 — a x °0000824 
‘9590672 — 0000645 
9590672: 


0000645 
"9590027, 


I} 


I! 


11—2 
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154. The inverse question, to find the angle, when 
one of its trigonometrical ratios is given, will now be 
easy. 


Ex. Find the angle whose cotangent is 1°4109325, having given 
cot 35° 19’ =1°4114799, and cot 35° 20’ = 1°4106098. 


Let the required angle be 35° 19’ +z, 
so that cot (35° 19’ + x) = 1°4109325. 
From these three equations we have 


For an increase of 60” in the angle a decrease of -0008701 in the cotangent, 
9 x” be] 9 99 29 0005474 29 99 


* ev : 60:: 5474: 8701, so that «=37°7. 
Hence the required angle =35° 19’ 37°7”. 


9 


155. In working all questions involving the applica- 
tion of the Principle of Proportional Parts the student must 
be very careful to note whether the trigonometrical ratios 
increase or decrease as the angle increases. As a help to 
his memory he may observe that in the first quadrant the 
3 trigonometrical ratios whose names begin with co-, ie. 
the cosine, the cotangent, and the cosecant, all decrease as 
the angle increases. 


Tables of logarithmic sines, cosines, ete. 


156. In many kinds of trigonometric calculation, as 
in the solution of triangles, we often require the logarithms 
of trigonometrical ratios. To avoid the inconvenience of 
first finding the sine of any angle from the tables and 
then obtaining the logarithm of this sine by a second 
application of the tables, it has been found desirable to 
have separate tables giving the logarithms of the various 
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trigonometrical functions of angles. As before it is only 
necessary to construct the tables for angles between 0° 
and 45°. 

Since the sine of an angle is always less than unity, 
the logarithm of its sine 1s always negative (Art. 142). 

Again, since the tangent of an angle between 0° and 
45° is less than unity its logarithm is negative, whilst the 
logarithm of the tangent of an angle between 45° and 
90° is the logarithm ofa number greater than unity and is 
therefore positive. 


157. To avoid the trouble and inconvenience of print- 
ing the proper sign to the logarithms of the trigonometric 
functions, the logarithms as tabulated are not the true 
logarithms, but the true logarithms increased by 10. 

For example, sine 30° = $. 

Hence log sin 30° = log 4 =—log 2 

= —°30103 = 1-69897. 

The logarithm tabulated is therefore 

10 + log sin 80°, ze. 9°69897. 


Again, tan 60° = /3. 
Hence log tan 60° = 4 log 3 = $ (4771213) 
= ‘2385606. 


The logarithm tabulated is therefore 
10 + °2885606, ae. 10°2385606. 


The symbol £ is used to denote these “tabular 
logarithms,” 2.e. the logarithms as found in the English 
books of tables. 


Thus Lsin 15° 25/ = 10+ log sin 15° 25’, 
and L sec 48° 23' = 10 + log sec 48° 23”, 
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158. If we want to find the tabular logarithm of any 
function of an angle, which contains an integral number 
of degrees and minutes, we can obtain it directly from the 
tables. If, however, the angle contain seconds we must 
use the principle of proportional parts. The method of 
procedure is similar to that of Art. 152. We give an 
example and also one of the inverse question. 


Ex.1. Given TL cosec 82° 21’ = 10°27157388, 
and L cosec 82° 22’ =10°2713740, 
find L cosec 82° 21’ 51”, 


For an increase of 60” in the angle there is a decrease of :0001993 in 
the logarithm. 


Hence for an increase of 51” in the angle the corresponding decrease 


is ae x 0001993, z.e, °0001694. 


60 

Hence L cosee 32° 21’ 51” = 10°2715733 
es “0001694 
= 10°2714039. 


Ex. 2. Find the angle such that the tabular logarithm of its tangent 
is 94417250. 


From the tables we have 
DL tan 15° 27’ = 9°4415145, 
and I tan 15° 28’ = 9°4420062, 
Let DL tan (15° 27’+2")= 94417250, 


x” 94417250 ~ 9:4415145 
60” 94420062 — 9-4415145 
0002105 
~ +0004917’ 


2105 
so that x = 60x 917 newly 26. 


Hence the required angle is 15° 27' 26”. 


We then have 
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Ex. 3. Given L sin 14° 6’=9°3867040 


Jind L cosec 14° 6’, 

Here log sin 14° 6’= L sin 14° 6’—10 

= —1+°3867040, 
Now log cosec 14° 6’=log eas 

sin 14° 6 

= —log sin 14° 6’ 

= 1 -— -3867040 = 6132960. 
Hence L cosec 14° 6’=10°6132960. 


The error to be avoided is this; the student sometimes assumes that 


because 
log cosec 14° 6’= — log sin 14° 6’, 


he may therefore assume that 
L cosec 14° 6’= ~ Lsin 14° 6’. 


This is obviously untrue. 


EXAMPLES. XXIV. 


1, Given log 35705 = 4:5527290 
and | log 835706 = 4°5527142, 
find the values of log 35705-7 and log 35'70585. 
9. Given log 5°8743 = 7689487 
and log 587-44 = 2°7689561, 
find the values of log 58743-57 and log -00587432. 
3. Given log 47847 = 4°6798547 
and log 47848 = 46798638, 
find the numbers whose logarithms are respectively 


26798593 and 3°6798617. 


168 TRIGONOMETRY. [Exs. XXIV.] 


4. Given log 258°36 = 2°4122253 
and log 2°5837 = :4122421 
find the numbers whose logarithms are 
‘4122378 and 2°4122287, 
5, From the table on page 153 find the logarithms of 
(1) 52538°97, (2) 527°286, (3) *000529673, 
and the numbers whose logarithms are 


(4) 3°7221098, (5) 2°7240075 and (6) -7210386. 


6. Given sin 48° 23’ = :6868761 
and sin 43° 24’ = -6870875, 
find the value of sin 43° 23’ 47” 


7. Find also the angle whose sine is °6870349. 
8, Given cos 82° 16’ = 8455726 
and cos 82° 17’ = 8454172, 
find the values of cos 32°16’ 24” and of cos 32° 16’ 47”. 


9, Find also the angles whose cosines are 
°8454832 and ‘8455176. 


10, Given tan 76° 21’ = 4°1177784 

and tan 76° 22’ = 4-1230079, 

find the values of tan 76°21’ 29” and tan 76° 21’ 47”. 
11. Given cosec 18° 8’ = 4:4010616 

and cosec 18° 9’ = 4°3955817, 


find the values of cosec 13° 8’ 19” and cosec 13° 8’ 37”, 
12, Find also the angle whose cosecant is 4:396789. 


13. Given L COS 34° 44’ = 99147729 
and L cos 84° 45’=9:°9146852, 
find the value of L cos 34° 44’ 27”, 


14, Find also the angle 6, where 
L cos 6 = 9°9147328. 
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15. Given DL cot 71° 27’ =9°5257779 
and L cot 71° 28’ = 9°5253589, 
find the value of I, cot 71° 27’ 47 
and solve the equation Lcot @=9°5254782. 

16. Given L sec 18° 27’ = 10-0229168 
and L see 18° 28’ = 10:0229590, 
find the value of L, see 18° 27’ 35”. 


17. Find also the angle whose ZL sec is 10°0229285. 


18, Find in degrees, minutes, and seconds the angle whose sine is ‘6, 


given that 
log 6=7781513, L sin 36° 52’=9°7781186 


and L sin 86° 53’ = 9°7782870. 


159. On the next page is printed a specimen page 
taken from Chambers’ tables. It gives the tabular log- 
arithms of the ratios of angles between 32° and 33° and 
also between 57° and 58°. 

The first column gives the ZL sine for each minute 
between 32° and 33°. 

In the second column under the word Diff. is found 
the number 2021. This means that ‘0002021 is the 
difference between L sin 32° 0’ and Lsin 32° 1’; this may 
be verified by subtracting 9°7242097 from 9°7244118. It 
will also be noted that the figures 2021 are printed half- 
way between the numbers 9°7242097 and 9°7244118, 
thus clearly shewing between what numbers it is the 
difference. 

This same column of Differences also applies to the 
column on its right-hand side which is headed Cosec. 

Similarly the fifth column, which is also headed Diff, 
may be used with the two columns on the right and left 
of it. 


~ 


ht 
CSODND HARWNHO 


LOGARITHMIC SINES, TANGENTS, AND SECANTS. 


32 Deg. 


| 


Sine 
9°7242097 
9°7244118 
9°7246138 
9°7248156 
9°7250174 
9°7252189 


9°7254204 
9°7256217 
9°7 258229 
9°7260240 
9°7262249 


9°7264257 


9°7266264 


9°7 268269 
9°7270273 
9°7272276 
9°7274278 
9°7276278 
9°7278277 
9°7280275 
9°7 282271 


9°7 284267 


9°7286260 


9°7288253 


9°7290244 
9°7292234 


9°7294223 
9°7296211 
9°7298197 


9°7300182 
9°7302165 


9°7304148 
9°7306129 
9°73808109 
9°7310087 
9°7313064 
9°7314040 
9°7316015 
9°7317989 


9°7319961 
9°73219382 


9°7323902 
9°7325870 
9°7327837 
9°7329803 
9°7331768 


9°7333731 
9°7335693 
9°7337654 
9°7339614 
9°7341572 


9°7348529 
9°7345485 
9°7347440 
9°7349393 
9°7351345 


9°7353296 
9°7355246 
9°7357195 
9°7359142 
9°7361088 


Cosine 


Diff. 


2021 
2020 
2018 
2018 
2015 
2015 


2013 
2012 
2011 


Diff. 


Cosec. 


10°2757903 
10°2755882 
10°2753862 
10°2751844 
10°2749826 
10°2747811 


10°2745796 
10°2743783 
10°2741771 
10°2739760 
10°2737751 
10°2735743 
10°2783736 
10°2731731 
10°2729727 
10°2727724 


10°2725722 
10°2723722 
10°2721723 
10°2719725 
10°2717729 


10°2715733 
10°2713740 
10°2711747 
10°2709756 
10°2707766 


10°2705777 
10°2703789 
10°2701803 
10°2699818 
10°2697835 
10°2695852 
10°2693871 
10°2691891 
10°2689913 
10°2687936 


10°2685960 
10°2683985 
10°2682011 
10°2680039 
10°2678068 


10°2676098 
10°2674130 
10°2672163 
10°2670197 
10°2668232 


10°2666269 
10°2664307 
10°2662346 
10°2660386 
10°2658428 


10°2656471 
10°2654515 
10°2652560 
10°2650607 
10°2648655 


10°2646704 
10°2644754 
10°2642805 
10°2640858 
10°2638912 


Secant 


Tang. 


9°7957892 
9°7960703 
9°7963513 
9°7966322 
9°7969130 
9°7971938 


9°7974745 
9°7977551 
9°7980356 
9°7983160 
9°7985964 


9°7988767 
9°7991569 
9°7994370 
9°7997170 
9°7999970 


9°8002769 
9°8005567 
9°8008365 
9°8011161 
9°8013957 


9°8016752 
9°8019546 
9°8022340 
9°8025133 
9°8027925 
9°8030716 
9.8033506 
9°8036296 
9°8039085 
9°80418738 


9°8044661 
9°8047447 
9°8050233 
9°8053019 
9°8055803 
9°8058587 
9°80613870 
9°8064152 
9°8066933 
9°8069714 


9°8072494 
9°8075273 
9°8078052 
9°8080829 
9°8083606 


9°8086383 
9°8089158 
9°8091933 
9°8094707 
9°8097480 


9°8100253 
9°8103025 
9°8105796 
9°8108566 
9°8111336 


9°8114105 
9°8116873 
9°8119641 
9°8122408 
9°8125174 


Cotang. 


Diff. 


2811 
2810 
2809 
2808 
2808 
2807 


2806 
2805 
2804 
2804 
2803 


2802 
2801 
2800 
2800 
2799 
2798 
2798 
2796 
2796 
2795 


2794 
2794 
2793 
2792 
2791 


2790 
2790 
2789 
2788 
2788 


2786 
2786 
2786 
2784 
2784 
2783 
2782 
2781 
2781 
2780 


2779 
2779 
2777 
2777 
2777 


2775 
2775 
2774 
2773 
2173 


2772 
2771 
2770 
2770 
2769 
2768 
2768 
2767 
2766 


Diff. 


Cotang. 


10°2042108 
10°2039297 
10°2036487 
10°2033678 
10°2030870 
10°2028062 
10°2025255 
10°2022449 
10°2019644 
10°2016840 
10°2014086 


10°2011283 
10°2008431 
10°2005630 
10°2002830 
10°20000380 


10°1997231 
10°1994433 
10°1991635 
10°1988839 
10°1986043 


10°1983248 
10°1980454 
10°1977660 
10°1974867 
10°1972075 
10°1969284 
10°1966494 
10°1963704 
10°1960915 
10°1958127 


10°1955339 
10°1952553 
10°1949767 
10°1946981 
10°1944197 
10°1941413 
10°1938630 
10°1935848 
10°1933067 
10°1930286 


10°1927506 
10°1924727 
10°1921948 
10°1919171 
10°1916394 


10°1913617 
10°1910842 
10°1908067 
10°1905293 
10°1902520 


10°1899747 
10°1896975 
10°1894204 
10°1991434 
10°1888664 


10°1885895 
10°1883127 
10°1880359 
10°1877592 
10°1874826 


Tang. 


Secant . Diff. 


10°0715795 
10°0716585 
10°0717375 
10°0718166 
10°0718957 
10°0719749 


10°07 20541 
10°0721334 
10°0722127 
10°0722921 
10°0723715 


10°0724510 
10°07 25305 
10°0726101 
10°0726897 
10°0727694 


10°0728491 
10°0729289 
10°0730087 
10°0730886 
10°0731686 


10°0732486 
10°0733286 
10°0734087 
10°0734888 
10°0735690 


10°0736493 
10°0737296 
10°0738099 
10°0738904 
10°0739708 
10°0740513 
10°0741319 
10°0742125 
10°0742931 
10°0743739 


10°0744546 
10°0745354 
10°0746166 
10°0746972 
10°0747782 


10°0748592 
10°0749403 
10°0750214 
10°0751026 
10°0751839 
10°0752651 
10°0753465 
10°0754279 
10°0755093 
10°0755908 
10°0756723 
10°0757539 
10°0758356 
10°0759173 
10°0759990 


10°0760809 
10°0761627 
10°0762446 
10°0763266 
10°0764086 


Cosec. 


790 
790 


Cosine 


9°9284205 
9°9283415 
9°9282625 
9°9281834 
9°9281043 
9°9280251 


9°9279459 
9°9278666 
9°9277873 
9°9277079 
9°9276285 


9°9275490 
9°9274695 
9°9273899 
9°9273103 
9°9272306 


9°9271509 
9°9270711 
9°9269913 
9°9269114 
9°9268314 


9°9267514 
9°9266714 


~ 9°9265913 


9°9265112 


.9°9264310 


9°9263507 


- 9°9262704 


9°9261901 
9°9261096 
9°9260292 
9°9259487 
9°9258681 
9°9257075 
9°9257069 
9°9256261 
9°9255454 
9°9254646 
9°9253837 
9°9253028 
9°9252218 


9°9251408 
9°9250597 
9°9249786 
9°9248974 
9°9248161 


9°9247349 
9°9246535 
9°9245721 
9°9244907 
9°9244092 


9°9243277 
9°9242461 
9°9241644 
9°9240827 
9°9240010 


9°9239191 
9°9238373 
9°9237554 
9°9286734 
9°9235914 


Sine 


57 Deg. 


Qvergd 
DOS 


COrPNW BR CONT 


~ 
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160. There is one point to be noticed in using the 
columns headed Diff. It has been pointed out that 2021 
(at the top of the second column) means ‘0002021. Now . 
the 790 (at the top of the eighth column) means not ‘000790, 
but 0000790. The rule is this; the right-hand figure of 
the Diff. must be placed in the seventh place of decimals 
and the requisite number of cyphers prefixed. Thus 


Diff, = 9 means that the difference is (0000009, 
Diff. = 74 - . - ‘0000074, 
Diff.= § 735 . i 3 0000735, 
Diff= 2021 . . Fe (0002021, 


whilst Diff. = 12348 ‘3 . 3 ‘0012348. 


161. Page 170 also gives the tabular logs. of ratios 
between 57° and 58°. Suppose we wanted L tan 57° 20’. 
We now start with the line at the bottom of the page and 
run our eye wp the column which has Tang. at its foot. We 
go up this column until we arrive at the number which is 
on the same level as the number 20 in the extreme 
right-hand column. This number we find to be 10°1930286, 
which is therefore the value of 


Dtan 57° 20’. 


EXAMPLES. XXV. 


1, ‘ Find 6 given that cos @=°9725382, 
cos 13° 27’ = ‘97257383, diff. for 1'=677. 


oS 4 
9. Find the angle whose sine is g? given 


sin 22° 1’=:3748763, diff. for 1’=2696. 
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3. Given cosec 65° 24’ = 1:0998243, 
‘diff. for 1’=1464, 
find the value of cosec 65° 24’ 37” 


and the angle whose cosec is 1:0997938. 


4. Given DT tan 22° 87’ = 96197205, 
diff. for 1’=3557, 
find the value of L tan 22° 37’ 22” 


and the angle whose ZL tan is 9°6195283, 


5, Find the angle whose L cos is 9998, given 
L cos 10° 15’=9°9930131, diff. for 1’=229, 


6, Find the angle whose LZ sec is 10-15, given 
Lsec 44° 55’ =10°1498843, diff. for 1’ =1260. 


7, From the table on page 170 find the values of 


(1) Lsin 32°18’ 23”, (2) Lcos 32° 16’ 49”, 

(3) DL cot 82° 29’ 43”, (4) DL sec 32° 52’ 27”, 

(5) L tan 57° 45’ 28”, (6) Lcosec 57° 48’ 21”, 
and (7) Leos 57° 58’ 29”. 


8, With the help of the same page solve the equations 


. XXV,| 


(1) Ltan 6=10-1959261, (2) Lcosec @=10°0738125, 


(3) Leosé=9'9259283, and (4) Lsin@=9°9241352. 


9, Take out of the tables L tan 16° 6’ 23” and calculate the value of 


the square root of the tangent. 


10, Change into aform more convenient for logarithmic computation 


(i.e. express in the form of products of quantities) the quantities 


(1) 1+tanztany, (2) 1-tanztany, 
(3) cota+tany, (4) cotxz—tany, 

., L—cos2z tan «+ tan y 
(5) 1+cos 22°’ and(6) cotx+coty 


CHAPTER XII. 


RELATIONS BETWEEN THE SIDES AND THE TRIGONOMETRICAL 
RATIOS OF THE ANGLES OF ANY TRIANGLE. 


162. IN any triangle ABC, the side BC, opposite 
to the angle A,is denoted by a; the sides. CA and AB, 


opposite to the angles B and C respectively, are denoted 
by b and «. 


163. Theorem. In any triangle ABC, 


snA smB sind 


a be? 
v.¢. the sines of the angles are proportional to the opposite 
sides. 


B a D 
Draw AD perpendicular to the opposite side meeting 
it, produced if necessary, in the point D. 
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In the triangle ABD, we have 
AD. 
ABTS B, so that AD=csin B. 

In the triangle ACD, we have 


BE 70 ap iat nae 


AC 
[If the angle C be obtuse, as in the second figure, we have 
oo = sin ACD =sin (180° — C)=sin C (Art. 72), 
so that AD=bsin C.] 


Equating these two values of AD, we have 
csin B=bsin C, 


snB sin? 
%. é. = 
b C 


In a similar manner by drawing a perpendicular from 
B upon CA we have 
snC sin A 
¢ 0h 


If one of the angles, C, be a right angle as in the third 
figure we have sin C = 1, 


a 
sin A =o and sin B= 
Hence ae a eee 
a b C C 
We therefore have, in all cases, 


sin A _ sin BB sinC 


a b Cc 
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164. In any triangle to find the cosine of an angle in 
terms. of the sides. 


Let ABC be the triangle and let the perpendicular 
from A on SC meet it, produced if necessary, in the 
point D. 

First, let the angle C be acute, as in the left-hand 
figure. 

By Euc. II. 13, we have 


AB? = BC? + CA?—2BC .CD............ (1). 
But ae =cos C, so that CD=bDcosce. 


Hence (i) becomes 


e=a+bh?—2a.b cos C, 


71.0. 2ab cos C= a? + B? — c?, 
ve+bhe~—e? 

c 6 
ie on 2ab 


Secondly, let the angle C be obtuse, as in the right- 
hand figure. 
By Eue. If. 12, we have 


AB? = BO? +CA?+2BC.CD ........ (11). 
But Oa cos ACD = cos (180° — C) = — cos C, 


CA 
(Art. 72) 
so that CD=—bcosC 
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Hence (11) becomes | 
e=a?+h?+ 2a(—bceos C)=e0+0?— 2ab cos C, 
so that, as in the first case, we have 


cose = 2 ae 
—  Qab - 
In a similar manner it may be shewn that 

2 2 2 

cos A = ene 

2 2 he 
and cos B=° 7.4 a 

2ca 


If one of the angles, C, be a right angle, the above 
formula would give c?=a?+b?, so that cosC=0. This 
is correct, since C is a right angle. 

The above formula is therefore true for all values of C. 
Ex. If a=15, b=36, and c=39, 
3624.392- 152 32(12?+13°- 5%) 288 «12 
2x36x39 ~ 2x82x12x13 ~ 24x13 13° 
165. To find the sines of half the angles wn terms of 
the sides. 


then cos A= 


In any triangle we have, by Art. 164, 
b? eb C — QQ? 
2be 


cos A = 


By Art. 109, we have 


cos A =1—2sin?S. 


. A P+e-—@? 
hacer eee eA, ht Se aecle 
Hence 2s1n 5 l—cosA=1 Dbe 
_ be-P-C+e &—-(B+e—2be) a—(b—cy 
2Qbe 7 2bc be 


_[a+(6—¢)][a—(6—c)] _(a+b—¢)(a@—b +e) (1) 
: 2be 2be Ae 
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Let 2s stand for a+b+c, so that s is equal to half the 
sum of the sides of the triangle, ze. sis equal to the semi- 
perimeter of the triangle. 

We then have 


a+b—c=a+bt+c— 2c = 2s— 2c =2(s—c), 
and a—b+c=at+b+c— 2b =2s —2b6=2(s—b). 
The relation (1) therefore becomes 


if _2(s—¢) x 2(s~ 6) _9g(8—)(s— 9) 


2. sin? — 


2be be 
_ A /(s—b)(s—c) 
sin 5 = wy bo (2). 
Similarly, | 
sin J G~ (99) and cin G4 /ERDERD. 


166. To find the cosines of half the angles in terms of 
the sides. 


By Art. 109, we have 


cos A =2cost 5-1. 


Hence 2 re =l+cosdA =1 ree cae 
2 2be 
~ — Qbe abe 
(+o +a}(O+9)-a]_@tb+b+e-% Gy 
2be a Dhe AL), 


Now 64+c—a=atb+c—2a=2s — 2a =2(s—a), 
tT: , 12 
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so that (1) becomes 


A %sx2(s—a)_58(s—4) 
BOOS op =2- a 


Similarly, 
B_ ‘s(s—b) _ aS i es 
oss =a/ 2S"), ond COS =A/ a. 


167. To find the tangents of half the angles in terms 
of the sides. 


A 2 
Since tan ges 
COS DY 


we have, by (2) of Arts. 165 and 166, 
tan = Py a s(s—a) _ (s—b)(s—c) 


be S(S—a) 
Similarly, 
(s —c) (s—4a) -,/8- (8-4) 
tan = Ga and tan & = Gear 


Since A is always < 180°, - is always < 90°. 


: A | 
The sine, cosine, and tangent of 3 are therefore always 


positive (Art. 52). 

The positive sign must therefore always be prefixed to 
the radical sign in the formulae of this and the last two 
articles. 


SIDES AND ANGLES OF A TRIANGLE. 179 


168. Ex. If a=13, b=14 and ¢c=15 
then p= TA 22, s-a=—8,s-—b=7, 
and s—c=6. 

.A 7x6 i ee 

Hence sin'5 = af ete 


_ 2B 6x8 4 4 
85 —A/ iéxis = Jes 054 
C 21x6 3 3 
—_= Hee a SH  /18 
aaa J Ba ys = is¥ 
B 6x8 4 
ane a Af et a 


169. Zo express the sine of any angle of a triangle 
m terms of the sides. 


We have, by Art. 109, 
ae ae = 
sin dA = 2sin 5 cos 5 
But, by the previous articles, 


A /(s—b)(s—c) | aay (Te 
sin 3 = uv eae: ¥ -, and COB = Al orga 


Hence 


a ae (s—b)(s—c) /s(s—a@) 
cin A =2y/ 7 \) Fo 


sin A = = Vs(s—a)(s = b)(s— Cc). 


EXAMPLES. XXVI. 


In a triangle 


1. Given (a=25, b=52 and c= 63, 
A B C 
find 3 tan 7? tan 3? and tan 5° 


12—2 
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9, Given a=125, b=123 and c=62, 
find the sines of half the angles and the sines of the angles. 

3. Given a=18, b=24 and c=30, 
find sin 4, sin B, and sin C. 

4. Given a= 35, b=84 and c=91, 
find tan A, tan B, and tan C. 

5, Given a=13, b=14 and c=15, 
find the sines of the angles. 

6. Given a= 287, b=816 and c=865, 
find the values of tan 5 and tan 4. 

7, Given a=/3, b=/2 and eavOtN? 


find the angles. 


170. In any triangle to prove that 
a=bcosC'+-c cos B. 


Take the figures of Art. 164. 
In the first case, we have 


a = cos £, so that BD=c cos B, 
and =cos (, so that CD =bcos C. 


Hence a= BC=BD+ DC =ccosB+ bcos C. 


In the second case, we have 


a =cos B, so that BD =c cos B, 
CD 0 

and Gq = 098 ACD = cos (180° — C) 

=—cos C (Art. 72), 


so that CD=— bcos ZC. 
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Hence, in this case, 
a= BC= BD —-CD=ccos B—(— beos (), 
so that in each case 
a=bcosC+ccosB. 
Similarly, b=ccosA +acos C0, 
and c=acos B+ bcos A. 


171. In any triangle to prove that 
B-C b-c_ A 


tan —~— = -——- cot =. 


2 b+c 2 
In any triangle, we have 
b sinB 


ec sinC’ 


b—c_ smnB—-snC _ ee 
b+e snB+sin0 — 


2 sin 2 


B-C B-C 


tan 


2 
tan 2° tan ( 90° — 5) 


B-C: 
tan 5 
a ee (Art. 69). 
cobs 
BO ap 
2 be+e 2," 


Hence tan 
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172. Ex. From the formulae of Art. 164 deduce those of Art. 170 
and vice versa. 
The first and third formulae of Art. 164 give 
21 2 _ p2 2 2 72 
beosC+c¢ eps Ce 
2a 2a 


2a? 


ee 


a, 


so that a=bcosC+c cos B. 
Similarly, the other formulae of Art. 170 may be obtained. 


Again, the three formulae of Art. 170 give 
a=b cos C+ccos B, 


b=ccos Ad +acos C, 
e=acosB+bcos A. | 
Multiplying these in succession by a, b, and —c we have, by addition, 
a2 +b2—c2=a(b cos C+¢ cos B)+0 (e cos A+acos C)-—c (acos B+b cos A) 


and 


=2ab cos C. 
a? +b?—¢? 
“ cosC= ee 
Similarly, the other formulae of Art. 162 may be found. 


173, Thestudent will often meet with identities, which he is required 
to prove, which involve both the sides and the angles of a triangle. 

It is, in general, desirable in the identity to substitute for the sides in 
terms of the angles, or to substitute for the ratios of the angles in terms 


of the sides. 
B-C dt 
aie (b+-c) sin z° 


Prove that a cos 


Ex. 1. 
By Art. 163 we have 
See aay =e 
b+c sin B+sin€ _ 2 2 
a ne - on toe 
2 2 
Pn oan aad ene 
ae 2 2 
sin — cos — ee 
2 2 2 


- a hAe B-C 
oe (b+¢) sin 5 =a cos 57° 
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Ex. 2. Ina triangle prove that 
(b? — c*) cot A + (c*— a?) cot B+ (a? =~ b?) cot C=0. 
By Art. 163 we have 


ae ia ) 
G7 a Ss oe y). 


Hence the given expression 


cos A yee os B cos C 


= (b? — ¢?) an G ane + (a? — b?) 


1 b?+-¢? - a? c? +a? - b? a+b*—¢? 
Peace | | ce CBE, PR A Ce Gn FO 
hk _ ) 2abe he a) 2abe ne 2abe | 


55 [b4 — c4 — a? (b? -— c*) + c4 — a4 — B? (c? — a?) + at — bt — c? (a2 — b?)] 
u 
=0. 


Ex. 3. Ina triangle prove that 


A B C 
(a+b+c) ( tan 9 t tan 3) = 2¢ cots ; 
The left-hand member 


= ae Peo) taf Sde-4), by Art. 167, 
alec vai = [-2ve6-9 eae 1 


= 2/8 ($=) .¢ (s —c) 
~ /(s— a) (8-9) = 


= 2c cot 


, Since 2s=a+b+e, 


DY © 
This identity may also be proved by substituting for the sides. 
We have, by Art. 163, 


a+b+e _ sin 4+sin B+sin C 


c sin C 
A B C A B 
4 cos 5 cos 5 cos 5 2 COS -5 Cos S 
= 75 » 28 10 Art, 127, = ee, 
2 sin — cos — sin — 


2 2 . 2 
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S655” Bkés dos eon 

Also 2 2 2 2 
tan eae an 1 . ee a ae 
3 9 1 al ny © er CO gt ny 


coe Dee 2¢ eae 
g (08 FOF 5 OF gs 


2 2 2 


We have therefore 


C 
atb+e_ ee 
ee. B’ 
tan 5 + tan 3 
so that (a+b+c) (ton © + tan 5) =2¢ cots. 


Ex. 4. If the sides of a triangle be in Arithmetical Progression, prove 
that so also are the cotangents of half the angles. 


We have given that DAO 20 iss ererchanena nae peiiagaeans (1), 


and we have to prove that 
A Cc B 
cots +cot5=2 cot Fe (2), 


Now (2) is true if 


s (s—a) s(s-c)  _ s(s—b) 
VJ as 4 +n] gt ey (s~a)’ 


or, by multiplying both sides by 
Pe go (s —b) (s —¢) 


8 


if (s -a)+(s—c)=2(s—b), 
i.é, if 28 — (a+¢)=2s — 2b, 


i.e, 1f a+¢=2b, which is relation (1). 
Hence if relation (1) be true, so also is relation (2). 
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EXAMPLES. XXVII. 


In any triangle ABC, prove that 


di 


2. 


16. 


B-@_b-c, 4 
2 oa 2° 


sin 


a (cos B+ cos C)=2(b+¢) sin? S 


a (cos C—cos B)=2(b-c) eos? 4 


5° 
a+b At OAD -B 
a—-b- 2 2 

B C A 
(b+c-a) (cot gr eots )=2a cots. 


a+b? +¢?=2 (be cos A+ca cos B+ab cos C). 
(a? — 0? +c?) tan B= (a? + 0? — c?) tan C. 
c?=(a—)? cos? C+ (a+b)? cin? &, 


asin (B-C)+bsin (C- A)+esin (A ~B)=0. 


a sin (B-C) _ bsin (C- A) _¢ Sin (4d — B) 
b? — ¢ ca? a?-b? * 


ee pa Ma 
asin 5 sin 5 + 5 5 5 


a? (cos? B — cos® C) + b? (cos? C — cos? 4) + ¢? (cos? A — cos? B) = 


wes — ¢ =a 
sin 2.4 ye ae sin 2B ae ——.— gin 20 =0. 


wh cet sat 
(a+b+ce)? __ 2 2 


a? +b? +c? —— 
a® cos (B- C) +B cos (C A) +08 cos (A — B)= 3 abe. 


A ae Cee. 
+e sin — sin —.— =0. 
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In a triangle whose sides are 3, 4, and ./38 feet respectively, 


prove that the largest angle is greater than 120°. 
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17. The sides of a right-angled triangle are 21 and 28 feet; find the 
length of the perpendicular drawn to the hypothenuse from the right 
angle. 3 


18. If in any triangle the angles be to one another as 1:2: 3, 
prove that the corresponding sides are as 1: ,/3 : 2. 


19, In any triangle if 
t ize tan eee 
ia eae Suman am 
find tan , and prove that in this triangle a+c=2b. 
90. In an isosceles right-angled triangle a straight line is drawn from 
the middle point of one of the equal sides to the opposite angle. Shew 
that it divides the angle into parts whose cotangents are 2 and 3. 


- Q1, The perpendicular AD to the base of a triangle ABC divides it 
into segments such that BD, CD and AD are in the ratio of 2,3 and 6; 
prove that the vertical angle of the triangle is 45°. 


99, A ring, ten inches in diameter, is suspended from a point one 
foot above its centre by 6 equal strings attached to its circumference at 
equal intervals. Find the cosine of the angle between consecutive 
strings, 


23. If a’, b? and c? be in a.p., prove that cot 4, cot B and cot C are in 
A.P. also. 


94, If a, b and ¢ be in a.p., prove that cos A cot 5, cos B cots 


re e 
and cos C cot z are in A.P. 


25. If a,b and c are in u.P. prove that sin? = sin? 5 and sin? S are 


also in H.P, | 
26. The sides of a triangle are in a.p. and the greatest and least 
angles are 6 and ¢; prove that 
4 (1 -cos 6)(1—cos ¢)=cos 6+ cos ¢. 
97. The sides of a triangle are in a.p. and the greatest angle exceeds 


the least by 90°; prove that the sides are proportional to ,/7+1, ,/7 and 
J/7-1. 
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928. If C=60°, then prove that 


13123 
ate b+e atb+c 


29, In any triangle ABC if D be any point of the base BC, such that 
BD: DC::m:n, prove that 
(m+n) cot ADC=ncot B-mecot C, 
and (m+n)? AD? =(m-+n) (mb? + ne?) — mna?. 
30, If in a triangle the bisector of the side ¢ be perpendicular to the 


side b, prove that 
2tan A+tan C=0. 


831, In any triangle prove that, if @ be any angle, then 
b cos 6=c cos (A — 6) + acos (C+ 6). 
32. If p and q be the perpendiculars from the angular points A and B 


on any line passing through the vertex C of the triangle ABC, then 


prove that 
a2p? + b2q?— 2abpq cos C= ab? sin? C. 


33. In the triangle ABC, lines OA, OB, and OC are drawn so that 
the angles OAB, OBC, and OCA are each equal to w; prove that 
cot w= cot A +cot B+ cot C, 


and cosec? w= cosec? A + cosec? B + cosec? C. 


CHAPTER XIII. 
SOLUTION OF TRIANGLES. 


174. IN any triangle the 3 sides and the 3 angles are 
often called the elements of the triangle. When any 3 
elements of the triangle are given, provided they be not the 
3 angles, the triangle is in general completely known, we. 
its other angles and sides can be calculated. When the 3 
angles are given, only the ratios of the lengths of the sides 
can be found, so that the triangle 1s given in shape only 
and not in size. When 8 elements of a triangle are given 
the process of calculating its other 3 elements is called 
the Solution of the Triangle. 

We shall first discuss the solution of right-angled 
triangles, z.e. triangles which have one angle given equal 
to a right angle. | 

The next four articles refer to such triangles, and C 
denotes the right angle. 


175. Case lL. Gwen the hypothenuse and one side, to 
solve the triangle. 
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Let 6 be the given side and ¢ the given hypothenuse. 
The angle B is given by the 


relation A 
sin B= be C b 

C 
. Lsin B=10 + log b— loge. ’ 


Since b and c are known we 
thus have sin B and therefore B. 
The angle A (= 90° — B) is then known. 
The side a is obtained from either of the relations 


cos B= =, mapas or a=J(c— b) (c +0). 


a,’ 


176. Case II. Gaven the two sides a and 6b, to solve 
the triangle. 


Here B is given by A 
b 
tan B= = C b 
so that p P 
Ltan B=10 + log 6 — log a. a | 


Hence J tan B, and therefore B, is known. 

The angle A (= 90° — B) is then known. 

The hypothenuse c is given by the relation ¢ = Va? +62 

This relation is not however very suitable for loga- 
rithmic calculation, and c is best given by 


log ¢ = log b — log sin B 
=10+logb— Lsin B. 


Hence c is obtained. — 
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177. Case III. Given an angle B and one of the sides 
a, to solve the triangle. 


Here A (= 90° — B) is known. A 
The side 6 is found from the rela- : 
tion 
| : = tan B, B ; CG 
a 


and ¢ from the relation 


a 
= =cos B, 
C 


178. Case IV. Given an angle B and the hypothenuse 


¢, to solve the triangle. oA 
Here 4 is known and a and b are : 
obtained from the relations b 
” —cos B, and ene B C 
C C a 


EXAMPLES. XXVIII. 


1. In a right-angled triangle ABC, where C is the right angle, if 
a=50 and B=75°, find the sides. (tan 75°=2+,/3.) 
9. Solve the triangle of which two sides are equal to 10 and 50 feet 
and of which the included angle is 90°; given that log 20=1-'30103, and 
L tan 26° 33'=9°6986847, diff. for 1’=3160. 


2. The length of the perpendicular from one angle of a triangle upon 
the base is 3 inches and the lengths of the sides containing this angle are 
4and 5 inches. Find the angles, having given 

log 2=+30103, log 3=-4771218, 
L sin 86° 52’ = 9°7781186, diff. for 1’=1684, 
Lsin 48° 85’ = 9°8750142, diff. for 1’=1115. 
4, Find the acute angles of a right-angled triangle whose hypothenuse 


is four times as long as the perpendicular drawn to it from the opposite 
angle. oo 
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179. Wenow proceed to the case of the triangle which 
is not given to be right angled. 


The different cases to be considered are; 
Case I. The three sides given ; 
Case II, 'Two sides and the included angle given ; 


Case III, ‘Two sides and the angle opposite one of 
them given ; 


Case IV. One side and two angles given ; 


Case V. ‘The three angles given. 


180. Case I. The three sides a, b, and ¢ given. 

Since the sides are known, the semi-perimeter ¢ is 
known and hence also the quantities s—a, s—b, and 
s—C. 


The half-angles a = and . are then found from the 
formulae 
A_ /e-6=9) , B_ [= 06-0) 
ene N Gag aN aed)? 
Bay {Set J 
and tan Na eS ae 


Only two of the angles need be found, the third being 
known since the sum of the three angles is always 180°. 
The angles may also be found by using the formulae 
for the sine or cosine of the semi-angles. 
(Arts. 165 and 166.) 
The above formulae are all suited for logarithmic 
computation. 
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The angle A may also be obtained from the formula 
b2 se ce — a? 

Q2be 
This formula is not, in general, suitable for logarithmic 


calculation. It may be conveniently used however when 
the sides a, b, and c are small numbers. 


cos A = (Art. 164.) 


Ex. The sides of a triangle are 32, 40, and 66 feet ; find the angle 
opposite the greater side, having given that 
log 207 = 2°3159703, log 1073 =3:0305997, 
L cot 66° 18’ =9°6424341, tabulated difference for 1’ =3431. 
Here ~a=82, b=40 and c=66, 


so that pat OY = 69, s-a=37, 5-b=29 and s—c=3. 


Hence ene pee) =, / nee a) ae 
27 (s—a)(s—b) 37 x 29 1073 © 
L cot <= 10+ ; Log 207 — log 1073] 


=10+1:15798515 — 1:51529985 


= 9°6426853. 
L cot c is therefore greater than L cot 66° 18’, 
so that 7 is less than 66° 18’. 


Let then = 66° 18’ — x2”. 


The difference in the logarithm corresponding to difference of x” in the 
angle therefore 
9°6426853 
— 9°6424341 
0002512 
Also the difference for 60” = 0003431. 
x  °0002512 
60 -0003431 ’ 
_ 2512 
~ 8431 
o c = 66° 18’ ~ 44” = 66° 17/16”, and hence C=132° 34’ 32”. 


Hence 


so that x x 60=nearly 44. 
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EXAMPLES. XXIX. 


1. If the sides of a triangle be 56, 65, and 33 feet, find the greatest 
angle. 


2. The sides of a triangle are 7, 4,/3, and ,/13 yards respectively. 
Find the number of degrees in its smallest angle. 


8. The sides of a triangle are 22-+2+1, 2741 and «?—1; prove that 
the greatest angle is 120°. 


4, The sides of a triangle are a, b, and e) a*+ab+b* feet; find the 
greatest angle. 
5, Ifa=2, b=,/6 and c=,/3-1, solve the triangle. 
6, Ifa=2, b=,/6 and c=,/3+1, solve the triangle. 
7. IWfa=9, b=10 and c=11, find B, given 
log 2= °30108, L tan 29° 29’ = 9-7523472, 
and LT tan 29° 30’ = 9°7526420. 
8, The sides of a triangle are 130, 123 and 77 feet. Find the 
greatest angle, having given 
log 2= 30103, L tan 38° 39’ = 99029376, 
and I, tan 88° 40’=9-9031966. 
9, Find the greatest angle of a triangle whose sides are 242, 188, and 
270 feet, having given 
log 2=°30108, log3=:4771213, log 7=-°8450780, 
ZL tan 38° 20’ = 9°8980104, and LZ tan 38°19’ =9°8977507. 


10. The sides of a triangle are 2, 3, and 4; find the greatest angle, 


having given 
log 2= 30108, log 3=-47712138, 


I, tan 52° 14’ = 10°1108395, 
and L tan 52° 15’=10°1111004. 
Making use of the tables, find all the aiales when 
ll. a=25, b=26 and c=27. 
12. @=17, b=20 and c=27. 
13. a@=2000, b=1050 and c=1150. 
1 Peas 13 
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181. Case II. Given two sides b and e and the 
encluded angle A. — 

Taking b to be the greater of the two given sides, 
we have A 


B-C b-c A 
= ane cot g (Art. 171)...(1), C b 


and ——~- = 90° -— 1... (2). B 5 C 


ta 


These two relations give us 
B-C ., B+O 
oe 
and therefore, by addition and subtraction, B and C. 
The third side a is then known from the relation 


and 


_@ _ 6 
sin A sin B’ 
: sin A 
which gives a=b sn B’ 


and thus determines a. 
The side @ may also be found from the formula 
a? = 6? + ¢? — 2be cos A. 

This is not adapted to logarithmic calculation but is 
sometimes useful, especially when the sides a and 6 are 
small numbers. | 

182, Ex.1. If b=./8,c=1, and A=80°, solve the triangle. 

We have 


B-C b-e A f/3-1 E 
tan 9 =n 2 pa 
/3-1 
¢ O_ ‘t. 101), 
Now tan 15 B41 (Ar ) 
so that cot 1p ’ 
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Hence tan se 


iat 
en eee 
ae eee (1) 
Also se —90° — <= 90° a | (2), 


By addition B=120°. 
By subtraction C=30°. 
| Since 4=C, we have a=c=1. 


Otherwise. We have 


a*?=b* +c? —2be cos A=34+1-2,/3 a, 


8o that a=1=€¢: 
CA = 30", 
and B=180°- A —- C=120°. 


Ex. 2. If b=215, c=105, and A=74° 27, find the remaining angles, 
having given 
log 230103, log 11=1-041393, 


log 105 = 2°0211893, log 212°486 = 23273103, 
L cot 87° 13’ 80” =10°119341, L tan 24° 20’ 40” =9-655572, 
L tan 24° 20’ 50” = 9°655626, L sin 74° 27’ =9-9838052, 
and L sin 28° 25/ 48” = 9°6776842. 


B-C b-e A 


Here tan = —— cot— = ae cot 87° 13’ 30”. 
2 b+¢ 


2° 82 


. Ltan 7S 8 log 11-5 log 2+ LZ cot 37° 13’ 30” 
1:041393  :30103 
+10°119841 5) 
= 11:160734-1°50515 
= 9°655584, 
B-C.,, 
lies between 24° 20’ 40” and 24° 2050”. 


so that 5 
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Let then. = 24° 20’ 40” +2”. 


B-C 
2 


The difference for a ee = 000012. 
The difference for re ae a = 000054. 
Hence a - ao = a so that x=25”. 
: 7 =O 249 207 493” eee (1). 
But sine 90° ~ 4 =90° — 87° 18’ 80” = 52° 46’ 80" 0... (2). 


By adding (1) and (2), we have B=77°7' 12”. 
By subtracting (1) from (2), we have C= 28° 25’ 48”. 


To get a we have 
| at C 


sind sin OC’ 
“ loga=logc+L sin A-Lsin C 
=log 105+ sin 74° 27’ — L, sin 28° 25’ 48” 
2°0211893 
+ 99838052 
= 12-0049945 
= 9°6776842 
= 2°3273103 
—log 212-486. 


“. @= 212-486. 


The triangle is therefore completely determined. 


%183, There are ways of finding the third side a of the triangle in the 
previous case without first finding the angles B and C. 


Two methods are as follows: 
(1) Since a? = b? + ¢? — 2be cos A. 


= b2+¢?—2be (2 cos? “a a 


=(b+c)? - 4bc cos? 5 : 
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Abe A 
Des ea} yz 
a*= (b+¢) i (bre? COs 5 | 
; 4be A 
-apn2 A@— 2 2. 
Hence, if sin? @= (bre cos 5? 
we have a*=(b+c)*[1—sin? 6]=(b +c)? cos? 8, 
so that a=(b+c) cos @. 
If then sin @ be calculated from the relation 
eee ODE A 
sin cee COS 5» 
we have - a=(b +c) cos 8, 


(2) We have 
| a# = b? — 2bc +c? — 2be (cos A — 1) 


=(b-—c)?+4be sin? z 


2 
4be A. 
my 2 mn in? — 
=(b—¢) [1+ =o sin 5 | ; 
4be . A 
ae gin? ~ — tan? 
Let (bc sin’ 5 tan? ¢, 
2/be , A 
and hence ¢ is known. . 
| ; b—c)? 
2=(b—)?[1+tant?o]a= 272) 
Then a*=(b—c)*[1+tan? 9] one 
so that a=(b --c) sec gd, 


and is therefore easily found. 
An angle, such as 6 or ¢ above, introduced for the purpose of 


facilitating calculation is called a subsidiary angle (Art. 129). 


EXAMPLES. XXX. 


x], Ifb=90, c=70, and A =72° 48'30”, find B and C, given 
log 2= 30108, L cot 36° 24’ 15” =10-1323111, 
LL tan 9° 37’ = 9:2290071 
and LL tan 9° 88’ = 9°2297735. 
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2. Ifa=21, b=11, and C=34° 42’30”, find A and B, given 
log 2=°30103 
and L tan 72° 38’ 45” = 10°50515. 


3. Ifthe angles of a triangle bein a. p. and the lengths of the greatest 
and least sides be 24 and 16 feet respectively, find the lengths of the third 
side and the other angles, given 


log 2=:30103, log 8 =:4771213, 
EL tan 19° 6’= 9°5394287, diff. for 1’= 4084. 
4, Ifa=13, b=7, and C=60°, find 4 and B, given that 
log 3=+4771213, 
LT tan 27° 27’=9-°7155508, tabulated diff. for 1’ = 3087. 


5. If a=2b, and C=120°, find the values of A, B, and the ratio of ¢ 
to a, given that 
log 3=°4771213, 


L tan 10° 53’=9°283907, diff. for 1’=6808. 
6. Ifb=14, e=11, and 4=60°, find B and C, given that 
log 2 = *301038, log 3=:4771213, 
L tan 11° 44’ = 93174299, 
and L tan 11° 45’ = 9°3180640. 


7. The two sides of a triangle are 540 and 420 yards long respectively 
and include an angle of 52°6’. Find the remaining angles, given that 


log 2=-30103, L tan 26° 3’=9-6891430, 
L tan 14° 20’=9-4074189, L tan 14°21’ = 9-4079453. 


8. If b=24kft., c=2 ft., and 4=22° 20’, find the other angles, and 
shew that the third side is nearly one foot, given 


log 2=°301038, log 3 =°4771213, 
L cot 11° 10’=10°70465, Z sin 22° 20’ = 9°57977, 
L ins 29° 22’ 20” = 9-°75038, L tan 29° 22’ 30” =9-75048, 
and L sin 49° 27’ 34” =9:88079. 
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9, Ifa=2, b=1+.,/3, and C=60°, solve the triangle. 


10, ‘Two sides of a triangle are ,/3+1 and ,/3 —1, and the included 
angle is 60°; find the other side and angles. 


ll. Ifd=1, c=,/3-1, and 4=60°, find the length of the side a. 


12. Ifb=91, c=125 and ian’ = ue prove that a= 204. 


13. If a=5, b=4, and cos (A — B) = , prove that the third side e will 
be 6. 
14, One angle of a triangle is 30° and the lengths of the sides 


adjacent to it are 40 and 40,/3 yards. Find the length of the third 
side and the number of degrees in the other angles. 


15. The sides of a triangle are 9 and 3, and the difference of the 
angles opposite to them is 90°. Find the base and the angles, having 
given 

log 2= ‘30108, log 3=°4771213, 


log 75894 = 48802074, log 75895 = 4:8802132, 
L tan 26° 33’ = 9°6986847 
and I, tan 26° 34’ = 9:°6990006, 


16. ‘Two sides of a triangle are 237 and 158 feet and the contained 
angle is 66° 40’; find the base and the other angles, having given 


log 2= ‘301038, log 79=1°89763, 
log 22687 =4°35578, L cot 33° 20’=10-18197 
L sin 33° 20’=9-°78998, DL tan 16° 54’ =9°48262, 
L tan 16° 55’ = 9°48308, ZL sec 16° 54’=10:01917, 


and L sec 16° 55’ =10°01921. 
B-C b+e,A 
| Use the formula cos po. il ‘ 
a—b C 
17. If tan Os cot 9 ; 
2G 
sin bY 
prove that C=(A+)) ——, 
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If a=3, b=1, and C=53°7'48”, find ¢ without getting A and B, 
given 
log 2=+30103, log 25298 = 4-4030862, 
log 25299 == 4-4031034, L cos 26° 33’ 54” = 9-9515452, 
and L tan 26° 33’ 54” = 96989700. 


In the following 4 examples, the required logarithms must be taken 
from the tables. 


18, If a=242°5, b=164°3, and C=54° 36’, solve the triangle. 
19, If b=130, c=63, and A=42° 15’ 30”, solve the triangle. 


20. Two sides of a triangle being 2265°4 and 1779 feet and the 
included angle 58°17’; find the remaining angles. 


91, Two sides of a triangle being 237:09 and 130°96 feet and the 
included angle 57° 59’, find the remaining angles. 


184. Case III. Given two sides b and c and the 
angle B opposite to one of them. 


The angle C is given by the relation 


sin C_ sin B 


C b 7 A 
ie. sin (= ; sin B ......(1). ¢ b 
Taking logarithms we determine p C 
C and then A (=180°—-B-—C) is : 
found. 
The remaining side a@ is then found from the relation 
poe ia 
sin A sin B’ 
ie. fs nasacia ie (2). 
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185. The equation (1) of the previous article gives in 
some cases no value, in some cases one, and sometimes 
two values, for C. 

If csin B> b, the right-hand member of (1) is greater 
than unity, and hence there is no corresponding value 
for C. 

If csn B=), the right-hand member of (1) is equal 
to unity and the corresponding value of C is 90°. 

If csin B < 6, there are two values of C having — 
as its sine, one value lymg between 0° and 90° and the 
other between 90° and 180°. 

Both of these values are not however always admissible. 

For if b>c, then B>C. The obtuse-angled value of 
C is now not admissible; for, in this case, C cannot be 
obtuse unless B be obtuse also, and it is manifestly 
impossible to have two obtuse angles in a triangle. 

If b<c and B be an acute angle, both values of C 
are admissible. Hence there are two values found for 
A and hence the relation (2) gives two values for a. In 
this case there are therefore two triangles satisfying the 
given conditions. 

Since, for some values of b,c and B, there is a doubt 
or ambiguity in the determination of the triangle, this 
case is called the Ambiguous Case of the solution of 
triangles. 


186. The Ambiguous Case may also be discussed 
in a geometrical manner. 

Suppose we were given the elements b, c and B and 
that we proceeded to construct, or attempted to construct, 
the triangle. 
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We first measure an angle ABD equal to the given 
angle B. 


We then measure along BA a distance BA equal to 
the given distance c, and thus determine the angular 
point A. | 

We have now to find a third point C, which must lie 
on BD and must also be such that its distance from A 
shall be equal to 0. 

To obtain it, we describe with centre A a circle whose 
radius is 0. 

The point or points, if any, in which this circle meets 
BD will determine the position of C. 

Draw AD perpendicular to BD, so that 


AD=ABsin B=csin B. 


One of the following events will happen. 
The circle may never reach BD (Fig. 1) or it may 
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touch BD (Fig. 2), or it may meet BD in two points C, 
and C, (Figs. 3 and 4). 

In the case of Fig. 1, it is clear that there is no 
triangle satisfying the given condition. 


Here b< AD, 1.e.<csn B. 


In the case of Fig. 2, there is one triangle ABD 

which is right-angled at D. Here 
b=AD=csin B. 

In the case of Fig. 3, there are two triangles ABC, 
and ABC,. Here b les in magnitude between AD and c, 
ue. bis >csin B and <c. 

In the case of Fig. 4, there is only one triangle A BC, 
satisfying the given conditions [the triangle ABC, is 
inadmissible ; for its angle at B is not equal to B but is 
equal to 180°—B]. Here 6 is greater than both csin B 
and c. 


To sum up: 

Given the elements b, c, and B of a triangle, 

(a) Ifb be<csin B, there is no triangle. 

(8) Ifb=csin B, there is one triangle right-angled. 

(y) Ifb be>csin B and <c and B be acute, there are 
two triangles satisfying the given conditions. 

(6) Ifb be >c, there is only one triangle. 

Clearly if b=c, the points B and C, m Fig. 3 coincide 


and there is only one triangle. 
If B be obtuse, there is no triangle except when 6 >c. 


187. The ambiguous case may also be considered 
algebraically as follows. 
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From the figure of Art. 184 we have 
b?= + a?—2cacos B. 
a? — 2ac cos B + c cos? B= b?—c? + c? cos? B 
| =b?— 0 sin? B, 
a—ccosB=+vVb?—@ sin? B, 
1.0. a=ccosB+Vb?—c? sin’ Bo... (1). 


Now (1) is an equaticn to determine the value of a 
when b, c and B are given. 

(a2) If b<csin B, the quantity Vb? —c¢ sin? B is 
imaginary and (1) gives no real value for a. 


(8) If b=csin B, there is only one value, c cos B, 
for a; there is thus only one triangle which is right- 
angled. 

(vy) Ifb>csin B, there are two values for a But, 
since a must be positive, the value obtained by taking 
the lower sign affixed to the radical is inadmissible unless 


c cos B~— Vb? — c*sin® B is positive, 


z.e. unless Vb? — ce sin? B< ccos B, 
2.e. unless b?— sin? B<c? co? B, 
z.e. unless P<c. 


There are therefore two triangles only when 0 is 
>csin B and at the same time <. 


188. Ex. Givenb=16, c=25, and B=33° 15’, prove that the triangle 
is ambiguous and find the other angles, having given 


log 2=°30103, ZL sin 33° 15’ = 9°7390129, 
L sin 58° 56’ =9-9327616, 
and L sin 58° 57’ = 9:9328376. 
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We have 


gt dks MER Ge 5 en Oa ee AO 
sin C= 7 sln B=7.s8in B= Gy 


Hence isin C=2+ sin 83° 15’ — 6 log 2 
= 9°9328329. 


10? . 
sin B= sin 33° 15’, 


C therefore lies between 58° 56’ and 58°57’, so that 
C=58° 56’ +2". 
Tor a difference of w’’ in the angle the difference in the log 
= 9°9328329 — 9°9327616 = :0000713. 
For a difference of 60” in the angle the difference 
= 9°9328376 — 9-9327616 = -0000760. 
% *0000713 713 


Hense 60 ~ 0000760 ~ 760° 
6x 713 
t= aE = 56 nearly, 
so that Lsin C=Z sin 58° 56’56”. 


*. C=58° 5656” or 180° — 58° 56’ 56”. 
Henee (Tig, 3, Art. 186) we have 
C= 58° 56’ 56”, and C,=121° 3’ 4”, 
. £BAC,=180° — 33° 15’ — 58° 56’ 56” = 87° 48’ 4”, 
and Z BAC,= 180° — 38° 15’ — 121° 38’ 4” = 25° 41’ 56", 


ES AMEPTERS, 2C20CT. 


l. Ifa=5, b=, and sin 4d =~, is there any ambiguity? 


z 
4 
If a=2, e=,/3+1, and A= 45°, solve the triangle. 


3, Ifa=100,c=100,/3 and 430°, solve the triangle. 


4, If 2b=3a, and tan? A=\ , prove that there are two values to the 


third side, one of which is double the other. 


5; JtAa=30°, b=3, and a=6, find:c. 
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6. Given B=30°, c=150, and b=150,/8, prove that of the two 
triangles which satisfy the data one will be isosceles and the other right- 
angled. Find the greater value of the third side. 

Would the solution have been ambiguous had 


B=30°, c=150, and b=75? 


7, In the ambiguous case given a, b, and A, prove that the difference 


between the two values of ¢ is 2,/a?— b? sin? A. 


8, Ifa=5, b=4, and A=45°, find the other angles, having given 
log 2=:30103, ZL sin 33° 29’ = 9-7520507, 
and L sin 83°30’ = 9°7530993. 


9, Ifa=9, b=12, and A=30°, find c, having given 
log 2= 301038, log 3=°47712, 
log 171 = 223301, log 368 = 2°56635, 
EL sin 11° 48’ 39” = 9°31108, ZL sin 41° 48’ 39” = 982391, 
and EI, sin 108° 11’ 21” =9-977774. 
10. Point out whether or no the solutions of the following triangles 
are ambiguous. 


Find the smaller value of the third side in the ambiguous case and 
the other angles in both cases. 


(1) A=30°, c=250 feet, and a=125 feet ; 
(2) A=80°, c=250 feet, and a= 200 feet. 


Given log 2= °30103, log 603893 = :7809601, 
L sin 88° 41’= 9-7958800, 
and I sin 8° 41’=9-1789001. 


ll, Given a=250, b=240, and 4 =72° 4’ 48”, find the angles B and C, 
and state whether they can have more than one value, given 


log 2°5 =+3979400, log 2°4 = 3802112, 
EL sin 72° 4'=9°9783702, L sin 72° 5’=9-9784111, 
and L sin 65° 54’ = 9-9606739. 


12. Two straight roads intersect at an angle of 30°; from the point of 
junction two pedestrians A and B start at the same time, A walking 
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along one road at the rate of 5 miles per hour and B walking uniformly 
along the other road. At the end of 3 hours they are 9 miles apart. 
Shew that there are two rates at which B may walk to fulfil this 
condition and find them. 


For the following 3 examples, a book of tables will be required. 
13. Two sides of a triangle are 1015 feet and 732 feet and the angle 


opposite the latter side is 40°; find the angle opposite the former and 
prove that more than one value is admissible. 


14, Two sides of a triangle being 5374°5 and 1586-6 feet, and the 
angle opposite the latter being 15° 11’, calculate the other angles of the 
triangle or triangles. 


15. Given 4=10°, a=2308°7, and b=7903:2, find the smaller value 
of c. 


189. Case IV. Given one side and two angles, vz. 
a, B, and C. 


Since the three angles of a triangle are together equal 
to two right angles, the third angle 


is given also. A 
The sides 6 and c are now obtained C b 
from the relations 
6b G6 B 5 CG 
sin BB sinC sin A’ 
ivin (ae and ee 
Bee = @ sin A’ ~~ ein AS 


190. Case V. The three angles A, B and C given. 


Here the ratios only of the sides can be determined 


by the formulae 
a b C 


snA sinB sin’ 


Their absolute magnitudes cannot be found. 
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EXAMPLES. XXXIT. 


1 . 
1, If cos A= and cos C=7q> find the ratio ofa: b:-e. 


9. The angles of a triangle are as 1: 2:7; prove that the ratio of 
the greatest side to the least side is /5+1:,/5-1. 

3. If 4=45°, B=75°, and C=60°, prove that a+¢,/2 =2b. 

4. Two angles of a triangle are 41° 13’ 22” and 71°19’ 5” and the side 
opposite the first angle is 55; find the side opposite the latter angle, 
given 

log 55=1°7403627, log 79063 = 4:8979775, 
L sin 41° 13’ 22” = 9:8188779, 
and L sin 71° 19’ 5” =9-9764927. 

5. From each of two ships, one mile apart, the angle is observed 
which is subtended by another ship and a beacon on shore; these angles 
are found to be 52° 25'15” and 75° 9’ 30” respectively. Given 
| L sin 75° 9’ 30” = 9°9852635, . 

L sin 52° 25’ 15” = 98990055, log 1°2197 = ‘0862530 
and log 1:2198 = -0862886, 
find the distance of the beacon from each of the ships. 


6, The base angles of a triangle are 224° and 1124°; prove that the 
base is equal to twice the height. 


For the following 5 questions a book of tables is required. 


7, The base of a triangle being seven feet and the base angles 
129° 23’ and 38° 36’, find the length of its shorter side. 


8, If the angles of a triangle be as 5: 10: 21, and the side opposite 
the smaller angle be 3 feet, find the other sides. 


9, The angles of a triangle being 150°, 18° 20’, and 11° 40’, and the 
longest side being 1000 feet, find the length of the shortest side. 


10. ‘To get the distance of a point A from a point B, a line BC and 
the angles ABC and BCA are measured, and are found to be 287 yards 
and 55° 3210” and 51° 8’ 20” respectively. Find the distance 4B. 


11. ‘To find the distance from A to P a distance, AB, of 1000 yards is 
measured in a convenient direction. At A the angle PAB is found to be 
41°18’ and at B the angle PBA is found to be 114°38’. What is the 
required distance to the nearest yard ? 


CHAPTER XIV. 


HEIGHTS AND DISTANCES. 


191. In the present chapter we shall consider some 
questions of the kind which occur in land-surveying. 
Simple questions of this kind have already been considered 
in Chapter III. 


192. To find the height of an inaccessible tower by 


means of observations made at dastant pornts. 


Suppose PQ to be the tower and that the ground 
passing through the foot Q of the 


tower is horizontal. Ata pomt A P 
on this ground measure the angle 
of elevation a of the top of the a 
tower. | 

Measure off a distance AB(=a) A oR 0) 


from A directly toward the foot of 
the tower, and at B measure the angle of elevation £. 

To find the unknown height 2 of the tower, we have 
to connect it with the measured length a. This is best 
done as follows: | 


Is T. 14 
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From the triangle PBQ we have 


and from the triangle PAB we have 
PR_mPAb_ sina 2) 
a sinBPA sin(@-—a0 (2), 


since Z BPA =ZQBP—ZQAP=B-— «4. 
From (1) and (2), by multiplication, we have 


“ sinasin £8 


a sin(@—a)’ 
; sin @ SI 
ie, aa. 
: sin(8 — a) 


The height w is therefore given in a form suitable for 
logarithmic calculation. 


Numerical Example, If a=100 feet, a=30°, and B=60°, then 
2S 100 oo = 100 x V3 _ 86-6 feet. 
sin 30° 2 

193. It is often not convenient to measure AB 
directly towards Q. 

Measure therefore AB in any 
other suitable direction on the hori- 
zontal ground and at A measure the 
angle of elevation a of P, and also Ad 
the angle PAB (= 8). 

At B measure the angle PBA 
(=). | 

In the triangle PAB we have then 


Z APB=180° —Z PAB —Z PBA = 180° —(8 +4). 
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Hen | AP smPBA_  smy 
= a snBPA sin(8+y)’ 
From the triangle PAQ, we have 
sin a sin y 
sin(B +)" 
Hence # is found by an expression suitable for 
logarithmic calculation. 


c=APsina=a 


194. To find the distance between two inaccessible points 
by means of observations made at two pownts the destance 
between which is known, all four points being supposed to 
be in one plane. 


Let P and Q be two points whose distance apart, PQ, 
is required. 

Let A and B be the two known 
points whose distance apart, AB, is 
given to be equal to a. 

At A measure the angles PAB 
and QAB, and let them be a and B@ AZO&— oo B 
respectively, 

At B measure the angle PBA and QBA, and let them 
be y and 6 respectively. 

Then in the triangle PAB we have one side a and the 
two adjacent angles a and y given, so that, as in Art. 163, 
we have AP given by the relation 


p 


AP smy __ siny 7 
ae ana ee (1). 
In the triangle QAB we have, similarly, 
AQ sin 6 “ 
eae (2). 
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In the triangle APQ we have now determined the 
sides AP and AQ; also the included angle PAQ(=a-— 8) 
is known. We can therefore find the side PQ by the 
method of Art. 181. 

If the four points A, B, P, and Q be not in the same 
plane, we must, in addition, measure the angle PAQ; for 
in this case PAQ is not equal toa—. In other respects 
the solution will be the same as above. 


195. Bearings and Points of the Compass. The 
Bearing of a given point Bas seen from a given point 
O is the direction in which B is seen from 0. Thus if 


= 


cA 
S 
Zz 
PA 
B 


dy, 


G b g ? ; we 
y 
Me oS 
We 
“st by North, East bY North 
W E 
h. 
west by S08 *25t by Sou, 
ys fs¢ 
we a 
RY w + Sy 
Ss ¢ § £2 & 
= ] % 
rs 


3 
= 
= 
= 
@ 


the direction of OB bisect the angle between Kast and 
North, the bearing of B is said to be North-East. 

If a line is said to bear 20° West of North we mean 
that it is inclined to the North direction at an angle of 
20°, this angle being measured from the North towards 
the West. 
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To facilitate the statement of the bearing of a point 
the circumference of the mariner’s compass-card is divided 
into 82 equal portions, as in the above figure, and the sub- 
divisions marked as indicated. Consider only the quadrant 
between East and North. The middle point of the arc 
between N. and E. is marked North-East (N.E.). The 
bisectors of the arcs between N.E. and N. and E. are 
respectively called North-North-East and EHast-North- 
East (N.N.E. and E.N.E.). The other four subdivisions, 
reckoning from N., are called North by East, N.E. by 
North, N.E. by East, and East by North. Similarly the 
other three quadrants are subdivided. 

It is clear that the arc between two subdivisions of 

360° 


35 we. 114°, at the 


the card subtends an angle of 


centre O. 


EXAMPLES, XXXTIT. 


1, <A flagstaff stands on the middle of a square tower. A man on 
the ground opposite the middle of one face and distant from it 100 feet 
just sees the flag; receding another 100 feet the tangents of elevation of 


the top of the tower and the top of the flagstaff are found to be : 


and ° . Find the dimensions of the tower and the height of the flagstaff, 


the ground being horizontal. 
9. A man, walking on a level plane towards a tower, observes that 


at a certain point the angular height of the tower is 10° and after going 
50 yards nearer the tower the elevation is found to be 15°. Having given 


LI sin 15°=9°4129962, L cos 5°=9-9983442, 
log 25°783 = 1:4113334 and log 25-784=1-4113503, 
find, to 4 places of decimals, the height of the tower in yards. 
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3. DE is a tower standing on a horizontal plane and ABCD is a 
straight line in the plane. The height of the tower subtends an angle @ 
at d, 20 at B, and 36 at C. If AB and BC be respectively 50 and 20 feet, 
find the height of the tower and the distance CD. 


4. <A tower, 50 feet high, stands on the top of a mound; from a 
point on the ground the angles of elevation of the top and bottom of the 
tower are found to be 75° and 45° respectively; find the height of the 
mound. | 


5, A vertical pole (more than 100 feet high) consists of two parts, 
the lower being rd of the whole. From a point in a horizontal plane 
through the foot of the pole and 40 feet from it, the upper part subtends 


an angle whose tangent is - Find the height of the pole. 

6. A tower subtends an angle a at a point on the same level as the 
foot of the tower and at a second point, h feet above the first, the 
depression of the foot of the tower is 8. Find the height of the tower. 


7, A person in a balloon, which has ascended vertically from flat 
land at the sea level, observes the angle of depression of a ship at anchor 
to be 30°; after descending vertically for 600 feet he finds the angle 
of depression to be 15°; find the horizontal distance of the ship from the 
point of ascent. 


8, PQ is a tower standing on a horizontal plane, Q being its foot ; 
A and B are two points on the plane such that the Z QAB is 90°, and AB 
is 40 feet. It is found that 


cot PAQ= + and cot PRQ=5 ‘ 
Find the height of the tower. 


9, A column :is E.S.E. of an observer and at noon the end of the 
shadow is North-East of him. The shadow is 80 feet long and the 
elevation of the column at the observer’s station is 45°, Find the height 
of the column. 


10, <A tower is observed from two stations 4 and B. It is found to 
be due north of 4A and north-west of B. Bis due east of 4 and distant 
from it 100 feet. The elevation of the tower as seen from 4 is the 
complement of the elevation as seen from B. Find the height of the 
tower, 
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11, The elevation of a steeple at a place due south of it is 45° and 
at another place due west of it the elevation is 15°. If the distance 
between the two places be a, prove that the height of the steeple is 


a (/3 1) 
2 8/3 
12, A person stands in the diagonal produced of the square base of 
a church tower, at a distance 2a from it, and observes the angles of 
elevation of each of the two outer corners of the top of the tower to be 
30°, whilst that of the nearest corner is 45°. Prove that the breadth of 


the tower is a (,/10 —,/2). 


13, A person standing at a point A due south of a tower built on a 
horizontal plane observes the altitude of the tower to be 60°. He then 
walks to B due west of A and observes the altitude to be 45°, and again 
at C in AB produced he observes it to be 380°. Prove that B is midway 
between 4 and C. | 


14, At each end of a horizontal base of length 2a it is found that 
the angular height of a certain peak is @ and that at the middle point it 
is @ Prove that the vertical height of the peak is 

asin @ sin d 


15, A and B are two stations 1000 feet apart; P and Q are two 
stations in the same plane as AB and on the same side of it; the angles 
PAB, PBA, QAB, and QBA are respectively 75°, 30°, 45°, and 90°; find 
how far P is from Q and how far each is from 4 and B. 


For the following 4 examples a book of tables will be wanted. 


16. At a point on a horizontal plane the elevation of the summit of 
a mountain is found to be 22°15’ and at another point on the plane a 
mile further away in a direct line its elevation is 10°12’; find the height 
of the mountain. 


17. From the top of a hill the angles of depression of two successive 
milestones, on level ground and in the same vertical plane with the 
observer, are found to be 5° and 10° respectively. Find the height of the 
hill and the horizontal distance to the nearest milestone. 


18, A castle and a monument stand on the same horizontal plane. 
The height of the castle is 140 feet and the angles of depression of the 
top and bottom of the monument as seen from the top of the castle are 
40° and 80° respectively. Find the height of the monument. 
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19> A flagstaff PN stands on level ground. A base AB is measured 
at right angles to AN, the points Ad, B and N being in the same horizontal 
plane, and the angles PAN and PBN are found to be a and 6 respectively. 
Prove that the height of the flagstaff is 

sin a sin B 
»/sin (a—f) sin (a+) 

If A4B=100 feet, a=70°, and B=50°, calculate the height. 

20. A man standing due south of a tower on a horizontal plane 
through its foot finds the elevation of the top of the tower to be 54° 16’; 
he goes east 100 yards and finds the elevation to be then 50° 8’. Find 
the height of the tower. | 


21, A man in a balloon observes that the angle of depression of an 
object on the ground bearing due north is 33°; the balloon drifts 3 miles 
due west and the angle of depression is now found to be 21°. Find the 
height of the balloon. 


22, From the extremities of a horizontal base-line AB, whose length 
is 1000 feet, the bearings of the foot C of a tower are observed and it is 
found that 4 CAB=56° 23’, 2 CBA=47°15’, and that the elevation of 
the tower from 4d is 9° 25’; find the height of the tower. 


AB 


196. Ex. A flagstaff is on the top of a tower which 
stands on a horizontal plane. A person observes the angles, 
a and 8, subtended at a point on the horizontal plane by the 
flagstaff and the tower ; he then walks a known distance a 
toward the tower and finds that the flagstaff subtends the 
same angle as before; prove that the height of the tower 
and the length of the flagstaff are respectively 

a sin B cos (a+ 8) asin a 
cos (a + 28) ae cos (a + 28) - 

Let P and Q be the top and foot of the tower, and let 
PR be the flagstaff. Let A and B be the points at which 
the measurements are taken, so that 2 PAQ=86 and 
L£PAR=ZPBR=a. Since the two latter angles are 
equal, a circle will go through the four points A, B, P, 
and ft. | 
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To get the height of the flagstaff we have to connect 
the unknown length PR with the known length AB. 

This may be done by connecting each with the 
length AAR. sae 

To do this, we must first a “ 
determine the angles of the / 
triangles ARP and ALB. 

Since A, B, P, and & lie on a | 
circle, we have . 

2 BRP =z BAP=B, * 

and ZAPB=2Z ARB=6 (say). ) 

Also LZAPR=90° + 2 PAQ = 90° 4+ 8. 

Hence, since the angles of the triangle APA are 
together equal to two right angles, we have 

180° =a+(90°+@)+(@+ 8), 


ween, 
tte. 
. 
a 
~, 
., 
°, 
. 


so that C290 (28) icnkeeds (1). 
From the triangles APR and ABR we then have 
PR AR AR a 


sina sin RPA~ sin RBA sin@ ‘A™ 10%). 
[It will be found in Chap. XV. that each of these 
quantities is equal to the radius of the circle.] 
Hence the height of the flagstaff 


asin a @ Sin a 
= = sin 8 = cos (a+ 98)’ YC)» 
Again - = cos BPQ =cos (A+ B)...cceseeeee (2), 
PB snPAB sn8 : 
and Go an APR an ee (3). 


Hence, trom (2) and (3), by multiplication, 


PQ sinBcos(a+)_ sin Bcos(a+ P) 
a sin 0 ~  cos(at+2B) ’ mee 
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Also BQ = PQ tan BPQ = PQ tan (a+ £8) 


sin 8 sin (a + 8) 

cos (a+28)+sin 8 sin (a+ £) 
gos (a +28) 
cos 8 cos (a+ 8) 

Goat Seay. 


If a, a, and ® be given numerically these results are 
all in a form suitable for logarithmic computation. 


and AQ@=a+BQ=a 


197. Ex. A man walks along a straight road and 
observes that the greatest angle subtended by two objects is a ; 
From the point where this greatest angle is subtended he walks 
a distance c along the road and finds that the two objects are 
now in a straight line which makes an angle 8 with the 
road ; prove that the distance between the objects ts 


, : ar 
csin «sin § sec 5 9 


Let P and @ be the two points and let PQ meet 
the road in B. 


HEIGHTS AND DISTANCES. 219 


If A be the point at which the greatest angle is 
subtended then A must be the point where a circle drawn 
through P and Q touches the road. 

[For, take any other point A’ on AB and join it to P 
cutting the circle in B’ and join A’Q and B’Y. 


Then ZPA'Q<ZPBQ (Bue. I. 16), 
and therefore <ZPAQ (Euce. II. 21).] 


Let the angle QAB be called 6. Then (Hue. III. 32) 
the angle A PQ 1s @ also. 


Hence 180° = sum of the angles of the triangle PAB 


=0+(a+0)+8, 
so that 6=90° — _ 
From the triangles PAQ and QAB we have 


PQ sina AQ sm — snp 


AQ sind’ ae c sin AQB sin(@+a)’ 


Hence, by multiplication, we have 
PQ sinasin8 
c  sin@sin(O+a) 
sin asin £ 
+8 a-p 


a 
‘COS s=———= COS: 


9 2 
+B  a—-£8 


beast a 
.. PQ=csin.asin sec gz SCC 
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EXAMPLES. XXXIV. 


1, <A bridge has 5 equal spans, each of 100 feet measured from the 
centre of the piers, and a boat is moored in a line with one of the middle 
piers. The whole length of the bridge subtends a right angle as seen 
from the boat. Prove that the distance of the boat from the bridge is 
100,/6 feet. | 


2. A ladder placed at an angle of 75° just reaches the sill of a 
window at a height of 27 feet above the ground on one side of a street. 
On turning the ladder over without moving its foot, it is found that 
when it rests against a wall on the other side of the street it is at an 
angle of 15° with the ground. Prove that the breadth of the street and 
the length of the ladder are respectively 


27 (3+/3) and 27 (6 — /2) feet, 


3, From a house on one side of a street observations are made of the 
angle subtended by the height of the opposite house; from the level of 
the street the angle subtended is the angle whose tangent is 3; from two 
windows one above the other the angle subtended is found to be the 
angle whose tangent is —~8; the height of the opposite house being 
60 feet, find the height above the street of each of the two windows. 


4, A-rod of given length can turn in a vertical plane passing through 
the sun, one end being fixed on the ground; find the longest shadow it 
can cast on the ground. 

Calculate the altitude of the sun when the longest shadow it can cast 
is 34 times the length of the rod. 


5, A ship A observes another ship B leaving a harbour, whose 
bearing is then N.W. After 10 minutes A, having sailed one mile N.E., 
sees B due west and the harbour then bears 60° West of North. After 
another 10 minutes B is observed to bear S.W. Find the distances 
between A and B at the first observation and also the direction and rate 
of B. 


6, A ship sailing north sees two lighthouses, which are 6 miles 
apart, in a line due west; after an hour’s sailing one of them bears 8.W. 
and the other 8.8.W. Find the ship’s rate. 
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7, Aship sees a lighthouse N.W. of itself. After sailing for 12 miles 
in a direction 15° south of W. the lighthouse is seen due N. Find 
the distance of the lighthouse from the ship in each position. 


8, A man, travelling west along a straight road, observes that when 
he is due south of a certain windmill the straight line drawn to a distant 
church makes an angle of 30° with the road. A mile further on the 
bearings of the windmill and tower are respectively N.E. and N.W. Find 
the distances of the tower from the windmill and from the nearest point 
of the road. 


9, An observer on a headland sees a ship due north of him; after a 
quarter of an hour he sees it due east and after another half-hour he sees 
it due south-east; find the direction that the ship’s course makes with 
the meridian and the time after the ship is first seen until it is nearest 
the observer, supposing that it sails uniformly in a straight line. 


10, A man walking along a straight road which runs in a direction 
30° east of north notes when he is due south of a certain house; when he 
has walked a mile further he observes that the house lies due west and 
that a windmill on the opposite side of the road is N.E. of him; three 
miles further on he finds that he is due north of the windmill; prove 
that the line joining the house and the windmill makes with the road 
the angle whose tangent is 

48 — 25,/3 
ie 

11. A, B, and C are three consecutive milestones on a straight road 
from each of which a distant spire is visible. The spire is observed to 
bear north-east at 4, east at B, and 60° east of south at C. Prove that 
7+5,/3 

13 
12. Two stations due south of a tower, which leans towards the 
north, are at distances a and 6b from its foot; if a and 8 be the 
elevations of the top of the tower from these stations, prove that its 
inclination to the vertical is 


the shortest distance of the spire from the road is miles, 


nies b cota—acot Pp 
b-a 
13, From a point A on a level plane the angle of elevation of a 
balloon is a, the balloon being south of 4; from a point B which is at a 
distance C south of A the balloon is seen northwards at an elevation of 
8; find the distance of the balloon from 4 and its height above the 


ground. 
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14, A statue on the top of a pillar subtends the same angle a at 


distances of 9 and 11 yards from the pillar; if tan yee find the height 


10’ 
of the pillar and of the statue. 

15. <A tower and a spire on the top of the tower subtend equal angles 
at a point whose distance from the foot of the tower is a; if h be the 
height of the tower, prove that the height of the spire is 

a +h? 
u a he ° 

16, A flagstaff on the top of a tower is observed to subtend the same 
angle at two points on a horizontal plane, which lie on a line passing 
through the centre of the base of the tower and whose distance from one 
another is 2a, and an angle 6 at a point halfway between them. Prove 
that the height of the flagstaff is 


asin a / me pvade 
A/ cosasin (a—B)’ 
17. An observer in the first place stations himself at a distance a 
feet from a column standing upon a mound. He finds that the column 


subtends an angle, whose tangent is : , at his eye which may be supposed 
to be on the horizontal plane through the base of the mound. On 
moving a feet nearer the column he finds that the angle subtended is 
unchanged. Find the height of the mound and of the column. 


18. A church tower stands on the bank of a river which is 150 feet 
wide and on the top of the tower is a spire 30 feet high. To an observer 
on the opposite bank of the river the spire subtends the same angle that 
a pole six feet high subtends when placed upright on the ground at the 
foot of the tower. Prove that the height of the tower is nearly 285 feet. 


19, A person, wishing to ascertain the height of a tower, stations 
himself on a horizontal plane through its foot at a point at which the 
elevation of the top is 30°. On walking a distance a in a certain direction 
he finds that the elevation of the top is the same as before, and on then 
walking a distance >a at right angles to his former direction he finds the 
elevation of the top to be 60°. Prove that the height of the tower is 


5 O85 
either fea or ee 
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20. The angles of elevation of the top of a tower, standing on a 
horizontal plane, from two points distant a and b from the base and in 
the same straight line with it are complementary. Prove that the height 


_ of the tower is ,/ab feet, and, if @ be the angle subtended at the top of 
the tower by the line joining the two points, then sin 9=o j 

21. A tower 150 feet high stands on the top of a cliff 80 feet high. 
At what point on the plane passing through the foot of the cliff must an 
observer place himself so that the tower and the cliff may subtend equal 
angles, the height of his eye being 5 feet? 


22. A statue on the top of a pillar, standing on level ground, is 
found to subtend the greatest angle a at the eye of an observer when his 
distance from the pillar is ¢ feet; prove that the height of the statue is 
2c tan a feet, and find the height of the pillar. 


93, A tower stood at the foot of an inclined plane whose inclination 
to the horizon was 9°. <A line 100 feet in length was measured straight 
up the incline from the foot of the tower, and at the end of this line the 
tower subtended an angle of 54°, Find the height of the tower, having 
given 

log 2=°30108, log 114:122=2:0584726, 


and Lsin 54° = 99079576. 


94, <A vertical tower stands on a declivity which is inclined at 15° to 
the horizon. From the foot of the tower a man ascends the declivity for 
80 feet, and then finds that the tower subtends an angle of 30°. Prove 
that the height of the tower is 40 (,/6 —,/2) feet. 


25. The altitude of a certain rock is 47° and after walking towards it 
1000 feet up a slope inclined at 30° to the horizon an observer finds its 
altitude to be 77°. Find the vertical height of the rock above the first 
point of observation, given that sin 47°=*73135. 


26, A man observes that when he has walked c feet up an inclined 
plane the angular depression of an object in a horizontal plane through 
the foot of the slope is a, and that, when he has walked a further distance 
of c feet the depression is 8. Prove that the inclination of the slope to 
the horizon is the angle whose cotangent is 


—(2cot B- cota). 
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27. A regular pyramid on a square base has an edge 150 feet long 
and the length of the side of its base is 200 feet. Find the inclination of 
its face to the base. 


98, Apyramid has for base a square of side a; its vertex lies on a 
line through the middle point of the base and perpendicular to it, and at 
a distance h from it; prove that the angle a between the two lateral faces 
is given by the equation 
Qha/ Qa? + 4h? 

a+ 4ne 


sina= 


29, A flagstaff, 100 feet high, stands in the centre of an equilateral 
triangle which is horizontal. From the top of the flagstaff each side 
subtends an angle of 60°; prove that the length of the side of the triangle 
is 50,/6 feet. 


30. The extremity of the shadow of a flagstaff, which is 6 feet high 
and stands on the top of a pyramid on a square base, just reaches the 
side of the base and is distant 56 and 8 feet respectively from the 
extremities of that side, Find the sun’s altitude if the height of the 
pyramid be 34 feet. 


31. The extremity of the shadow of a flagstaff, which is 6 feet high 
and stands on the top of a pyramid on a square base, just reaches the 
side of the base and is distant « feet and y feet respectively from the ends 
of that side; prove that the height of the pyramid is 


2 2 
af? = tan a — 6, 


where a is the elevation of the sun. 


32. The angle of elevation of a cloud from a point h feet above 
a lake is a and the angle of depression of its reflexion in the lake is 
sin (8 +a) 
sin (8 —a)” 
33. The shadow of a tower is observed to be half the known height 


of the tower and sometime afterwards it is equal to the known height ; 
how much will the sun have gone down in the interval, given 


8; prove that its height is h 


log 2=°30103, L tan 63° 24’=10°3009994, 
and diff. for 1’=3159? 
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34, An isosceles triangle of wood is placed in a vertical plane, vertex 
upwards, and faces the sun. If 2a be the base of the triangle, h its 
height, and 30° the altitude of the sun, prove that the tangent of the angle 

. 2ah,/3 
at the apex of the shadow is 372 a2" 

35, A rectangular target faces due south, being vertical and standing 
on a horizontal plane. Compare the area of the target with that of its 
shadow on the ground when the sun is 6° from the south at an altitude 
of a°. 

36. A spherical ball, of diameter 6, subtends an angle a at a man’s 
eye when the elevation of its centre is 8; prove that the height of the 


centre of the ball is 8 sin B cosec 5 ‘ 


37. A man standing a plane observes a row of equal and equi- 
distant pillars, the 10th and 17th of which subtend the same angle that 
they would do if they were in the position of the first and were 


respectively ; and 5 of their height. Prove that, neglecting the height 


of the man’s eye, the line of pillars is inclined to the line drawn to the 
first at an angle whose secant is nearly 2°6. 


For the following 4 examples a book of tables will be wanted. 


388. 4 and B are two points on the opposite bank of a river 1000 feet 
wide and between them is the mast of a ship PN; the vertical elevation 
of P at A is 14°20’ and at B it is 8°10’. What is the height of P 
above AB? 


89. AB isa line 1000 yards long; Bis due north of A and from B 
a distant point P bears 70° east of north; at A it bears 41° 22’ east of 
north ; find the distance from A to P. 


40, A is a station exactly 10 miles west of B. The bearing of a 
particular rock from 4 is 74°19’ east of north and its bearing from B is 
26° 51’ west of north. How far is it north of the line 4B? 


41, The summit of a spire is vertically over the middle point of a 
horizontal square enclosure whose side is of length a feet; the height of 
the spire is h feet above the level of the square. If the shadow of the 
spire just reach a corner of the square when the sun has an altitude @, 
prove that 

h,/2=a tan @. 
Calculate h, having given a=1000 feet and @=25° 15’, 


Le: 15 


CHAPTER XV. 
PROPERTIES OF A TRIANGLE. 


198. Area of a given triangle. Let ABC be any 
triangle and AD the perpen- 
dicular drawn from A upon the 
opposite side. | 

Through A draw LAF parallel 
to BC and draw BE and CF per- 
pendicular to it. By Euc. 1. 41, 
the area of the triangle ABC 

=t¢rectangle BF =4BC0.CF= 4a. AD. 

But AD=ABsin B=csin B. 

The area of the triangle ABC therefore = 4}ca sin B. 
This area is denoted by A. 


Hence A=4casin B=4absin C= be sin A...(1). 


By Art. 169, we have sin A = * v/s(@—a)(@—5) (60), 


so that A=4besin A= Vs(s—a)(s—b)(s—c)...(2). 
This latter quantity is often called S. 
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EXAMPLES, XXXV. 


Find the area of the triangle ABC when 

1, a=18, b=14, and c=15. “2, a=18, b=24, and c=30. 

3, a=25, b=52, and c=63. 4, a=125, b=123, and c=62, 

5, a=15, b=386, and c=39. 6, a=287, b=816, and c=865, 
7, a=385, b=84, and ¢=91. 
8 


, &2=,/38, b=/2, and on vity? 


9, If B=45°, C=60°, and a=2(,/3+1) inches, prove that the area 
of the triangle is 6+ 2,/3 sq. inches. 


10, The sides of a triangle are 119, 111, and 92 aa prove that its 
area is 10 sq. yards less than an acre. 


11. The sides of a triangular field re 242, 1212 and 1450. yards; 
prove that the area of the field is 6 acres. 


12. A workman is told to make a triangular enclosure of sides 51, 41, 
and 21 yards respectively ; having made the first side one yard too long, 
what length must he make the other two sides in order to enclose the 
prescribed area with the prescribed length of fencing? — 


13, Find, correct to 0001 of an inch, the length of one of the equal 
sides of an isosceles triangle on a base of 14 inches having the same area 
as a triangle whose sides are 13:6, 15, and 15-4 inches. 


,sin B sin C 
sin A 
If one angle of a triangle be 60°, the area 10,/3 square feet, and the 
perimeter 20 feet, find the lengths of the sidés. 


14, Prove that the area of a triangle is 3a 


15. The sides of a triangle are in a.p. and its area is > ths of an 


equal triangle of the same perimeter ; prove that its sides are in the ratio 
8:5:7, and find the greatest angle of the triangle. 


16. In a triangle the least angle is 45° and the tangents of the angles 
are in a.p. If its area be 8 square yards, prove that the lengths of the 
sides are 3,/5, 6/2, and 9 feet, and that the tangents of the other angles 
are respectively 2 and 3, 


15—2 
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17. The lengths of two sides of a triangle are one foot and ,/2 feet 
respectively and the angle opposite the shorter side is 30°; prove that 
there are two triangles satisfying these conditions, find their angles, and 
shew that their areas are in the ratio 


J3+1:,/8-1. 
18, Find by the aid of the tables the area of the larger of the two 
triangles given by the data. 
A=31°15’, a=5ins. and b=7Tins, 


199. On the circles connected with a given 
triangle. 

The circle which passes through the angular points of 
a triangle ABC is called its circumscribing circle or, more 
briefly, its circumcircle. The centre of this circle is 
found by the construction of Euc. Iv. 5. Its radius is 
always called A. 

The circle which can be inscribed within the triangle 
so as to touch each of the sides is called its inscribed 
circle or, more briefly, its incircle. ‘The centre of this 
circle is found by the construction of Kuc. Iv. 4. Its radius 
will be denoted by r. 

The circle which touches the side BC and the two 
sides AB and AC produced is called the escribed circle 
opposite the angle A. Its radius will be denoted by 7. 

‘Similarly r, denotes the radius of the circle which 
touches the side CA and the two sides BC and BA 
produced. Also r; denotes the radius of the circle touch- 
ing AB and the two sides CA and CB produced. 


200. To find the magmtude of R, the radius of the 
circumcircle of any triangle ABC. 

Bisect the two sides BC and CA in D and # respec- 
tively, and draw DO and HO perpendicular to BC and CA. 
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By Eue. tv. 5, O is the centre of the circumcircle. 
Join OB and OC. 


The point O may either lie within the triangle as in 
Fig. L, or without it as in Fig. IT., or upon one of the sides 
as in Fig. IIL. 

Taking the first figure, the two triangles BOD and 
COD are equal in all respects, so that 


ZBOD=2z COD, 
. ZBOD=42BOC=ZBAC (Euce. it. 20), 
= A, 
Also BD=BOsnB OD. 
a ae 
o> Resin A. 


If A be obtuse, as in Fig, IL, we have 
ZBOD=42 B06 =z BLC =180° — A (Euce. i. 22), 
so that, as before, sin BOD =sin A, 


a 


and R= Se ie 
If A be a right angle, as in Fig. IIT, we have 
‘R=04=00=5 


of « e e ° - 
=~ , since in this case sin A = 1. 
2sin A | 
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The relation found above is therefore true for all 
triangles, 
Hence, in all three cases, we have 


a b re 
R=osinA QsinB sine ‘At 163). 
201. In Art. 169 we have shewn that 
: 20 88S 
sin A = 7, N8(s— a) (s — b) (s—c)= ee 


where S is the area of the triangle. 
Substituting this value of sin A in (1), we have 


_ abc 
~ 48’ 


giving the radius of the circumcircle in terms of the sides. 


202. To find the value of 1, the radius of the incircle 
of the triangle ABC. 


Bisect the two angles B and C by the two lines BI 
and CI meeting in J. 

By Euce. m1. 4, [ is the A 
centre of the incircle. Join ) 
TA, and draw ID, IH and 
IF perpendicular to the 
three sides. 


Then [D=IJH=IF =r. p 
We have 

area of A IBC =41D. BC =4r.a, 

area of A ICA =4/H.CA =37.0, 

and teeth FARE AR =3pe 
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Hence, by addition, we have 


4r.a+d4r.b+4r.c= sum of the areas of the triangles 


7 IBC, ICA, and JAB 
= area of the A ABC. 


1.e. pee 
2 

so that r.s=B., 

cs 

eo, 


203. Since the angles 7BD and IDB are respectively 
equal to the angles JBF and JFB, the two triangles [DB 
and IF'B are equal in all respects. 


Hence BD=BF so that 2BD=BD+ BF. 
Soalso AH=AF,s0 that 2AH=AH+AP, 
and CH =CD, so that 2CH = CH + CD. 
Hence, by addition, we have | 


2BD +2AE+2CH =(BD +CD)+(CE+ AE) +(AF + FB), 


1.8. 2BD+2AC=BC+CA+ AB. 
. 2BD+2b=a+b+c= 2s. 
Hence BD=s—b=BF;, 
SO CH=s—c=CD, 
and AF=s—a=Al. 
Now a = tan IBD = tan = 


. r=ID=BD tan =(e—b) tan >. 


232 TRIGONOMETRY. 
So pei 20h ta ICR =@ -Oten 
and also r=IF =FA tan [AF = (s—a) a e 
Hence r=(s—a) tan 5 =(s—b)tan . =(s—c)tan 3 


204. <A third value for r may be found as follows: 
we have a=BD+ DC=IDcot LBD + ID cot ICD 


B C 
=rcot > +7 cob > 
aes cos = 
=e 2 2 
- eae a 
2 2 
ee = 1 x Lar ce 
. asin Z sin 5 =r sin 3 00S 5 5 5 
= in (2+$)= in 99° 4 =7TC oa 
=rsin|> 2 =P $l ‘9 | = 7 Cos 5. 
B. 
sin 5 sin 5 
r= 
COS 


Cor. Since a=2Rsin A =48R sin é cos = 


oe. ee me 
we have r=4R sin 3 sin 3 si > 


205. To find the value of 7,, the radius of the escribed 
circle opposite the angle A of the triangle ABC. 
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Produce AB and AC to L and M. 

Bisect the angles CBZ and 
BCM by the lines BX, and Cl, 
and let these lines meet in J,. 

Draw J,D,, [,F,, and JF, 
perpendicular to the three sides 
respectively. 

The two triangles J. D,B and 
I,F,B are equal in all respects, 
so that LF,=T1,D, 

Similarly 2,2, = I,D,. 

The three perpendiculars 
ILD,, I.E, and IF, being equal, the point J, is the centre 
of the required circle. 

Now the area ABJ,C is equal to the sum of the 
triangles ABC and J,BC; it is also equal to the sum of 
the triangles BA and LCA. 

Hence 


AABC+ ALBC= ALCA+ALAB. 
0 S+4LD,.BC=4L#,.CA+4LF,. AB, 


1.6. S+ir,.a=$r,.b4+47.0. 
b ~ b 
Ree Seo aie ee =7 ee =71,(S— a). 
y ~ 
oe S 
ee 


Similarly it can be shewn that. 


as ene a 
sae es °" s—c’ 
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206. Since A#,. and Af, are tangents, we have, 
as in Art. 203, AH, = AF%. 


Similarly BF,=BD,, and CE, = CD,. 
« 2AE, =AE,+AF,=AB+BF,+ AC +08, 
= AB+BD,+AC+CD,=AB+ BO+CA =2s. 
“ AH, =s= AF, 
Me. Bde BReawe AR ese. 
and CD, = CH, = AE,—-AC=s-—b. 
. LE, =A, tan LAL, 


r eigeaae 
1.€. = 2° 


207. <A third value may be obtained for 7, in terms of 
a and the angles B and C. | 


For, since J,C bisects the angle BCE, we have 


‘ZLCD,=}(180° — C)=90° — _ 
So £1,BD,=90° ~ 5. 


. a=BC=BD),4+ D),C 
= ID, cot LBD, + I,D, cot ICD, 


B C 
= (tan 5 + tan 5) 
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Os eee ae O 
ae = ( 5 008 5 + cos sin > 


2 yi 
. (/B OC x oA A 
=7,s1n (5+ 5)=nsin (90 ~ +) =r, c0s 3: 
a 
P ye 2 
1=—a@ A 
cos 5 


Cor. Since a=2Rsin A =4Rsin . cos . . 


A B 
we have 7, =48 sin Fy C08 | CS Z- 


EXAMPLES. XXXVI. 


1. In a triangle whose sides are 18, 24, and 30 inches respectively, 
prove that the circumradius, the inradius, and the radii of the three 
escribed circles are respectively 15, 6, 12, 18, and 36 inches. 


2. The sides of a triangle are 13, 14, and 15 feet; prove that 
(1) R=8t ft., (2) r=4 ft., (3) 7,=104 ft., 
(4) 7)=12 ft., and (5) 7,=14 ft. 


7 5 
3. Ina triangle ABC if a=13, b=4, and cos C= — 13” find 


| R, 7, 71, Yq, and 5. 
4, In the ambiguous case of the solution of triangles prove that the 
circumcircles of the two triangles are equal. 


Prove that | 
5. try trg—r=4R. 6. yet Peg +737 =8. 

7. 77%o73=7 cot? oot cot? . ‘ Ss Tota = 82. 
9 ai 45-220, 10, S=2R?sin A sin Bsin C. 
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ll, 4&sin Asin B sin C=acos4+bcosB+ccos C. 


eee: eee C 10 42 ek 

12. S=4R COS COS 5 COS 5 13. ae 5° 
14, 7; (s — a) =7, (s — b) =7, (8 -¢)=rs=S. 
15, @ (77 + 7973) =) (77g +7371) = (173 +1470): 
16 1. 1ii 1 @+ +c - 

5 g2 "pe? 12 13" < S2 : 

A *\ (a 2 
17. 77; cot 5=S. 18. (71-17) (2-7) ("3-7) =4Rr?. 
19, (1 +7.) tan ae (73-17) cot —_ C. 
2 2 
£1 .Jd.. 2 ee, ee aoe ee | 

20. a6 t G6 * ca BRe’ al. et cat abr OR’ 


29. rn + ro? +752 = 16R? — a? — b? ~c?. 


208. Orthocentre and pedal triangle of any 
triangle. 


Let ABC be any triangle and let AK, BL, and CM be 
the perpendiculars from A, B,and C | 
upon the opposite sides of the tri- 
angle. It can be easily shewn, as 
in most editions of Euclid, that 
these three perpendiculars meet in 
a common point P. This point P 
is called the orthocentre of the | 
triangle. The triangle KLM, which is formed by joining 
the feet of these perpendiculars, is called the pedal 
triangle of ABC. 


209. Dustances of the orthocentre from the angular 
potnts of the triangle. 
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We have PK = KB tan PBK = KB tan (90° — 0) 


C 
sin C 


= ABcos Bcot C= cos B cos C 


= 2f cos B cos C (Art. 200). 
Again AP=AK~PK=csnB-—PK 
=2Rsin 0 sin B-2Rcos B cosC 


=—2Rcos(B+ 0) 
=2h cos A (Art. 72). 
So  BP=2RecosB, and CP=28 cos CG. 


The distances of the orthocentre from the angular 


points are therefore 2A cos A, 2Rcos B and 2h cos C; its 
distances from the sides are 2 cos Bos C, 2h cos C cos A, 
and 2R cos A cos B. 


210. To find the sides and angles of the pedal triangle. 
Since the angles PKC and PLC are right angles, the 


points P, L, C, and K lie on a circle. 


and 


- ZPRL=2ZPCL  (Eue. ut 21) 
= 90°— A. 
Similarly P, K, B, and M lie on a circle, and therefore 
sf PEM = 2 PBM 


= 90° — A. 
Hence ZMKL = 180° — 24 

= the supplement of 2.4. 
So Z KLM =180° —2B, 


Z LMK = 180° — 2¢, 
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Again, from the triangle AZM, we have 
IM _ AL _ABcosdA 
sn A sin AMZ cos PML 


ccosA _ccos A 
~ cosPAL sind’ 


, LM=—, sin A cos A 
sin C 
=acos A (Art. 163). 
So MK=beos B, and KL=ccos B. 


The sides of the pedal triangle are therefore a cos A, 
bcos B, and ccosC; also its angles are the supplements 
of twice the angles of the triangle. 


211. Let J be the centre of the incircle and J,, J, and 
I; the centres of the escribed circles 
which are opposite to A, Band |, 
respectively. As in Arts, 202 and YS A 
205 IC bisects the angle ACB, and. Ps A 
IC bisects the angle BCM. gos 
| £10L,=ZICB+21,CB BS 
=4 2ACB+42MCB 
=4[2ACB+ 2 MCB 
= 4.180° = a right angle. 
Similarly 2 ICI, is a right 
angle. 
Hence J,CTZ, is a straight line to which JC is perpen- 
dicular. 
So [,Al, is a straight line to which JA is perpen- 
dicular, and [,B/, 1s a straight line to which JB is perpen- 


dicular. 


e 
ry sof 
‘ foe 
Ly fou 
oo ote 
cf 
vif 
. l 
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Also, since JA and J,A both bisect the angle BAC, 
the three points A, J, and J, are in a straight line. 
Similarly BIT, and CTJ, are straight lines. Hence J,/,f, 
is a triangle which is such that A, B, and C are the feet 
of the perpendiculars drawn from its vertices upon the 
opposite sides and such that J is the intersection of these 
perpendiculars, z.e. ABC is its pedal triangle and J is its 
orthocentre. 


212. Gentroid and Medians of any Triangle. 


If ABC be any triangle, and D, H, and Ff respectively 
the middle points of BC, CA, and 
AB, the lines AD, BE, and CF are 
called the medians of the triangle. 

It is shewn in any edition of 
Euclid that the medians meet in a 
common point G, such that 


AG=2AD, BG =2BE, 
and CG =2CF. 


This point G is called the centroid of the triangle. 


213. Length of the medians. We have, if AD=z, 
P= AC= ADP? + DO? -2AD.DC cos ADC 


a? 


= y+ 4 We cos A DC, 
and G2 ARPar + — ax cos ADB 


=e¢4+ 7 +axcos ADC. 
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Hence, by addition, we have | 


Do = Qa + Ss. 


. AD=ax=4 V 2b? + 2c? — a’, 
Hence also AD=4 VB+c+2bcecos A (Art. 164). 


So also 


BE=4V2e + 2a? —B?, and CF =4 V2a? + 2h —-¢. 


214. Angles that the median AD makes with the sides. 
Ifthe 2BAD=8, and 2 CAD=y, we have 
siny DC _@ 
snO0 AD = 2a° 
asmC  —asin@ 
20 V/ 2b? + 2c? — a? 


‘ sny= 
: asin B 
sin 8 = Jape en 
Again, if the 2 ADC be @, we have 
sin@ _ AC _b 
snC AD = «&’ 
bsin C _ 2b sin C 
ore we 
The angles that AD makes with the sides are therefore 
found. 


Similarly 


“ siné@= 


215. The centroid lies on the line joining the curcum- 
centre to the orthocentre. 
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Let O and P be the circumcentre and orthocentre 
respectively. Draw OD and 
PK perpendicular to BC. 

Let AD and OP meet in G. 

The triangles OGD and 
PGA are clearly equiangular. 

Also, by Art. 200, 

OD=Reos A 


and, by Art. 209, 


AP=2Rhcos A. 
Hence, by Kue. vi. 4; 

AG_AP_, 

GD" Op?” 


The point G is therefore the centroid of the triangle. 
Also, by the same proposition, 
OG OD 1 
GP” AP 2 
The centroid therefore lies on the line joining the 
circumcentre to the orthocentre and divides it in the ratio 
LZ 
It may be shewn by geometry that the centre of the 
nine-point circle (which passes through the feet of the 
perpendiculars, the middle points of the sides, and the 
middle points of the lines joining the angular points 
to the orthocentre) lies on OP and bisects it. 
The circumecentre, the centroid, the centre of the 
nine-point circle, and the orthocentre therefore all lie on a 
straight line. 


216. Distance between the circwmcentre and the ortho- 
centre. 


1A 16 
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If OF be perpendicular to AB, we have 
ZOAF=90° — ZAOF=90° —C. 
Also ZPAL=90°-C. 
. LOAP=A—-ZOAF-—ZPAL 
=A —2(90°-C)=A+2C— 180° 
=A+20-(A+B+OQ)=C-B. 
Also OA = 8, and, by Art. 209, 
PA =2Roos A. 
.. OP? =0A?+ PA?—20A.PA cos OAP 
= R?+ 4R? cos? A — 4k? cos A cos (C— B) 
= R?+4R?cos A [cos A — cos (C'— B)] 
= R? —4R? cos A [cos (B + C)+cos(C— B)] 


(Art. 72), 
— R?—~8R?cos A cos Bos C, 


*, OP=RNV1—8cosA cos B cos C, 


*917. To find the distance between the circumcentre 
and the wncentre. 


Let O be the circumcentre and 
OF perpendicular to AB. 

Let J be the incentre and lH 
perpendicular to AC. 


Then, as in the last article, 
ZOAF=90° —C. 
. LOAILT=ZIAF-—ZOAF 
A+BiC C-B 
2° a 


bo| fx 


_ (90° - C =S+0- 
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IE r Dh O 
Also AJ= sae ee ha 4R sin 7 sing (Art.204. Cor.) 
sin=— sin= 
aia 
. OL =0A?+ AP-—20A.AlI cos OAL 


ey sera Oy sn We ee CacB 
vate 2 yy} 2 2 2 
= R?+ 16R? sin a sin z — 8R?2 sin 7 sin 7 GOs 5 


OP _ . _ PB acd, 
pr = 1+ 16sin 3g Sin 3 
— Ss oa ee c a 
sin 5 5 5 Os 7 Tsin | sin | 
=1-8sin F sin $ (cos 5 C oe a 
= sin 5 sin 3 os 5 cos 97 sing sin =) 
=] 8 1 B nf eos PTL 
=]- sin 5 § 5 9 
be DR, ke Ye ft 
=1-8sin> sin 5 Sin > CAT O90 )eciosnets: (1). 
_ te 5 ae Cs A 
Ae OT =Ry/1—8sin 2 sin sind. 


Also (1) may be written 


= A. B.C 
OP?=R i AR sin 5 sin = sin > 
= fh? —2Rr. (Art. 204, Cor.) 


In a similar manner it may be shewn that, if J, be the 
centre of the escribed circle opposite the angle A, we shall 


have 
. A B C 
01,= Ry/1+8sin4 cos cos S, 


and hence Ol? = F?+2Rr,. (Art. 207. Cor.) 
| 16—2 
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218. Bisectors of the angles. 
If AD bisect the angle A and 


_ divide the base into portions x and A 
y, we have, by Kuc. VI. 3, 
2 AB c¢ 
y AC b 
e ylety_ 4 ay 5 ee 
c b b+c b+e ; 


giving # and y, 
Also, if 6 be the length of AD and @ the angle it 
makes with BC, we have 


AABD+ AACD=AABC. 


j ree. es ree. Cee eee 
5 oosin F +5 O06 sin 5 = 5 bcsin A, 


2 
be sn A 2be A 
apical = 9 
1.6. 6 pe a hae ee (2) 
sin — 
2 
Also g=180°-0-4=-A+B-4=4%* (3). 


We thus have the length of the bisector and its 
inclination to BC. 


EXAMPLES. XXXVII. 
If I, I,, I,, and I, be respectively the centres of the incircle and the 


three escribed circles of a triangle 4BC, prove that 


1, Al=r cose 5 


9, IA.IB. IC=abe tan 4 ian 5 tan S. 


3. Al,=7; cosec : 


A 
9° 4, II,=asec 5° 
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5, JpI,=a cosec a 6. Ii,.1I,.11,=16R?r. 
B 
7. 1,1°=4R (ro+13). 8. 41,0,1,= 5 . : 


A B C- abe 
C A i 2 —_ — _—-= _, 
10, Area of Al,I,I,= 8h? cos 5 cos 5 cos a= op 


1], Pavel Ua Ish _ Us- Lh 
: sin A sin B sinC ~ 


If I, O, and P be respectively the incentre, circumcentre, and ortho- 
centre, and G the centroid of the triangle ABC, prove that 


12, I0*=R? (8-2 cos A -2 cos B-2 cos C). 


13, JP?=27r?-4R* cos A cos B cos C. 


ol 
14, 0G2=BP- 5 (a+ +e). 


15. Area of AIOP=2R? sin aa sin — Aires ~ 


16. Areaof AIPG =" RYsin >“ sin — jae =. 


17, Prove that the distance of the centre of the nine-point circle from 


the angle 4 is . ./1+8 cos A sin B sin C. 


18, DES is the pedal triangle of ABC; prove that 
(1) its area is 2S cos dA cos B cosC, 


Te : ._R 
(2) the radius of its cireumcircle is oe 


and (3) the radius of its incircle is 2R cos A cos B cos C. 


19, 0,0,0, is the triangle formed by the centres of the escribed circles 
of the triangle 4BC; prove that 


C 
(1) its sides are 4R cos S , 4K cos 5 , and 4R cos 3° 
ee 
2° 2°2 2 
and (8) its area is 2Rs. 


(2) its angles are 
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20. DEF is the triangle formed by joining the points of contact of 
the incircle with the sides of the triangle ABC; prove that 


hae B 
(1) its sides are 27 cos as 27 cos —, and 27° cos a 


a” 2’ 2 
: cr A wr B r C 
(2) its angles are 5-55 5 - q ands - 9 
: . 28 . ler 
and {(3) its area is ee Le. 5 58: 


21. D, E, and F are the middle points of the sides of the triangle 
ABC; prove that the centroid of the triangle DEF is the same as that of 
ABC and that its orthocentre is the circumcentre of ABC. 


In any triangle ABC, prove that 

292.. The perpendicular from A divides BC into portions which are 
proportional to the cotangent of the adjacent angles, and that it divides 
the angle A into portions whose cosines are inversely proportional to the 
adjacent sides. 


23. The median through A divides it into angles whose cotangents 
are 2 cot A+cot C and 2 cot A+cotB, and makes with the base an angle 


whose cotangent is ; (cot C—cot B). 


94, The distance between the middle point of BC and the foot of the 
b2 mL C2 


2a 
95. O is the orthocentre of a triangle dBC; prove that the radii of 


the circles circumscribing the triangles BOC, COA, AOB and ABC are 
all equal. 


perpendicular from A is 


26. AD, BE and CF are the perpendiculars from the angular points 
of a triangle ABC upon the opposite sides; prove that the diameters of 
the circumcircles of the triangles AFF, BDF and CDE are respectively 
acot A, b cot B, and c cot C, and that the perimeters of the triangles DEF 
and ABC are in the ratior: R. 


97, Prove that the product of the distances of the incentre from the 
angular points of a triangle is 4R7r?. 


98, The triangle DEF circumscribes the three escribed circles of the 
triangle ABC; prove that 
EF FD _ DE 
acos dA bcosB ccosC’ 
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99, If a circle be drawn touching the inscribed and circumscribed 
circles of a triangle and the side BC externally, prove that its radius is 


A, 4 

- tan 9 . 

30. If a, b,c be the radii of three circles which touch one another 

externally and 7, and r, be the radii of the two circles that can be drawn 
to touch these three, prove that 


1 1 


2 2 2 
=a Hote. 
"1 ™% a b C¢ 

31. If A, be the area of the triangle formed by joining the points of 
contact of the inscribed circle with the sides of the given triangle, whose 
area is A, and A,, A,, and A, the corresponding areas for the escribed 


circles, prove that 
A, + A+ As = Ay=2A. 


32, If the bisectors of the angles of a triangle ABC meet the opposite 
sides in A’, B’, and QO’, prove that the ratio of the areas of the triangles 
A'B'C’ and ABC is 
A-B B-C C-A 


oan ee in adeba co cos 
9 Bg SINS F ar) “37° 


33. Through the angular points of a triangle are drawn straight 
lines which make the same angle a with the opposite sides of the triangle; 
prove that the area of the triangle formed by them is to the area of the 
original triangle as 4cos?a: 1. 


34. Two circles, of radii a and b, cut each other at an angle @. 
Prove that the length of the common chord is 
2absind | 
Ja? +02 + 2ab cos 0 
35, Three equal circles touch one another; find the radius of the 
circle which touches all three. 


36, Three circles whose radii are a, b and c touch one another and 
the tangents at their points of contact meet in a point; prove that the 
distance of this point from either of their points of contact is 


( abe \; 
atb+e} * 
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37. In thesides BC, CA, AB are taken three points A’, B’, C’ such that 
BA’: A'C=CB’': BA=AC’: C’B=m:n; 
prove that if 4A’, BB’, and CC’ be joined they will form by their inter- 
sections a triangle whose area is to that of the triangle ABC as 


(m—n)?: m+mn+n. 


388, The circle inscribed in the triangle ABC touches the sides BC, 
CA, and AB in the points 4,, B,, and C, respectively; similarly the 
circle inscribed in the triangle 4,B,C, touches the sides in 4,, B,, C, 
respectively and so on; if A,B,C, be the nth triangle so formed, prove 
that its angles are 


Te(_ay-n( 47). =1¢_9)-a( p_™ 
pe(-2y-*(4-2), $4(-2)-*(B- 3), 
Tip_ayn(o_™ 

and +(~2) (¢ 7) 
Hence prove that the triangle so formed is ultimately equilateral. 

39. A,B,C, is the triangle formed by joining the feet of the perpen- 
diculars drawn from ABC upon the opposite sides; in like manner 
A,B,C, is the triangle obtained by joining the feet of the perpendiculars 


from A,, B,, and C, on the opposite sides and so on. Find the values of 
the angles A,,, B,, and C, in the nth of these triangles. 


CHAPTER XVI. 
ON QUADRILATERALS AND REGULAR POLYGONS. 


219. To find the area of a quadrilateral which 18 
anscribable in a circle. — 

Let ABCD be the quadrilateral, the sides being a, 8, ¢ 
and @ as marked in the figure. 

The area of the quadrilateral 


=area of AA BC+area of AADC 

=4absin B +hed sin D (Art. 198.) 

=4(ab+ cd)sin B, 

since, by Hue. III. 22, 
ZB=180° — 2D, 

and fherstok | 


sin B= sin J. 


We have to express sin B in 
terms of the sides. 


We have 
a? + 6? —2ab cos B= AC? =c? + d? — 2cd cos D. 
But cos D = cos (180° — B) = — cos B. 
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Hence | 
a? + b?— 2ab cos B=c? + d? + 2cd cos B, 
; _8+0-8— da? 

so that cos B= F(ahaecd) 


Hence 
. ‘ (2+b-—e— dy 
2 =ji—_— a =| —.—_ 
sin? B=1—cos? B=1 9 Cie od) 


{2 (ab + cd)? — fa? + b? — c? — a?}* 


= 4 (ab + cd) 

_ {2 (ab +ed)+(W@+?—c—d?)} {2(ab + ed) —(@2+0?—8—ad?)} 
4 (ab + cd)? 

_ {(@+2ab+b?)—(c?— 2d +d?) {(c? + 2cd+d?) —(a?+b?—2ab)}| 
4 (ab + cd? 


4 (ab + cd)? 
_{atb+e-d)(atb—c+d) (c+d+a-l(o+d—a+ b)} 
4 (ab + cd? 
Let 
a+b+c+d=2s, 
so that 
a+b+c—d=(a+b+c+d)—2d=2(s—d), 
a+b—c+d=2(s—c), 
a—b+c+d=2(s—D), 
and —a+b+c+d=2(s—a). 


Hence ‘ 

op 2(s—d) x 2(s —c) x 2(s—b) x 2(s—a) 

ae VCD, 
so that 


(ab +cd) sin B = 2 V(s —a) (s— b) (s—c) (s— a). 
Hence the area of the quadrilateral 
=+(ab+cd) sin B=*(s —a)(s —b) (s—c)(s — d). 
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ae a b? —@— qd? 

2(ab+ecd) ’ 
we have AC? =a? +b? — 2ab cos B 
e+P-C—-& 

ab + cd 

_ (a? + 0) cd + ab (c? + a*) 
a ab + cd 


_ (ac + bd) (ad + bc) 
- ab + cd 


220. Since cos B= 


=a + b> ~ ab 


Sunilarly it could be proved that 


_ (ab + ed) (ac + bd) 


BD» ad + be 


It follows by multiplication that 
AC?. BD? = (ac + bd), 
1.0, AC.BD=AB.CD+BC.AD. 
This is Euc. vi. Prop. D. 


221. If we have any quadrilateral, not necessarily 
inscribable in a circle, we can express its area in terms of 
its sides and the sum of any two opposite angles. 

For let the sum of the two angles B and D be denoted 
by 2a, and denote the area of the 
quadrilateral by A. 

Then 


A= area of ABC + area of ACD 
=4absinB+4cdsin D, 


so that 


A, 


B 


4A = 2ab sin B + 2cd sin D...(1). 
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Also a?+0?—2abeos B=? +d? — 2cd cos D, 
so that 


a? + b? — c? — d? = 2ab cos B— 2cd cos D...... (2). 
Squaring (1) and (2) and adding, we have 
16A? + (a? +b? —e& — a?) = 4070? + 40°? 
— 8abcd (cos B cos D—sin B sin D) 
= 4.a7b? + 4c?d? — 8abcd cos (B + D) 
= 4a*b? + 4c%d? — 8abcd cos 2a 
= 4a7b? + 4c?d? — 8abed (2 cos? a — 1) 


=4(ab+cd) — 16abcd cos? a, 
so that 


16A? = 4 (ab 4+ cd)? — (a? + b? — c? — d?)?— 16abcd cos? a 


But, as in Art. 219, we have 
4 (ab + cd)? — (a? + 0? —c? — a?) 
—~2(s—a).2(s—b).2(s—c).2(s—d) 
=16(s—a)(s—b)(s—c)(s—d). 
Hence (3) becomes 
A?=(s —a)(s —b)(s —c)(s —d) — abcd cos? a, 
giving the required area. 
Cor. 1. lf d be zero the quadrilateral becomes a 
triangle, and the formula above becomes that of Art. 198, 


Cor, 2. If the sides of the quadrilateral be given in 
length, we know a, 0, c, d and therefore s. The area A is 
hence greatest when abcd cos® a is least, that is when cos? « 
is zero, and then a=90°. In this case the sum of two 
opposite angles of the quadrilateral is 180° and the figure 
inscribable in a circle. (Hue. II. 22.) 
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The quadrilateral, whose sides are given, has therefore 
the greatest area when it can be inscribed in a circle. 


222. Ex. Find the area of a quadrilateral which can have a cirele 
inscribed in it. 

If the quadrilateral 4 BCD can have a circle inscribed in it so as to 
touch the sides AB, BC, CD, and DA in the points P, Q, R, and S, we 
should have 

AP=AS, BP=BQ, CQ=CR, and DR=DS. 


. AP+BP+CR+DR=AS+BQ+CQ+DS, 


7.é. AB+CD=BC+DA, 
1.é. at+e=b-+d. 
Hence paste ea tebe. 


. s-a=c, s—b=d, s—c=a, and s—d=b. 
The formula of the last article therefore gives in this case 
A?= abcd — abed cos? a=abcd sin? a, 
i.e. the area required = ,/abcd sin a. 
If in addition the quadrilateral be also inscribable in a circle, we have 
2a=180°, so that sina=sin 90°=1. 
Hence the area of a quadrilateral which can be both inscribed in 
a circle and circumscribed about another circle is ,/abed. 


EXAMPLES. XXXVIII. 


1, Find the area of a quadrilateral, which can be inscribed in a circle, 
whose sides are 
(1) 3, 5, 7, and 9 feet ; 


and (2) 7, 10, 5, and 2 feet.. 
2. The sides of a quadrilateral are respectively 3, 4, 5, and 6 feet, and 


the sum of a pair of opposite angles is 120°; prove that the area of the 
quadrilateral is 3,/30 square feet. 


3, The sides of a quadrilateral which can be inscribed in a circle are 
3, 3, 4, and 4 feet; find the radii of the incircle and circumcircle. 
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4, Prove that the area of any quadrilateral is one-half the product of 
the two diagonals and the sine of the angle between them. 


5, Ifa quadrilateral can be inscribed in one circle and circumscribed 


about another circle, prove that its area is af abcd and that the radius of 
the latter circle is 
2,/abed 
atbte+d’ 


6, A quadrilateral ABCD is described about a circle; prove that 


ce gee: Fee Ocean 8, 
AB sin 9g sin g= CD sin 7 NZ: 
7, a, b,c, and d are the sides of a quadrilateral taken in order, and a 
is the angle between the diagonals opposite to b or d; prove that the area 
of the quadrilateral is 


1 
j (a? — b? +c? — d*) tana. 


8, If a, b, c, d be the sides and x and y the diagonals of a quadri- 
lateral, prove that its area is 


di- 


; [4a?y? — (b?+ d?~- a? — ¢?)?]. 


9, Ifa quadrilateral can be inscribed in a circle, prove that the angle 
between its diagonals is 


sin! [2,/(s — a) (s — b) (s —e) (s — d)-+(ac+bd)]. 


If the same quadrilateral can also be circumscribed about a circle, prove 


that this angle is then 
ac — bd 


ac+bd' 


cos! 


10. The sides of a quadrilateral are divided in order in the ratio 
m:n, and a new quadrilateral is formed by joining the points of division ; 
prove that its area is to the area of the original figure as m?+n* to 
(m+n). 


11, If a quadrilateral can be inscribed in a circle, prove that the 
radius of the circle is 


1 Ash (ab + cd) (ac + bd) (ad + bc) 


4 (s — a) (s - b) (s —e) (8-4) © 
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12. If a, b,c, d be the sides of a quadrilateral, taken in order, prove 
that | 


d?= a? + b?+¢? — 2ab cos a — 2be cos B — 2ca cosy, 


where a, 6 and y denote the angles between the sides a and b, b and ¢, 
and cand a respectively. 


223. Regular Polygons. A regular polygon is a 
polygon which has all its sides equal and all its angles 
equal, 

If the polygon have n angles we have, by Kuc. I. 52, 
Cor., n times its angle +4 right angles =twice as many 
right angles as the figure has sides = 2n night angles. 

Hence each angle = ce right angles = ae : 


ye 
2 


radians, 


224. Radi of the inscribed and circumscribing circles 
of a regular polygon. 


Let AB, BC, and CD be three successive sides of the 
polygon, and let n be the A D 
number of its sides. 4 

Bisect the angles ABC ae 
and BCD by the lines BO 
and CO which meet in OQ, 
and draw OL perpendicular 
to BC. | 

It is easily seen that O is the centre of both the 
incircle and the circumcircle of the polygon and that 
BL equals LC. | 

Hence we have OB = OC = R, the radius of the circum- 
circle and OL = 7, the radius of the incircle. 
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The angle BOC is “th of the sum of all the angles 
subtended at O by the sides, 


he. FROG Se dian 
n n 
Hence £BOL=42B00=~. 


If a be a side of the polygon, we have 
a = BO =2BL=2Rsin BOL = 2K sin - 


Again, 
a =2BL =20L tan BOL = 2r tan = 


225. Area of a Regular Polygon. 


The area of the polygon is » times the area of the 
triangle BOC. 
Hence the area of the polygon 


=nx40L.6C=n.0L.BL=n. BL cot LOB. BL 


giving the area in terms of the side. 
Also the area 


=n. OL,BL=n. OL. OL tan BOL = nr tan“ ...(2), 
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Again, the area 
=n.OL.BL=n.O0OBcos LOB. OBsin LOB 


T. TT MN eis 
= nF? cos— sin —- == R?sin— ..... pestis ctanies (3). 
n n 2 n 


226. Ex. The length of each side of a regular dodecagon is 20 feet ; 
find (1) the radius of its inscribed circle, (2) the radius of its circumscribing 
circle, and (3) its area. 

The angle subtended by a side at the centre of the polygon 

360° r 
aa 30°. 

Hence we have 10=r tan 15°= R sin 15°. 


*. r=10cot 15° 
—_ 10 ( 
~ 2—/3 
= 10 (2+,/3) =37°32... feet. 


10 1 8/2 
Also R= a6 =10~x geet (Art. 106) 


=10.,/2 (./3 +1) =10 (./6 +,/2) 
=10 (2°4495...4+1°4142,..) = 38-687... feet. 
Again, the area =12xvrx 10 square feet 
= 1200 (2+,/3)=4478°46... square feet. 


Art. 101) 


EXAMPLES, XXXIX. 


]. Find, correct to ‘01 of an inch, the length of the perimeter of a 
regular decagon which surrounds a circle of radius one foot. 


9 Find to 3 places of decimals the length of the side of a regular 
polygon of 12 sides which is circumscribed to a circle of unit radius. 


3. Find the area of (1) a pentagon, (2) a hexagon, (3) an octagon, 
(4) a decagon and (5) a dodecagon, each being a regular figure of side 
1 foot. : | 


4. Find the difference between the areas of a regular octagon and a 
regular hexagon if the perimeter of each be 24 feet. 


Et 17 
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5, A square, whose side is 2 feet, has its corners cut away so as to 
form a regular octagon ; find its area. 


6. Compare the areas and perimeters of octagons which are respec- 
tively inscribed in and circumscribed to a given circle, and shew that the 
areas of the inscribed hexagon and octagon are nearly as ./27 to ./32. 


7, Prove that the radius of the circle described about a regular 
pentagon is nearly i2ths of the side of the pentagon. 


8. If an equilateral triangle and a regular hexagon have the same 
perimeter, prove that their areas are as 2: 3. 


9, If a regular pentagon and a regular decagon have the same 
perimeter, prove that their areas are as 2: ,/5. 


10. Prove that the sum of the radii of the circles, which are respec- 
tively inscribed in and circumscribed about a regular polygon of n sides, is 


where a is a side of the polygon. 


1l, Of two regular polygons of n sides, one circumscribes and the 
other is inscribed in a given circle. Prove that the three perimeters are in 
the ratio : 


T 7 Tr 
sec —: — cosec —:1, 
nn nN 


and that the areas of the polygons are in the ratio cos? — ee 


12. Given that the area of a polygon of n sides circumscribed about 
a circle ig to the area of the circumscribed polygon of 2n sides as 3: 2, 
find n. 


13. Prove that the area of a regular polygon of 2 sides inscribed in a 
circle is a mean proportional between the areas of the regular inscribed 
and circumscribed polygons of n sides. 


14, The area of a regular polygon of n sides inscribed in acirele is to 
that of the same number of sides circumscribing the same circle as 3 is to. 
4, Find the value of n. 


15. The interior angles of a polygon are in A.pP.; the least angle 
is 120° and the common difference is 5°; find the number of sides. 
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16. There are two regular polygons the number of sides in one being 
double the number in the other, and an angle of one polygon is to an angle 
of the other as 9 to 8; find the number of sides of each polygon. 


17, Show that there are eleven pairs of regular polygons such that 
the number of degrees in the angle of one is to the number in the angle of 
the other as 10:9. Find the number of sides in each. 


18, The side of a base of a square pyramid is a feet and its vertex is 
at a height of h feet above the centre of the base ; if 0 and ¢ be respec- 
tively the inclinations of any face to the base, and of any two faces to one 
another, prove that 


2h db a 
tan 0=—- and tan afi. 


19, A pyramid stands on a regular hexagon as base. The perpendi- 
cular from the vertex of the pyramid on the base passes through the 
centre of the hexagon and its length is equal to that of a side of the base. 
Find the tangent of the angle between the base and any face of the 
pyramid and also of half the angle between any two side faces. 


20. A regular pyramid has for its base a polygon of » sides, each of 
length a, and the length of each slant side is 1; prove that the cosine of 
the angle between two adjacent lateral faces is 

A?? cos zu +a? 
nr 


4]? — q? 


CHAPTER XVII 


TRIGONOMETRICAL RATIOS OF SMALL ANGLES. AREA OF 
A CIRCLE, DIP OF THE HORIZON. 


227. Ir 0 be the number of radians in any angle, 
whach is less than a right angle, then sin 6, 6 and tan @ are 
m ascending order of magnitude. 


Let TOP be any angle which is less than a right 
angle. 

With centre O and any radius OP 
describe an arc PAP’ meeting OT 
in A, 

Draw PN perpendicular to OA 
and produce it to meet the are of the 
circle in P’. 

Draw the tangent PTZ at P to 
meet OA in 7 and join TP’. 

The triangles POW and P’ON are 
equal in all respects, so that PV = NP’ and 


arc PA =are AP’. 


Also the triangles TOP and TOP’ are equal in all 
respects, so that 


TP=TP. 
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The straight line PP’ is less than the arc PAP’, so 
that NP is < are PA. 
We shall assume that the arc PAP’ is less than the 
sum of PZ and TP’, so that are PA < PT. . 
Hence WP, the are AP, and PT are in ascending 
order of magnitude. 
NP are AP PT 


Therefore OP’ OP and Op ae in ascending 


order of magnitude. 


NP 


But OP = sin AOP = sin 6, 
arc AP } . ; 
OP = number of radians in Z AOP = 6 (Art. 21), 
and aos tan POT = tan AOP = tan 0. 


OP 


Hence sin 6, 6, and tan @ are in ascending order of 
magnitude, provided that 


es 
O< 3 5 
228. Since sind<6@< tan 0, we have, by dividing 
each by the positive quantity sin 0, 
1 oO < i 
< sin 0 ~ cos 6" 


1 
Hence oe always lies between 1 and -—_,. 
cos 0 


sin 8 

This holds however small @ may be. 

Now when @ is very small cos @ is very nearly unity, 
and the smaller @ becomes, the more nearly does cos 0 
become unity, and hence the more nearly does ae 
become unity. 
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Hence when @ is very small the quantity —s lies 
between 1 and a quantity which differs from unity by an 
indefinitely small quantity. 


In other words, when @ is made indefinitely small the 


quantity — and therefore _ ,is ultimately equal to 


unity, ie. the smaller an angle becomes the more nearly 
is its sine equal to the number of radians in it. 
This is often shortly expressed thus ; 
sin @ = 6, when @ is very small. 
So also tan 0= 0, when @ is very small. 


Cor. Putting O=—, it follows that, when @ is indefi- 
nitely small, n is indefinitely great. 
sin — 


17 


Hence is unity, when v is indefinitely great. 


n 


So nsin = =a, when v is indefinitely great. 


229. In the preceding article it must be particularly 
noticed that @ is the number of radians in the angle 
considered. 

The value of sina’, when a is small, may be found. 
For, since 7° = 180°, we have 


fo) a \ 
a =(m s55) 

TA\° TO 
180/ 180’ 
by the result of the last article. | 


' sina? = sin ( 
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230. From the tables it will be seen that the sine of 
an angle and its circular measure agree to 7 places of 
decimals so long as the angle is not greater than 18’. 
They agree to the 5th place of decimals so long as the 
angle is less than about 2°. 


231, If @ be the number of radians in an angle, which is less than a 
3 62 
right angle, then sin @ is>0 — y and cos@is>1—-—. 


4 2 
By Art. 227 we have 


t ee 9 
an 5 >: 
oe cos ae 
. sin 9 > 9 0 ° 
; : . 6 6 
Hence, since sin 9=2sin 5 08 5) 
, On ee, 
‘we have sin 0> 6 cos? g) bee > a( — sin? 5) ‘ 
But since, by Art. 227, 
. 6 8 
sin 9 ipa 
6 A\2 @? 
: sae eee ek ; maa 
therefore 1 —sin 571 (5) , te. >1 z° 
: e\ 8 
*. sin d>6 (3 - 7) 1.6. ce 
Again, cos @=1-2 sin? ; : 
' ie 6\? 
therefore, since sin?~<(.~]}, 
2 2 
0 6\2 g2 
~Asin?_->1-2(—).¢ a ee 
we have 1-—2 sin g> 1 2(5) ste. >1 a° 
It will be found in a later chapter that 
P 63 0 6? 
sind>0——, and cos@<1 ce + 54° 


932. Ex.1. Find the values of sin 10’ and cos 10’. 


; le qr° 
PES coey adie 
Since 10 =6 = Te0x6? 
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SiGe tess) Se 
we have sin 10’=sin (sso 4 180 x 6 
3°14159265... 
=e 0029089 nearly. 
Also cos 10’= Jl — sin? 10’ 


=[1 — -000008468...]4 
= ; [000008468...], 


approximately by the Binomial Theorem, 
=1—- -000004284... 


= "9999958... 
Ex. 2. Solve approximately the equation 
sin @='52. 
Since sin 6 is very nearly equal to - 6 must be nearly equal to 5 : 
Let then @ = gre where x is small. | 


*, ‘5}2=sin arte =—sin ~ cos x-+cos sing 
: a 6 ~ 6 6 


1 /3 . 
= 008 @ + “5 sin x. 


Since x is very small, we have 
cos <=1 and sin x=- nearly. 


diesels 


* a='02x = radians = v3 = 1:32° nearly. 


NA 75 
Hence 6=31° 19’ nearly. 


EXAMPLES. XL. 


Taking mr equal to 3:14159265, find to 5 places of decimals the 
value of 


1, sin 7’. 9, sin 15”. 3. gsinl’. 


4, cos 15’. 5. cosec 8”, 6, secd’. 
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Solve approximately the equations 
7, sin@=0l. 8, sin @=°48. 


9. cos @ a 9) = ‘49, 10. cos @=:999. 


ll. Find approximately the distance at which a halfpenny, which is 
an inch in diameter, must be placed so as to just hide the moon, the 
angular diameter of the moon, that is the angle its diameter subtends at 
the observer’s eye, being taken to be 30’. 


12. A person walks in a straight line toward a very distant object and 
observes that at three points 4, B, and C the angles of elevation of the 
top of the object are a, 2a, and 3a respectively ; prove that 


AB=3BC nearly. 


13, If @ be the number of radians in an angle which is less than 


a right angle, prove that 
dis <1 62 64 
cos 01s <1 — z + 16° 


14, Prove the theorem of Euler, viz. that 


e 6 6 0 e 
sin 6=6.cos 5° cos mB ° cos gp ad. inf, 
; 6 8 8 0 0 
s = ° = page 2 J a) vim ris 
| We have sin 6=2 sin 5 GOs 5 2? gin 5p cos re cos 5 
pec Ne Ons dO, 
=—2 SIN 55 cos 33 cos oy cos » 
= 2" sin “ xX COs g cos is cos di Cos ua 
— gn 2 s 92 e 93 een eee Qn e 


Make 7 indefinitely great so that, by Art. 228 Cor., 


2" sin pa a Pe 
, 7] 6 6 i 
Hence sin 6=6.cos 5 + 08 op COS Fyeseeee ad inf, | 


15, Prove that 


(3 — tan? 5) (1 — tan? 5, | (a — tan? >) ore ad inf. 


=4.coté. 
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233. Area ofa circle. 
By Art. 225 the area of a regular polygon of n sides, 
which is inscribed in a circle of radius R, is 


hp, oA 
5 He? sin a 


Let now the number of sides of this polygon be inde- 
finitely increased, the polygon always remaining regular. 

It is clear that the perimeter of the polygon must more 
and more approximate to the circumference of the circle. 

Hence, when the number of sides of the polygon is 
infinitely great, the area of the circle must be the same as 
that of the polygon. 


2ar 7 
n 27 7 Qe aa’ 
ise 2 Rae es y Sea aca = 2 
Now 5h sin 5 ft - Tir awh? . in 
n n 
9 
ner 7) pea a where 0=—. 
6g n 
When n is made infinitely great the value of @ becomes 
infinitely small and then, by Art. 228, = gre 


The area of the circle therefore = rR?=7 times the 
square of its radius. 


234. Area of the sector of a circle. 
Let O be the centre of a circle, AB the bounding arc 
of the sector, and let 2 AOB =a radians. 
By Euc. vi. 33, since sectors are to one another as the 
arcs on which they stand, we have 
area of sector AOB_— arc AB 
area of whole circle circumference 
_ fa _ a 
~ Qar Ro Qar° 
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‘, area of sector AOB = - x area of whole circle 


ss, ae 
=5. x 7h 


EXAMPLES. XLI. 


1, Find the area of a circle whose circumference is 74 feet. 


2. The diameter of a circle is 10 feet; find the area of a sector whose 
arc is 224°. 


3. The area of a certain sector of a circle is 10 square feet; if the 
radius of the circle be 3 feet, find the angle of the sector. 


4, The perimeter of a certain sector of a circle is 10 feet; if the 
radius of the circle be 3 feet, find the area of the sector. 


5, <A strip of paper two miles long and -003 of an inch thick is rolled 
up into a solid cylinder ; find approximately the radius of the circular ends 
of the cylinder. 


6. A strip of paper, one mile long, is rolled tightly up into a solid 
cylinder, the diameter of whose circular ends is 6 inches; find the thick- 
ness of the paper. 


7, Given two concentric circles of radii 7 and 27; two parallel 
tangents to the inner circle cut off an are from the outer circle; find its 
length, 


8, The circumference of a semicircle is divided into two ares such 
that the chord of one is double that of the other. Prove that the sum of 
the areas of the two segments cut off by these chords is to the area of the 
semicircle as 27 is to 55. 

22 
[=] 


9, If each of 3 circles, of radius a, touch the other two, prove that 


: ; 4 
the area included between them is nearly equal to 55 ai 
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10. Six equal circles, each of radius a, are placed so that each 
touches two others, their centres being all on the circumference of 
another circle; prove that the area which they enclose is 


2a? (3/3 — 7). 
11, From the vertex A of a triangle a straight line AD is drawn 
making an angle @ with the base and meeting it at D. Prove that the 


area common to the circumscribing circles of the triangles ABD and 
ACD is 


i (b?y + c28 — be sin A) cosec? 4, 


where 8 and y are the number of radians in the angles B and C' respec- 
tively. 


235. Dip of the Horizon. 


Let O bea point at a distance 4 above the earth's 
surface. Draw tangents, such as OT 
and OT’, to the surface of the earth. 
The ends of all these tangents all 
clearly lie on a circle. This circle is 
called the Offing or Visible Horizon. 
The angle that each of these tangents 
OT makes with a horizontal plane POQ 
is called the Dip of the Horizon. 

Let r be the radius of the earth 
and let B be the other end of the diameter through A. 

We then have, by EKuc. IIr. 36, 


OT? =O0A.OB=h(2r +h), 
so that OT = Vh (2r +h). 


This gives an accurate value for OT. 

In all practical cases, however, h is very small com- 
pared with 7. 

[r=4000 miles nearly and A is never greater, and 
generally is very considerably less, than 5 miles. ] 


B 
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Hence h? is very small compared with hr. 
As a close approximation we have then 


OT =V2hr. 
The dip =ZTOQ 
—=90° —~2 COT =z OCT. 
OT %/2hr Me 
Also tan OCL= 7 = ae 


so that, very approximately, we have the angle 


OCT =/ = radians 


_ (\/% =) _ [180 x 60 x 60 ge ‘ 
r ow] 7 ri 
236. Ex. Taking the radius of the earth as 4000 miles, find the dip 
at the top of a lighthouse which ts 264 feet above the sea and the distance 


of the offing. 


Here r= 4000 miles, and h= 264 feet =55 mile. 


Hence h is very small compared with 7, so that 


OT= ds = x 4000 = x/400 =20 miles, 


10 
Also the dip = ei “ radians = radian 
1 180x60\’ /54\’ were 
= (560 x Sete ) a (=) =17’11" nearly. 


EXAMPLES. XLII. 


1, Find in degrees, minutes, and seconds the dip of the horizon from 
the top of a mountain 4400 feet high, the earth’s radius being 21 x 10° 
feet. 


9. The lamp of a lighthouse is 196 feet high ; how far off can it be 
seen ? 
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3, If the radius of the earth be 4000 miles, find the height of a 
balloon when the dip is 1°. 
Find also the dip when the balloon is 2 miles high. 


4. Prove that, if the height of the place of observation be n feet, the 


distance that the observer can see is N > miles nearly. 


5, There are 10 million metres in a quadrant of the earth’s circum- 
ference. Find approximately the distance at which the top of the Hiffel 
tower should be visible, its height being 300 metres. 


6, Three vertical posts are placed at intervals of a mile along a straight 
canal each rising to the same height above the surface of the water. The 
visual line joining the tops of the two extreme posts cuts the middle post 
at a point 8 inches below its top. Find the radius of the earth to the 
nearest mile. 


CHAPTER XVIII 
INVERSE CIRCULAR FUNCTIONS. 


237. IF sin@=a, where a is a known quantity, we 
know from Art. 82, that @ is not definitely known. We 
only know that @ is some one of a definite series of 
angles. 

The symbol “sina” is used to denote the smallest 
angle, whether positive or negative, that has a for its sine. 

The symbol “sin-+a” is read in words as “sine minus 


3 


Seyeteeadt I 
one a,” and must be carefully distinguished from a 


which would be written, if so desired, in the form (sin a). 

It will therefore be carefully noted that “sina” is an 
angle and denotes the smallest numerical angle whose 
sine 1s @. 7 

So “costa” means the smallest numerical angle 
whose cosine is a. Similarly “tana,” “cota,” “co- 
sec! a,” “seca,” “vers a,’ and “covers a,’ are defined. 

Hence sin-'a and tana (and therefore cosec a and 
cot a) always lie between — 90° and + 90°. 

But cosa (and therefore seca) always lies between 
0° and 180°. 


7) 
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238. The quantities sma, cosa, tan ‘a,... are 
called Inverse Circular Functions. 

The symbol sina is often, especially in foreign 
mathematical books, written as “arc sina”; similarly 
cosa is written “are cos a,” and so for the other inverse 
ratios. | 


239. When a is positive, sin— a clearly lies between 
0° and 90°; when a is negative it lies between — 90° and 
0°. 


Ex. sin-1 = 30°; sin-! — v ges — 60°. 


When a is positive, there are two angles, one lying 
between 0° and 90° and the other lying between — 90° 
and 0°, each of which has its cosine equal to a. [For 
example both 30° and —30° have their cosine equal to 


- .| In this case we take the smallest positive angle. - 


Hence cosa, when a is positive, lies between 0° and 90°. 
So cosa, when a@ 1s negative, lies between 90° and 
180°. 


Ex. cos} 55 = 45°; cos~} ( - 5) = 120°. 


When a is positive, the angle tana lies between 0° 

and 90°; when a is negative, it lies between — 90° and 0°. 
Ex. tan-!,/3=60°; tan71(-—1)= -— 46°. 

: 3 12 16 

‘ <li = 1 TS ef —-1 

940, Ex.1. Prove that sin 5 C08 ip 65 


3 
Let sin7! B= 80 that sin ane, 


and therefore cos a= es 1 2 = : ; 


INVERSE CIRCULAR FUNCTIONS. 


12 12 
-~] ee Meee 
| Let COs 137 so that cos B= 13? 
: 144 5 
and therefore sin B= a 1- 169 ~ 13° 
ical ; 16 
=. Soka ae 
Let sin“ 52=, 80 that siny = 65° 
We have then to prove that 
a-B=y, 
i.e. to shew that sin (a — 8)=sin y. 
Now sin (a - 8)=sin a cos B —- cosa sin B 


812 4 5 36-20 16 


“5°13 5°13” 65 ~ 65 


Hence the relation is proved. 


1 T 
= Oo = ee 
Ex. 2. Prove that 2 tan 3 tian eae 
1 1 
Let tan~'5=a4, so that tan a= 5: 
: 1 1 
and let tan™ 7=B, so that tan B=7. 
We have then to shew that 
2a+B=F- 
2tana 
Now tan 2a=7 Fa 
2 
_ 8 6.8 
~~ 8 4° 
Pio 
9 ‘ 
_ tan 2a+ tan B 
eke tata 8) (an Ou tan 
31 
_ 477 M4 25 yt 
rr ee caer? 
4°77 
oe 2a+ B= 5 


—~=siny. 


273 


18 
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Ex. 83. Prove that 


63 ee 3 
~1 Sr ea oe ad 
cos e5t? tan Ra oIN™ =. 
63 63 
Se one 
Let | cos ame so that cosa = BE 
632/652-6382 16 
ad f = / - — = >. 
and therefore sin a 1 65 BE BE 
Let tan? = B, so that tan B= - 
and therefore (as in Art. 32), 
. 1 5 
sin B= 196 and cos B = a6 
digo 3 
Also let sin7} B= 80 that sin Y=5: 
We have then to prove that 
a+2B=y¥. 
Now sin (a +2) =sin a cos 28 + cos a sin 28 


16 : 63 
= Ge X (cos’ 8 — sin? 8) + GX 2 sin 6 cos 8 


16 25—1 63 2x1x5d 
=" (“ae ) 6 * 36 
_16x24+63x10 1014 xi OOS 8 508 8 ain 
i 65 x 26 ~ 65x26 65x26 65 #5 ° 


Hence a+28=7, so that the relation is proved. 


Ex. 4. Prove that 


1 1 T 
=) 2. Faye) ae 
me F tan 539-2" 
1 1 
Let tan“ 3= a, so that tana= 5° 
2 
2 tana 5 5 
Then tan 2 =7 tan?a = 7 112” 
25 
10 
12 120 
and tan 4a= 55° = Tio? 
144 


so that tan 4a is nearly unity and 4a therefore nearly t 
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Let 4a =F +tan! x. 
_ 120 _ T me eRe es 
- i197 tan (G + tan x) = to (Art. 100). 
_ 1 
~ 939 
. 1 1 T 
De een Pan end ee 
Hence 4 tan F tan 939 = 7 
Ex. 5. Prove that 
_, a+b 
tana+tan-1b=tan71 . 
l—ab 
Let tan-la=a, so that tana=a. 
Let tan-1b=B, so that tanB=d. 
ap {a+b \_ _ a+b 
Also let tan (; = 3) =, so that tany= Tage 


We have then to prove that 
a+B=y. 


tana+tanB a+b 


Now Ge) =| yanetne Tab 


=tan y, 
so that the relation is proved. 
The above relation is merely the formula 


tan # + tan y 


tan (a+ 9)= 7 Fan etany’ 


expressed in inverse notation. 


For put tanz=a, so that s=tana, 
and tany=b, so that y=tan!b. 
a+b 
Then tan (7+ y)= ia 
; gt 
. e+y=stan tn as° 
; - _, a+b 
1.€. tan“la+tan-'b=tan : 
1~—ab 


18—2 
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In the above we have tacitly assumed that ab <1, so that = + is posi- 


a+b 
l—ab 
a+b 
1 —ab 


lies between 0° and 90°. 


tive, and therefore tan7! 


and therefore according to our defini- 


If however ab be>1, then 


; Ds , 3 = 
tion tan=} = is a negative angle. Here y is therefore a negative angle 


and, since tan (r+-y)=tan y, the formula should be 


a+b 


tan—! a+tan71b=7+ tan} : 
l—ab 


Ex. 6. Solve the equation 
1 —1 
tan-1 2 = + tan 2 =tan- (-7). 
x-1 ¢ 


Here we have 
a+B=y, 


where a=tan2t : and hence tan gee. 
x—1 z—1 
p=tan-1 #— 1 nd hence ane = 
x | x 
and +y=tan~!(—7) and hence tan y= — 7. 
Since tan (a+8)=tan y, 
tanat+tan 6 _ 7 
‘1-tanatanB  ”’ 
+1 «£-1 
: x-—1 x 
ase za+lax-l wel 
toe 
Le ae 
: Qx2-a+1 7 
Ee l-x pean J 
so that = 2: 


This value makes the left-hand side of the given equation positive, so 
that there is no value of x strictly satisfying the given equation. 
The value «=2 is a solution of the equation 


aaa Se tae 
x-1 


tan! =m -+- tan! (- 7). 


if 
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EXAMPLES. XLIII. 


Prove that 


1. 


bo 


gsin-1 i. sin! ce sin71 a : 
5 17 85 


sin71 = + sin! as =cos!{ — 208 , 
13 25 325 
27 


12 33 
cos! ; +tan-! >= tan — 4, cos} 7 + cog~1-—=cos7} 65° 


lil’ 5 13 


cos! #=2 sin7! -——- = 2 cos! a 


3 
2 cos7! ——— + cot! + ~cos-!l~= 


J13 


tan71 ; +. TE =sin-—! as + cot! 3=45°, 


3 5 


tan7! ++ tan} <= tan ; : 9, tan : = ; tan71—. 


= -—12 pa 
tan (+ tan 9 a ca 5° 


=m —1 ae — 
2 tan gttan qt tan ae 


3 3 8 T 
—1“: -1~ _ - 4% 
tan at tan F tan i974" 


1 1 1 1 
—1 —1 —l —j ‘ 
tan-1 — + tan gt tan—!~+tan-t- = 7 


1 1 T 1 
ae —l_ = =: 
3 tan qt ian 504 i985 
1 1 1 
-1 =~ tan7} — = 
4 tan F tan 70 7 tan 99 4 


5 m m-nh 


120 
—l —< W771 _. —1 ie -] 
tan i197 2 sin 13° 17, tan i; tan 


8t- 8 


2t 
tan! ¢ + tan topo tan [o3e’ 


1 


1 3t— t iL. 
Eanes _ -li7 7 oj ae 
t< 7B and=7-+tan (rae if > 5° 
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19, tan FOOD cansiy / GOD) 
: be — ca 


+ tan} ei e(a+b+e)_ 
ab 


b+1 
20, cot! edie + cot bet + cot! cat =—0, 
. a—-b b-—c C—-a 


21, tan~1n+cot-! (n+1)=tan-! (n?+n+1). 


99,, GOs (2 tan} 7) =sin (4 tan-! 3) : 


93, 2tan! [ tan (45° —a) tan 4 — eos-! tan 2a + cos B 


T+ ian 2ac0s8 


24, tan~!x=2 tan [cosec tan! x — tan cot 2]. 


25, 2tan-} | tan 5 tan (F - 5) |= tan-1 _sin.a cos 8 


sin sin B+ cosa + cosa 
26, Shew that 


a—b 
27, If cost = rag cos! fa, prove that 
2 OF 2 
a p00 osa+% =sin®a, 
Solve 
Cee i eae 
98, tan-} Vi¢e— JI- 8 
J1+a2+/1-2 
es = —1 z+1o 7 
. tan-12¢+tan-18¢=" . Ae = =e 
29 Gr Van Ob = 7 30, tan pop t tan mend 


31, tan7! (7@+1)+ cot! (¢ -1)=sin— : + cos! : : 


8 


32, tan7! x#+tan—! (2 —1)=tan-! — 31° 


33. 2tan~!(cosx)=tan-! (2 cosec x). 
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34, tan! +2cot-lz = Sr. 35, tan cos! 2=sin cot-! ; ; 


36. cot x —- cot! (%+2)=15°. 


xv? ~I 22 = 2r 
=] mL — 
87. cos 5-5 +tan 5 =a. 


38, cota +cot—! (n?- 2+1)=cot— (n—-1). 


39, sin-!a2+sin7!2¢= see 40, sin7! am sin-! oe are 
3 x zc 2 


4.1, tan} = +tan7} 7 + tan . + ian mus ; 
x x £ zx @Q 


Xv x 
42, sec! i. sec71 57 sec! b ~— see7la, 


43, cosec™1#=cosec™! a+ cosec db. 


-a 1-8 
— cos} -—__.. 


-ly»— —1 
44, 2tan-!2=cos ice 1a 


CHAPTER XIX. 
ON SOME SIMPLE TRIGONOMETRICAL SERIES. 


241. To find the swm of the sines of a series of angles, 
the angles being in arithmetical progression. 
Let the angles be 


a@at+B,a+2£8,...... {a+ (n—1) Bh. 
Let 
S=sina+sin(a+f)+sin(a+2@)...+sin {a+(n—1) Bl. 
By Art. 97 we have 


2 sina sin § =c0s (a — 5) — cos (a +8), 


2 9 
2sin (a +8)sin§ = cos (a +8) —cos (a +22), 
2sin (a+28)sin 5 = cos (a +E) — cos (« ee), 


@eeeeoevoeveevnesveeeoeeveeeeeveeesseeeeeoeceosnenseeeveevetceeveeeesees evenness 


2 sin {a-+(n—2)8} sin& =cos {a+ (n—#)8}—cos fat+(n—$) BI, 

and 

2sin {a-+(n—1)8}sin& =cos{a+(n—32)8}—cos{a+(n—4) 8A}. 
By adding together these n lines, we have 


2sin§ .S= cos (a - §) — cos {a +(n —4) BI, 


SIMPLE TRIGONOMETRICAL SERIES. 281 


the other terms on the right-hand sides cancelling one 
another. 
Hence, by Art. 94, we have 


rs S=2sin ja f (“S) e} sin 2B 


2° 2 
sin ja+ (F5-) 8} ny 


sin — 


2.€. sS= 


2 
Ex. By putting @=2a, we have 
sin a+sin 8a+sin 5a+...+sin (2n-1)a 


_sinjat+(n-I)a}sinna  sin?na 


sin a | sina ° 


942. To find the sum of the cosines of a series of 
angles, the angles being in arithmetical progression. 


Let the angles be 


a,a+P,a+28,...a+(n—-1)8. 
Let 


S= cosa + cos (a+) + cos(a+28)+...+cos{a+(n—1)B}. 
By Art. 97, we have 


eee OY... 23 p 
2cos asin =sin(a +4 )—sin(a — 5), 


| 2 cos (a+ 8) sin § =sin(a + 3) ~sin (a +5), 


2 2 2 
2 cos (a + 28) sin = sin (a -- °F) — sin (2 + *) 5 


eeeorteoeepeteeeavpeeseevoespeeeevreeeeze veep seve seeeeetbeeseeeve severe es teeevs & 


2cos {a+(n—2) 8} sin =sin fat+(n—2)6}—sin {a+(n—8)B}, 
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and 


2cos{a+(n—1)B} sin =sin {a-+(n—4)8}—sin (a-+(n—§) 8} 
By adding together these n lines, we have 
2S x sin = sin fa+(n—4) 6} —sin la -5t. 


the other terms on the right-hand sides cancelling one 


another. 
Hence, by Art. 94, we have 


, oe oa nal ts np 
28 x sin 5 = 2 cos a + —5— Br sin > 
cos a+ n—1I B} sin 28 
: : 2 2 
v.é. So  , 
sins 


243. Both the expressions for S in Arts, 241 and 242 


vanish when sin ne is zero, 1.e@ when - is equal to any 
multiple of 7, 

2.¢@ when “e = pT, 

where p is any integer, 

1.e when B=p.—. 


Hence the sum of the sines (or cosines) of n angles, 
which are in arithmetical progression, vanishes when 
the common difference of the angles is any multiple 


eee 
n 


Qe Aor 
EXxs. COS a+ COs rs + C08 a aes +... ton terms=0, 
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. ; Ar . Sr 
and sina+sin Cs +sin oe +... ton terms=0. 


944, Ex.1. Find the sum of 
sina — sin (a+) +sin (a+ 28) —.,. to n terms. 
We have, by Art. 73, 
- gin (a+8+7)= —sin (a+), 
sin (a +28 + 27) =sin (a+ 28), 
sin (a +36 +3) = — sin (a +38), 


Ce 


Hence the series 
=sina+sin (a+6+7)+sin {a+2(8+7)} 


+sin {a+3(B+a)t+... 
: n-I . n(B+r7) 
sin a+ —5— (B+ 7) sin ——5— 
ons DY Art, 241, 
anh 
2 
sin jet +n) sin EE) 
7 9 ! D 
= 7 ; 
COs 5 


Ex. 2. find the sum of the series 
cos? a + cos? 2a + cos® Ba+...... to n terms. 
By Art. 107, we have 
cos 8a =4 cos? a — 3 cosa, 
so that 4 cos® a=3 cos a+cos 3a. 
So 4 cos 2a = 3 cos 2a +c08 6a, 
4 cos? 8a = 3 cos 3a +cos 9a, 


Coe per evaeresessee corer ereeesesesesesee 


Hence, if S be the given series, we have 
48 = (3 cos a+ cos 8a) + (3 cos 2a + cos 6a) + (8 cos 84+ cos 9a) +... 
= 3 (GOS a+ 60S 2a + COS 3a+...) + (cos 3a+ cos 6a+ Cos 9a+...) 


— A ae | . 
COs \« aoe ‘ a sin cos ‘a 5 ee 
+ 


1 
Set Se en Rae? 

- sin ie sin 3a 
2 2 
Uae sin oe wee 

go eS ge 
ee 
sin = sin : 
2 2 


: 3a sin 


COS 
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In a similar manner we can obtain the sum of the cubes of the sines 
of a series of angles in aA.P. 


Cor. Since 
2sin?a=1—cos2a, and 2cos?a=1+ cos 2a, 
we can obtain the sum of the squares. 
Since again 8 sin? a=2 [1 — cos 2a}? 
=2-4 cos 2a+ 2 cos? 2a=3 — 4 cos 2a+4 cos 4a, 
we can obtain the sum of the 4th sone of the sines. Similarly for the 
cosines. 
Ex. 8. Sum to n terms the series 
cosa sin B+ cos 8a sin 28 + cos 5a sin 3864+... to n terms, 


Let S denote the series. 
Then 


29 = {sin (a +) —sin (a — 8)} + {sin (8a + 26) — sin (3a — 28) 
+ {sin (5a +36) — sin (5a —88)} +.. 
= {sin (a+) +sin (3a +28)+sin (5a+38)+...} 
~ {sin (a— 8) +sin (3a — 28) +sin (5a —- 38) +... 


sin a+e)+"5* (2a + A) sin n 2B 


2a—-6 
2 


(a-) ae (2a — p sinn 


, by Art. 241, 
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Ex. 4. A,d,...A, is a regular polygon of n sides inscribed in a circle, 
whose centre is O, and P is any point on the arc A,A, such that the angle 
POA, is 6; find the sum of the lengths of the lines joining P to the angular 
points of the polygon. 

Hach of the angles 4,04,, 4,043,...4,0A4, is a , 80 that the angles 


POA,, POA,,... are respectively 


9 4 
Os ORAM Ca 
n nr 


Hence, if r be the radius of the circle, we have 


PA,=2r sin poe 27 sin 5: 


a» POA, : T 
PA,=2r sin 9 =2rsin (5 +5 


ORO RHO HRT e OEE REE oe HEE OR er Ore ee EHS EHO eEH EF OREO 


Hence the required sum 


. oO , [0 . 0 Qr 
=2r! sin-+sin( ~+- |+siIn(—-+— J-+4+...... to n terms 
2 2 sn ve n 
1 


= 2r cosec . sin E + —- x | 


= 27 cosec wi cos a 2 
id On 9 on) ° 


EXAMPLES. XLIV. 


Sum the series: 
1, cosé+cos36+cos 50+... to n terms. 


2. cos S + cos 24 +008 = 4 ... to nm terms, 


sina+sin 2a+sin 8a+...+sin NA _ san n+1 


3. cos a+cos 2a+...+C0s na = 2 
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sin a+sin 38a+sin 5a+...+sin (2n-1) a 


$e = tan na. 
cos a+ cos 8a+ cos 5a+...+¢08 (Qn-1)a 


cos——— + cos sae +- COS 1OF,. +... ton terms 
: Qn+1 Qn+1 In+1 °° : 


) 
6, cosa—cos (a+f)-+cos (a+ 28) —... to 2n terms. 
7 


sin a —sin (a+ 8)+sin (a+ 28)+... to m terms 
* cosa—cos (a+ )+cos (a+28)+... to n terms 


=tan ors (r+ a) ; 


: . n—-A4 . a 
8. sin@é+ sin = pissin ge ... to m terms. 
n—- 2 n-2 


9. cosx+sin 3x+cos 54+sin 7x+...+sin (4n—1) x. 
10, sinasin 2a-+ sin 2a sin 80+ sin 8a sin 4a+... to m terms. 


1], cos asin 2a+sin 2a cos 8a+ cos 3a sin 4a 
+sin 4a cos 5a+... to 2n terms. 


12. sinasin 3a+sin 2a sin4a+sin 8asin5a+... to n terms. 
18, cos acos 8+ cos 3a cos 28+ cos 5a Cos 36... to n terms, 
14, sin? a+sin?2a+4 sin?3a+... to » terms. 
15, sin? 6+sin? (6+a)+sin? (9+2a)+... to n terms. 
16, sin?a+sin® 2a+sin?3a+.., tom terms. 
17, sinta+sint2a+sint3a+... to n terms. 
18, costa+cost2a+cos* 3a+... to m terms. 
19. cosé@cos 26 cos 36 + cos 26 cos 36 cos 46+... to n terms. 
920. sinasin (a+) —sin (a+) sin (a+28)+... to 2n terms. 
91, From the sum of the series 
sin a+sin 2a+sin 38a+... to n terms, 
deduce (by making a, very small) the sum of the series 
14+24+3+...47. 


99,, From the result of the example of Art. 241 deduce the sum of 
1+3+65... ton terms. 


24 
923. If cas Ey ; 
prove that 2 (cos a+ cos 2a + cos 4a + Cos 5a) 
and 2 (cos 3a-+ cos 5a+cos 6a-+ Cos 7a) 


are the roots of the equation 
a?+e2—-4=0. 
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94, ABCD... is a regular polygon of » sides which is inscribed in a 
circle, whose centre is O and whose radius is 7, and P is any point on the 
arc AB such that POA is @. Prove that 


PA.PB+PA.PC+PA.PD+PB.PC+... 


6 T T 
a, Be ences Sane 
= | 2c0s € jr, )eosee on n . 


95, Two regular polygons, each of n sides, are circumscribed to and 
inscribed in a given circle. If an angular point of one of them be joined 
to each of the angular points of the other then the sum of the squares of 
the straight lines so drawn is to the sum of the areas of the polygons as 

2: sin a 
n 


26. 41, Ao.--A4onp, are the angular points of a regular polygon in- 
scribed in a circle and O is any point on the circumference between 4, 
and A»,1,3 prove that 


OA OAg a HOA GG =OA, OA et OAg, 


27, If perpendiculars be drawn on the sides of a regular polygon of 2 
sides from any point on the inscribed circle whose radius is a, prove that 


2 p\? 2 NPs. 


CHAPTER XxX. 
ELIMINATION, 


245. IT sometimes happens that we have two equa- 
tions each containing one unknown quantity. In this 
case there must clearly be a relation between the 
constants of the equations in order that the same 
value of the unknown quantity may satisfy both. For 
example, suppose we knew that an unknown quantity 
x satisfied both of the equations 

ax+b=0 and ca#?+da+e=0. 


From the first equation we have 
L=—-, 
a 
and this satisfies the second if 


: | 
C (—2\ +d(-2)+e=0, 
a a 
2.€. if bc — abd + ae =0. 
This latter equation is the result of eliminating « 


between the above two equations, and is often called their 
eliminant. 
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246. Again, suppose we knew that an angle @ 
satisfied both of the equations 


sin? @=b, and cos? @ =e, 


i 
3 


so that sin 0 = 3, and cos @=c’. 

Now we always have, for all values of 6, 
sin? 6+ cos? @=1, 

so that in this case += 1. 


This is the result of eliminating 0. 


247. Between any two equations involving one 
unknown quantity we can, in theory, always eliminate 
that quantity. In practice a considerable amount of 
artifice and ingenuity is often required in seemingly 
simple cases. 

So between any three equations mvolving two un- 
known quantities we can theoretically eliminate both 
of the unknown quantities. 


248. Some examples of elimination are appended. 


Ex. 1. Eliminate 6 from the equations 
acos@+bsin0=c, 
and | b cos 6+csin O=a. 


Solving for cos@ and sin@ by cross multiplication, or otherwise, 


we have 
Gos 0 sin @ 1 


cab a®*—-be ac—b?" 


(c? — ab)? + (a? — be)? 
(ac — b?)? , 


1.€. (a? — be)? + (c? — ab)? = (8? - ac)*. 


*. 1=cos? 6+ sin? @= 
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Ex. 2. Eliminate @ between 


ar by 


Se nt ee DP as eatery tae cue ane 1 
cos@ sind _ (1); 


ax sin6@ by cos 6 
oe “cos? 8 * sin @ 
From (2) we have ax sin? 0= — by cos? 6. 

_ sind _ cos 6 _ a/sin®? 6+cos? 4 
Ley) (any Voy + (a2) 
(Hall and Knight’s Higher Algebra, Art. 12) 


1 
N (by)8 + (aay 
Ce oe eee 
Hence re is Voust+ (aa! 
— (by)® 
and = = V (oy)? + (axy8 


cos @ (aay 


a a aig 


= % (by)3 + (aa)8{ (ax)? + by)8} 


so that (1) becomes 


a? — b= N (oy)t + (az) | aa , 


= {(az)? + (by)8}?, 
ie. (ax)5 + (by)3 = (a2 — B78. 


The student who shall afterwards become acquainted with Analytical 
Geometry will find that the above is the solution of an important problem 
concerning normals to an ellipse. 


Ex. 8. Eliminate 6 from the equations 


= €08 6 - Y si 0 = C08 20 vecececececcsccsrscecees (1), 


b 


and = sin 0 + © cos 0=2 S10 QO ..eeeecvseersecsssceeees (2). 


b 
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Multiplying (1) by cos #, (2) by sin 6, and adding, we have 


~ = 008 6 cos 26+ 2 sin 6 sin 20 
=cos 0+sin 6 sin 20=cos 6 + 2 sin? 6608 0...........0008 (3). 
Multiplying (2) by cos 6, (1) by sin @, and subtracting, we have 
A =2 sin 26 cos 6 — cos 24 sin 6 | 


=sin 20 cos 0+sin 0=sin 04+ 2 sin 6 COS? O...........000 (4). 


Adding (3) and (4), we have 


= + f= (sin 0 +005 8) [1+2 sin 6 cos 0] 
= (sin 6+ cos 9) [sin? 6+ cos? 0+ 2 sin 6 cos 6] 


=(sin 0+ cos 6)°, . 
so that sin 0+ cos 0= (¢ + a) seen gatevadapiuuusaes (5). 
) 
= — 7 = (cos g—sin @) (1-2 sin @ cos @) 
={ 


cos @— sin 4), 


so that cos @- sin a= (5 Fey eet aia Sica Cutaratia enn 
a Ob 


Squaring and adding (5) and (6), we have 


EXAMPLES. XLV. 


Eliminate @ from the equations 

1, a@cosé+bsin O=c, and dDcosé-—asiné=d, 

2. x=acos(@—a), and y=bcos (6-8). 

3. acos20=b sin @, and csin26=dcos 6. 

4, asina-—becosa=2dsin dé, and asin 2a— bcos 20=a. 


a sin? @  cos?é 1 
| oe. net 2 2 aos . ' 
5, xsin 6-y cos 6=/2 +y", and a aa Bay 


19—-2 
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xcosé ysin#é 
=] 
and xv sin @-—y cos = Ja sin? 6+ 6? cos? 6. 


7, sin@é—cosd=p, and cosec -sin 6=q. 


8, If m= cosec @—sin 6, and n=sec 6 — cos 8, 


prove that ms +n8= (mn) ~ i. 
9. Prove that the result of eliminating 6 from the equations 
x cos (@+a)+y sin (9+a)=asin 26, 
and y cos (9+a) —xsin (6 +a)=2a cos 26, 


is (x cosa+y sin a)s + (% sin a—y Cos a)3= (Qa)s, 


Eliminate 6 and ¢ from the equations 
10. acos?@é+bsin?6=c, bcos? ¢+asin? d=d, 
and a tan 6=b tan ¢. 
ll, cosé+cos ¢=a, cot 6+cotd=b, and cosec 6+cosec P=c. 


12. asinéd=bsin ¢, acosé+bcosd¢=c, and «=y tan (0+ ¢). 


z Y sin gal, @ Y sin o= 
13. 7 (Oso + Sin =I, 7 COs ot; sin g=1, 
and asin? sin 2 +b2c08 2 cos Sac? 


2 2 2 2 


PART Il. 


ANALYTICAL TRIGONOMETRY. 


Hosted by Google 


CHAPTER XXI. 
EXPONENTIAL AND LOGARITHMIC SERIES. 


249. In the following chapter we are about to obtain 
an expansion in powers of w for the expression a*, where 
both a and # are real, and also to obtain an expansion for 
log,(1 +), where w is real and less than unity, and e 
stands for a quantity to be defined. 


250. To find the value of the quantity (1 + =)" , when 


n becomes infinitely great and 1s real. 
Since : < 1, we have, by the Binomial Theorem, 


Wwe, 1 x@m—lj) 1 , n@m—1)(m—-2) 1 
(1 +5) ee aaa ae ar ios mo 


=} ODO ODED 0-8 


as ae: “i 


This series is true for all values of n, however great. 
Make then n infinite and the right-hand side 


ee ee ae ae 


2 (8 if 
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nr 
Hence the limiting value, when » is infinite, of (1 + *) 


is the sum of the series 
1 jee | 


pate wigs 5 ace inf. . 
The sum of this series is always denoted by the 
quantity e. 
Hence we have 
] n 
Lt (1 af -) = 
n=0 nh 
where Lt stands for “the limit when 1= 0.” 


N= 00 
Cor. By putting n== , 1t follows (since m is zero 


when n is infinity) that 


i 1\2 
Lt (1 +m) =Li(1+;) 2G 


N= 


251. This quantity e is finite. 


For since Be ae 
j8 = 2.2 © 2?’ 
i 
|4 2969. ye 
eu ‘ners 
1 1 i ; 
e<ltlt+5tata vadicl ad inf. 
1 
a Da 


<1+42, wa < 3. 
_ Also clearly e > 2. 
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Hence it lies between 2 and 3. 
By taking a sufficient number of terms in the series, it 
can be shewn that 
e = 27182818285... 


252. The quantity e is incommensurable. 


For, if possible, suppose it to be equal to a fraction i , where p and q 


are whole numbers. 
We have then 


” 1 1 1 1 1 
a ee ee eee oe eee ee 1). 
d Bt ett fe ari eae 
Multiply this equation by [g, so that all the terms of the series (1) 
; q 
become integers except those commencing with tt . Hence we have 
a \g lg (2 
yy |g -~1= whole number Toi + lat? “ jqsa 
i.e. an integer= ae + eet. eer : + (2) 
oe qtl (g+1)(q+2) © @+1)(q+2) (G43) 0 


But the right-hand side of this equation is > ant and 


q+1’ 
este vee ee igs i 
qt+i  (q+1)  (qg+1)P 
fepia ae + (1-35 ) 
1. q+1° q+1/)’ 
4 1 
%.€ 18 <=) 
q 


Hence the right-hand side of (2) lies between oI and “and is there- 


fore a fraction and so cannot be equal to the left-hand side. 
Hence our supposition that e was commensurable is incorrect and it 
therefore must be incommensurable. | 


253. Exponential Series. When x is real, to prove 


that 
FS Fa ; 
atid gong mf. 
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and that 
aa 


i _ (logs ayr+...ad inf. 


When v is greater than unity, we have 


\(2 + ~) =(14 “\" 
1 na(n@—1)1 4 te (nw — 1)(n@—2)1 


ale a as 12.3 ne 


a®*=1+alog.a+ 


=I+ae+ 


In this expression make n infinitely great. The left- 
hand becomes, as in Art. 250, e*. 
The right-hand becomes 


Pr 3 
eet i errr 


Hence we have 


x ; 
peat aig ig meee Wd: - dxcwad (1). 
Let a =e’, so that c=log.a. 
22 33 
% wae m1 toot +78 Peaks 


by substituting cx for x in the series (1). 


2 3 
ho | +xlogea+ (5 (loge a)? +e (log.a)’+... ad inf. 


054. It can be shewn (as in C. Smith’s Algebra, Art. 274) that the 
series (1), and therefore (2), of the last article is convergent for all real 
values of x. 
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1 1 1 : 
{)=1+B + Be eee ad inf. 

By equation (1) of Art. 253 we have, by putting x in succession equal 
to 1 and ~1, 


955, Ex. 1. Prove that 5 (e- 


bd. Ee 
e=1+— n+p * B sa .. ad inf. 


ee oe ae ee ae 
and ee eae 


— —. 


.. ad inf. 


Hence, by subtraction, 


e—~e 1=2 (145+ — + =) : 


Ex. 2. Find the sum of the series 


14214243 1424344 


rg a id +... ad inf. 


L(+) 
14+2+3+...4+n 2 
[nm i |r 


1 ee (n—1)+2 wai | 
~2 Jn-1 jn-1 a |= “irene ju—-1 


provided that n > 2. 
Similarly 


The nth term = 


eee eee eee ee ee eee ee ee ee ee oe ee 


irl 2 
the 4th term=5 li + a ; 


Irl 2 
the 3rd term=5 ii + a ; 


Also the 2nd term=5 E ae al ; 


1 2 
and the Ist term=5 i ; 
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Hence, by addition, the whole series 


eae dinf 
1 1 1 
+5: [itatpt pt ad int, | 
1 3e 
ig eane rg 


206. Logarithmic Series. 


To prove that, when y 1s 
real and numerically < 1, then 


log(1+y)=y— 597 +5y- zy +...ad inf. 
In the equation (2) of Art. 253, put 


a=il+y, 
and we have 


(lt+y)=1+ log. (l+y)+ iB {loge (1 +y)}?+...(1). 
But, since y is real and numerically < unity, we have 


1) —] 
(l+y)*=1+¢e. gp ERD pce Ver® oe 


The series on the right-hand side of (1) and (2) are 
equal to one another. and both convergent, when y is 


numerically < 1. Hence we may equate like powers of «. 
Thus we have | 


log, (L+y)=y— 2 4 ae Sy + DEC) i 
+...ad inf, 
1 


1 1 
1.0. loge(l +y)= oon y t2y > ay? ues (3). 
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257. Ify=1, the series (3) of the previous article is equal to 


ee 
g°3 747 
which is known to be convergent. 
If y= —1, it equals —1 -5 - ; ~ — which is known to be divergent. 


In addition therefore to being true for all values of y between —1 and 
+1, itis true for the value y=1; it is not however true for the value 
y= 1. 

258. Calculation of logarithms to base e. 


In the logarithmic series, if we put y= 1, we have 


1 112s) 
log.2=1l-s+a-—gt ee eons: (1). 
1 
If we put y= 53 
we have 
3 1 
loge 8 — log, 2 = log. 5 = log. (1 +5) 
I bo tot dt bd 
“9 -g: pt gg a gt) 
If we put y=5, 
we have | 


log, 4 — log, 3 = log, (1 + 


From these equations we could, by taking a sufficient 
number of terms, calculate log, 2, log, 3, and log, 4. 

It would be found that a large number of terms would 
have to be taken to give the values of these logarithms to 
the required degree of accuracy. We shall therefore 
obtain more convenient series. 
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259. By Art. 256 we have 
1 1 1 
loge lL + M=Y¥-gPtayY-GY te (1), 
and, by changing the sign of y, 
1 1 1 
log (l-y)=-9- 5 Y —g¥—Zyt--- @). 


In both these series y must be numerically less than 
unity. 
By subtraction, we have 


1 1 1 
log, (1+ y) — log, (1 —y)=log, = 2 Ly tat By t a 


Let = , 


where m and n are positive integers and m > n, so that 
Il+y om 
l-y n° 


The equation (8) becomes 


m m—-nN L/m—n\?> 1 /m—n\? . 
oe, =2| Can) +5 (man) +5 (maa) to] 
Put m=2,n=1 in (4) and we get log, 2. 
Put m=38, n=2 and we get log,3 — log, 2, and there- 
fore log, 3. 


By proceeding in this way we get the value of the 
logarithm of any number to base e. 


260. Logarithms to base 10. The logarithms of 
the previous article, to base e, are called Napierian or 
natural logarithms. 
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We can convert these logarithms into logarithms to 
base 10. 


For, by Art. 147, we have, if V be any number, 
log, V = log, V x log, 10. 


1 
; Bua Be ae 9 5g. 10" 


Now log,10 can be found as in the last article and 


then ees 1S found to be °4342944819... 
log, 10 


Hence log, N = log, N x *43429448..., 


so that the logarithm of any number to base 10 is found 
by multiplying its logarithm to base e by the quantity 
‘43429448.... This quantity is called the Modulus. 


EXAMPLES. XLVI. 
Prove that 


1 1.24] 


sete) = 145 
on 
2. (144 De age 


1 Ji 3 : ae | 3 
ees et at et ..) =14 (145+ B+) - 


BB 

4 tet pt at =5 5. at ptatese 
se eee 

6 eet 
ligt pt: ose 
od 
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Find the sum of the series 


a-b lfa-b\? 1 /a—b\3 
10. a 45 (5) +3(S) +,,.=log,a—log,b. 


ll, log. tie 9 (w+ger+gar...) : 


ae 3 4 
13. ei tee oat 
2 3 4 
nr 
provided that 22 be not >1. 
Lo ot 1 
14, 2log.« — log. (#+1)—log.(t@-l)= +a at get if a>1. 
1 1 1 
15. loge2=7—-g +a-Ggtg ete 
1 1 1 1 
1G. [062-5 —T 97913.4.5°8.6.7° °°" 
T 
1 1. 7 cos ae pest ae 
17. tan 6+, tan? 6+ stan? 0+ ...=5 log » if O<z. 


cos ¢ + 4) 


(1) sin 045 sin? 6 +5 sind 9+... ad inf. 


18. If @ be > and <7, prove that 


eer eee , 
=2| cot 5 + 3 oot 9g + 3 cot gt: ad int. |, 


and (2) = sin? 6 +3 sin’ 9 +5 sin’ 6+... ad inf. 


=2 | tan’ ; +5 tans + stants + we ad int. | 
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19. If tan?¢@<1, prove that 


tan? 6 — ; tan4 045 tan? g —... ad inf. 


= sin? 945 8int@ +; sin’ 6+... ad inf. 


20, Prove that, if 26 be not a multiple of 7z, 


log cot = cos 26 +5 cos? 20 +3 cos’ 26+... ad inf. 


21, Prove that the coefficient of x* in the expansion of 
{log (1+ 2)}? 


is eee + 
ar [Last gti. +5 |. 


99, Use the methods of Arts. 259 and 260 to prove that 
log,)2='30103... 

and log,)3= AT To ae 

93. Draw the curve y=log, x. | 

[If « be negative, y is imaginary ; when & is zero, y equals — o ; when 
x is unity, y is nothing ; when z is positive and >1, y is always positive ; 
when « is infinity, y is infinity also.] 

24, Draw the curve y=log,,« and state the geometrical relation 


between it and the curve of the last example. 
[Use Art, 147.] 


25, Draw the curve y=a*. 


261. The two following limits will be required in the 
next chapter but one. | 


262. To prove that the value of (cos = , when n is 
unfinite, 1s unity. 


1 


a _ 4 a\? 
We have cos = = 1—sin’— . 
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Now, by putting 


we have 
eee i 
Lt . _ cine} mn =Lt{l+m}"=e, (Art. 250, Cor.) 
n= m= 


Also, by Art. 228, 


NM» 4 O 
— sin? — 
be n 
. a? 
sin - 3 
=f ee | x —- = 1x 0=0, 
a Qn 
n 


when 7 is infinite. 
Hence, when n is infinite, | 


mw 
cos “| = =], 
7) 


Aliter. This limit may also be found by using the 
logarithmic series. 


For, putting (cos =| =u, we have 
an a 
log, u=n log, cos = log, cos? = 
a a — ain? a 
=5 log. € sin =) 


=~ 5 (sin + Ssint 2 + 5 sin? + ) 
—  Q n 2 n 38 n 7's" 
(Art. 256.) 
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The series inside the bracket lies between sin’ = and 


the series 


. a4 . ,&@ ..a : 
sin’ + siné — + sin’ = + ... ad inf., 


4.e. lies between 


ein 
' sin? — 
n ox: 
l— sin? — 
n 
; ‘ : a a 
z.e. lies between sin? = and tan’—. 


Hence — log wu lies between 


a he Ls ere 
5 Sin’ and 5 tan Dc iennnensaeee (1). 
But 
a\ 2 


sin — 
2 
Lt ~ sin? = Lt ~ |x 5 =1x0=0. (Art. 228.) 


nose 7% N= a 
iL) 
And | 
52 ON? 
a cae n 1 a? 
1D 
Lt 5 tan’ = Lt Ctr ae ye =]x1x0=0. 
N= nN leas a Pe n 
n ii) 


(Art. 228.) 


Hence in the limit both quantities (1) become 0, so 
that log u becomes zero also, and therefore, in the limit, 


ee 
20—2 
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263. To prove that the limiting value of | — ; 
n 
when n is infinite, rs unity. | 
We have shewn, in Art. 227, that sin 8, 0 and tan @ are 
in ascending order of magnitude. 


. a a OL 
Hence sin—,—, and tan — 
n> n n 


are in ascending order. 


a 
n 1 
Hence 1, , and 7 
sin — cos — 
n n 
are in ascending order. 
| a v1) 
n Lye 
Therefore — lies between 1 and = | » $0 
sin — cos — 
n 


oN” 
sin — 
n : ee 
that ee lies between 1 and (cos =) ; 
7 , 
: . : n 
But, by the last article, the value of (cos = is unity, 


when n is infinite. 


Hence, when 1m is infinite, the value of | — 


is unity. 


CHAPTER XXII. 


COMPLEX QUANTITIES. DE MOIVRE'S THEOREM. 


264. Complex quantities. The quantity «+yV—1, 
where # and y are both real, is called a complex quantity. 
A complex quantity consists therefore of the sum of two 
quantities, one of which is wholly real and the other of 
which is wholly imaginary. 

265. A complex quantity can always be put into the 
form 7 (cos 8+ —1sin 0), where r and @ are both real. 
For assume that | 

a+yV—1=r(cos6+¥V —1sin 8) 
=rcosO0+V¥—1.rsin$. 


Equating the real and imaginary parts on the two 
sides of this equation, we have 


and | rsin 0 = ee Sucasecenee (2). 
Hence, by squaring and adding, we have 1° = 2 + 7/’, 


so that r=NVar+ y? 
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It is customary to take the positive square root of 
a? + y? and hence r is known. 
From (1) and (2) we then have 


© ; 
Teng and sin O= 

Whatever be the values of # and y, there is one value 
of 6, and only one value, lying between —7 radians and 
+ radians which satisfies these two equations. 

The quantity «+y<V—1 can therefore always be 
expressed in the form r(cos 0+,/—1 sin @). 

Def. The quantity + Jet y is called the Modulus 
of the complex quantity, and that value of @ (lying 
between — 7 and +7) which satisfies the relations 


cos 6 = 


cos 6 = ————. and sin@= —L— 
+Va? +o + Ve + y? 
is called the principal value of the Amplitude of 
pe a 
266. Ex. 1. Express in the above form the quantity 1+,/-1. 
Here 1+,/-1=r (cos 0+,/—1sin 6), 
so that - reosé=il, 
and rsin @=1, 


We therefore have r=+,/1+1=+,/2, 


and then cos @= 45 and sin @ =F 
that ae, 

so tha | rf) 7 
Hence lo WJais2 cos T+ Re sin |, 


so that ,/2 is the modulus and iis the principal value of the amplitude 


of the given expression. 
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Ex.2. Quantity—1+,/—3. 


Here ~1+,/-1,/3=r (cos 6+ J isin 4), 
so that rcos @=—1, and rsin 6=,/3. 
o Pst /148= +2, 
and then cos 6= = and sin ga, 
so that g= 7 


bee 2 a 
~1+,/-3=2 | os 4 aisin = |, 


Ex.8. Quantity —1~,/-—3. 


Here rcosé=-—1, and rsin é= -—,/3, 
so that r=+/143= +2, cos #= — 5 and sin = —N. 

Hence (since we choose for @ that value which lies between -—m and 
+7) we have G= ae 


267. In Art. 265 the equations 


and sin @= J 


+ Var + + Var + y* 


are satisfied by more than one value of @. For the cosine 
and sine of an angle repeat the same values when the 
angle is increased. by any multiple of 27 radians, so that, 
if @ denote the value between — 7 and +7 satisfying the 
above relations, the general solution is 


2n7 + 8, 
where v is any integer. | 
This is expressed by saying that the amplitude of a 
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complex quantity is many-valued. The principal value 
is that particular value of the amplitude that lies between 
—7 and + 7. 

If to the principal value of @ we add any multiple of 
27r we obtain one of its many values. 

To sum up; If @ be that value, lying between — 7 
and +r, which satisfies the equations 


FY by e Y 
cos § = ———— and. sin 0 = ——“{—. ......., 1), 
Va? + 9? re Vat + yp? ( ) 


then 
o+yN —1= Va? +y? [cos (Qnr+6)+,/—1 sin (Qnm + 4)). 


The quantity 2n7 + @ is called the amplitude and @ is 
called its principal value. = | 
For brevity we often write equations (1) in the form 


tan 6 =, we, 6 =tan7 , 
x i 


but it must be understood that here the angle denoted is 
the one that satisfies the conditions (1). 


268. De Moivre’s Theorem. Whatever may be 
the value of n, positive or negative, mtegral or fractional, 
the value, or one of the values, of 


(cos 0 + J —l1sin 6)" ds cosnO+/ —1 sin nd. 


Case I. Let n be a positive integer, 
By simple multiplication we have 


[cosa + —1 sina] [cos8 +V —1sin 6] 
= cos acos 8 —sin asin 8 + V —1 [sin acos B + cosasin 6] 


=cos(a+6)+V—1sin(a +). 
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So 
feosa + —1 sina] [cos@+ V7 —1 sin8][cosy+V —1siny] 
=[cos (a+ 8)+¥ —1sin (a+ 8)] [cosy +V —1siny] 
= [cos (a+ 8) cosy — sin (a + 8) sin y] 
+ —1 [sin (a + 8) cos y + cos (a + 8) sin y] 
=cos(at+B+y)+V—1sin(a+8+y¥). 
This process may evidently be continued indefinitely, 
so that 
[cosa+V —1sina][cos8+¥V —1sin B][cosy+V —1siny] 
ata to n factors 
=cos(a+B+y+...tonterms)+V—I1sinfat+@B+y+H... 


to n terms]. 
In this expression put | 


a= P=y=...... = @, 
so that we have 
[cos 0+ / —1 sin 6]” = cos n6+./—1 sin nV. 
Case II. Let n be a negative integer and equal to 
— mM. 
We have, by the ordinary law of indices, 
(cos 6+ —I1sin 6)” = (cos 0 + ¥ —1 sin 6)-™ 
Se ae I | 
~ (cos 0+ — 1 sin 0)” ~ cosmO+V—1 sin m0’ 
by Case I, 
_ cos mOé — V —1 sin md 
~ (cosm + —1 sin mé) (cos mO — V ~1 sin m6) 
_ cos m0 — / —1sinmO 
| cos? m0 + sin? mé 
= cos (—m)0+¥V —1sin (—_m) 0 
=cosnO+V¥ —I1sin nd. 


=cos mO —/ —1 sin m@ 
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aes 


Case III, Let x be fractional and equal to P where 


q 1s a positive integer and p is an integer, positive or 
negative. 
By the previous cases, we have 


cos + V—1 sin “| =< (a. ‘) +/—Isin (.) 
q q q q 
= cos 6+V —1 sin 6, 
g —— . @. ; 
Therefore a ee ee | car is such that when multi- 
plied by itself g times it gives cos 6+ V —1 sin 0. 
Hence cos “+ Vv —1 sin : is one of the qth roots of 
cos 8+ —1 sin 8, 
1.6. COs g oe eae ett u 
q qd 
is one of the values of 


L 
(cos 0+,/—1sin 6)’. 

Raise each of these quantities to the pth power. 

We then have that one of the values of 


Shes ee 6 ~~. &? 
[cos 0+ 7 —1 sin 6]! is (cos + V=1 sin) 
1.€, 18 ria +V¥—1 ae 
q q 
269. The quantity ¢ is always used to denote ¥V—1 


and will be often so used hereafter. The expression 
cos 8-+7¢sin 6 therefore means cos 0+ V —1 sin @. 
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Ex. 1. Simplify 
(cos 30+% sin 30) (cos 0 —% sin 6) 
(cos 50 +7 sin 56)’ (cos 26 —i sin 26) ° 
We have cos 36 +i sin 36 = (cos @+7sin 6)°, 
cos 6-7 sin 6=cos (~ 6) +isin (— 6)=(cos 6 +7 sin 6)-1, 
cos 56 +7 sin 56 = (cos +7 sin 6)9, 
and cos 26—isin 20=cos (—20)+isin ( —20)=(cos 0+7 sin 6)~*. 
The given expression therefore 
_ (cos +7 sin 6)% (cos +7 sin 6)~3 
~ (cos 0+% sin 6) (cos 86+7sin 6) 


= (cos 6+isin 6)"8=cos 134 —7 sin 130. 


1 1 
Ex. 2. If 2 cos 0=2+— ic ad Saar 
1 
prove that 2 cos (md +n) = xy” + ty 
We have x2—2e¢ cos @= -1. 


(« — cos 0)?= —1+ cos? 6= —sin? 0. 


x=cos 0+ sin 8, 


so that x™ =cos mé+i sin md, 
J ior 

and — =cos mo —i sin mé. 

x nr 
Similarly y=Ccos +7 sin @, 

so that y™=cos np +i sin ng, 
1 nes 

and po cos nd —7 sin NP. 

em n 


= (cos m@ +7 sin mA) (cos nd +7 sin nd) 
+ (cos m@ — 7 sin mé@) (cos nd —7 sin n@) 
=cos (md +n) +7 sin (mA +n¢) 
+cos (m@+n¢) — 7 sin (mé + nd@) 
= 2 cos (mé+n¢). 
Similarly it could be shewn that 
omy 


y n= 2-cos (md ~—n¢@). 
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Ex.38. If sina+sinB+sin y=cosa+cos B+cosy=0, 
prove that cos 3a,+ cos 388 +cos 3y=3 cos (a+B+Y), 
and sin 8a + sin 8B + sin By =3 sin(a+B+yY). 


This is an example of the many trigonometrical identities which are 
derived from algebraical identities. 


For we know that if a+b+c=0, 
then +63 +c3=8abe. 

Let a=cosa+éisina, b=cos8+isin B, and c=cos y+7 sin y, 
so that we have a+b+c=0. 

(cos a+isin a)? + (cos 8+ sin 8)? +(cosy+isin y)® 
= 3 (cosa+isin a) (cos 8+7 sin 8) (cos y+7sin y), 
so that, by De Moivre’s Theorem, 
(cos 8a + cos 38 + cos 3y) +2 (sin 8a-+ sin 36+ sin 3y) 
=38 cos (a+B+y)+3isin(at+B+y). 


Hence, by equating real and imaginary parts, we have the required 
results. 


EXAMPLES. XLVII. 


Put into the form r (cos +7 sin 9) the quantities 


1, 144%. 2. Let, 3, -J/3+i. 
4, 344%. 5, 1+,/2+%. 6. 2-/8+4. 
Simplify 


(cos @— isin 6) 
(cos a +7 sin a)??" 
(cos 20 —7 sin 26)’ (cos 36 +7 sin 36)~5 
' (cos 40 +7 sin 46)!2(cos 50 — isin 56)-6" 


8 (cos a+isin a) (cos 8+74 sin B) 
a 


a. cos y+isin y) (cos d+isin 6) ° 


(cos 7 _isin 7)? 
10 6 “6 i (cos a+7 sin a)* 
s 1 Ld a ° ° 5° 
(cos +isin F )* une Te rey 


12, {(cos@-cos¢) +i(sin d— sing)}"+ {cos 0 — cosp—i (sind ~sin p)}” 
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13. Prove that 
, ; ti ae vg 
(sin # +7 cos x)"=cos n (5 -) +isin n G -#) ; 
1+sin p@+icos p\* _ nT .. (ar 
and that (Soe ne S) = COS (5 - ng ) +7sin (F - no ) , 
If x, y, z and u stand respectively for 


cosat+isina, cosB+7¢sinP, cosy+isiny, and cosé+7sin 4, 


prove that 
14, (w-+y) (@+u)= 400825 cos YS [cos eo aes 
sisin SFE Y*?) 
2 
t __i a-p 2 meal) at+B+y+é 
F5; @-y) @-¥ = EF Ga 9 cosec 9 | eos ae ane 
nih sin SEP EYE : 
2 
16. xy +2u= 2 cos at hoy-? [eos etree +7 sin ater"), 


17. From the identity 
(a? — b?) (c? — d?) =(c? - b?) (a? a2) + (a2 — ¢?) (b? — a) 


prove, by putting a=cosa+isina and similar expressions for the other 
letters, the identity 


sin (a — 8) sin (y — 6) =sin (a — 4) sin (y — 8) +sin (a—y) sin (6 - 8). 
18. From the identity | 
(w—b)(x-c) , (w-c)(w-a) , (z-a) (e-b)_, 
(a= 0) (a—c) * (b=¢)(b-a) “ (c-a) (c~2) 

deduce, by assuming x=cos 26+7 sin 26 and corresponding quantities for 

a, b, and c, that 
sin (9-8) sin(@-y) . 2 ie ete hes: 
sin (a=) sin @ 9) sin2 (@-a)+two similar expressions =0. 


Similarly, deduce identities from the identity 


1 7 1 1 
(e-a)(«—b) (a—b)(@—-a) (a—b)(a—d)’ 
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19, Prove that 


™m m 
(a + bi)” +(a — bi)” =2 (a? + b*)?" cos (Fans) ; 


20, It Qeosd=a+~, 
that 2 6= a" . 
prove tha cos Td=2 + 
1 1 
91, If 2cos@=x+—-, 2cosP@=Yt—,...... 
7 x y 
1 
hat 2 6 oe) =LYZ... —, 
prove tha cos (96+ O+.,.)=xyz tae 
T — . 7, 
99. ‘If #,=008 5+ s/ —1sin 5; 
prove that 1+ Xy.Xg.... ad inf.=Cos mw. 


93. Using De Moivre’s Theorem solve the equation 
vt — a+ a2-2+1=0. 


270. In Art. 269 we have only shewn that 
6. --~. 8 
cos —+,/ — 1 sin— 
q v q 
is one of the values of 
Z 
(cos 0+ V/ —1sin 6)!. 
The other values may be easily obtained. For 
1 ae, 4 
(cos 0+ —1 sin 0)* = [cos (Qnr +6) +,/ —1 sin (Qnr+ 6}! , 
where is any integer, and one of the values of the latter 
quantity is | 
2? 
COs a J + /—1sin — : . 


By giving n the successive values 0, 1, 2, 3,...(q¢—1), 
we see that each of the quantities 


ee ay | ae 
q qd 
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st oo. 
q 
ph oe era any 
q 
Cos emt fi in eta) (1), 


@eeteoeeoeevseeoeevnevaneeeeoenvesevnseneve ved 


is equal to one of the values of 


1 
(cos 0+ J —1 sin 0). 


The highest value that we need assign to n isq—1; 
for the values g,¢+1, q+ 2,... will be found to give the 
same result as the values 0, 1, 2..... 

Also no two of the quantities (1) will be the same. 
For all the angles involved therein differ from one another 
by less than 22 and no two angles, differing by less than 
2er, have their cosines the same and also their sines the 
same. | 

To sum up; By giving to n the successive values 
0, 1, 2,...q¢—1 in the expression 


2 — ,. QMnr- 
ig Es Pes a 


we obtain g, and only gq, different values for 
1 
(cos 6+,/ —1 sin 6)’. 
271. By the use of the last article we can now obtain 


trigonometrical expressions for any root of a quantity of 
the form « + yt. 
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For we proved in Art. 267 that 
a + yt =p [cos (Qn + 6)+/ —1 sin (Qn + 0)], 
where | p=+J/e+ x, 
and @ is such that 
cos6 =~ and sind=~%. 
p p 
Hence 
1 1 | 
By giving n i succession the values 0,1, 2325.91; 
we obtain the g required roots. 


972. Ex.1. Find the values of 


(cos F + J = Asin )* . 


We have | | 
T — . wr\4 tt a w\ + 
cos =+a/—I1sin = }* =| cos ( 2nr+5 +/—Asin ( Inr+5 ; 
3 3 3 3 
where n is any integer, 


2n1r 2u3r | 7 
=00s (“P+ 3 is)tv=4 isin(" +B): 
Giving n in succession the values 0, 1, 2, and 3 we have as our answers 


the quantities 


Vr 
cost -1 1sin 7, cos 12 Bi a isin 5, 


1 


13% 
coset aA 1sin — 9 and cos + a/ isin 


‘The student will note that the value n=4 will not give us an additional 
value. For it gives 


cos (2r+5)+ rere ee lsin (aris), 


DE MOIVRE'S THEOREM. 321 


Tv 


which is the same as cos 75+ olen 


12’ 

and this is the first of the quantities already found. Similarly the values 
n=5, n=6,n=7 would only give respectively the remaining three quan- 
tities, and so on. 


Ex. 2. Find all the values of (- 1)3. 
Since cos r= —1, and sin7=0, 
— i 
we have (~1)8=(cos r+ J ~isinz)? 
pits a 
=[cos (2na+7)+ Ni —1sin (2n7+-7)]° 


— ,2 
= GOS rte J -Isin ana 


Giving n the values 0, 1, and 2, the required values are 


cos at J —I1sin a cosm+,/—Isinr, and cos oF J = isin — 
EXAMPLES. XLVIII. 
- Find all the values of 
1, 1. 2. (~1)%. 3. (-i)% 
4, (—1)F°, 5. (lta/ ijt. G6 Gaul aay: 
7. (i-v/ 8% 8 W8tN-. 8, 8-0. 
10, 164. 11, 328. 12, (1+ f= 34 (1-3), 
13, Simplify (cos a sin 3) 


and express the results in a form free from trigonometrical expressions. 
14, Find the continued product of the four values of 
(cos sae sin ae 
3 3 
15, Prove that the roots of the equation 7!°+117°-1=0 are 


Nese | cos ein a 
2 d 5) 
16, Solve the equation #!*-1=0 and find which of its roots satisfy 
the equation t+ e%+1=0. 
vas 21 
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17. Prove that ax bi+ a — bi 
has 7 real values and find those of 
. ae eee 
Jee B ig Law oo: 
18, Prove that the n nth roots of unity form a series in G.P. 


19, Find the seven 7th roots of unity and prove that the sum of their 
nth powers always vanishes unless n be a multiple of 7, n being an integer, 
and that then the sum is 7. 


273. Binomial Theorem for Complex Quantities. 
It is known that for any real values of » and z, provided 
that z be less than unity, we have 


(l+z)"=1 +n 42rd) 2 pie De-* B+ ve 


When z is complex (= «+ y V —1) and n is a positive 
integer, the ordinary proof applies and the theorem (1) is 
still true. | 

When z is complex, and n is a fraction or negative, it 
can be shewn that 


is one of the values of (1 +z)", provided that the modulus 
of 2, i.e. Ja? +y?, is less than unity. When this modulus 
is equal to unity, the theorem is only true (1) when n is 
positive, and (2) when n is a negative fraction and z 1s not 
equal to — 1. | 

The proof is difficult and beyond the range of the 
present book. We shall therefore assume the result. 
The student may hereafter refer to Hobson’s Trigo- 
nometry, Arts. 211 and 212. 


CHAPTER XXIII. 


EXPANSIONS OF sinn@ AND cosn@. SERIES FOR sin @ 
AND cos @ IN POWERS OF @. 


274, By the use of De Moivre’s Theorem we can 
obtain the expansion of cos”@ and sin né in terms of the 
trigonometrical functions of 0. 

For we have 

cos nO + zsin nO =(cos 8+ 74sin 0)” — 

Since n is a positive integer, the Binomial Theorem 
holds for (cos 6 +7 sin 0)”. 

Hence, by expanding, we have 


cos 10 + 74sin n@ = cos” 6 + n cos” 6.7 sin @ 


MY) og? 0, isin? 0+ iad aca 


ae io ToT A C08" 8. sin? 9... 


Hence, since 


emt, =—t, e=1, Wy cus 
we have 
cos n@ +4 sin nO = cos” 6 — Ne) x 2 
oS a 
1.2.8.4 


cos”—2 @ sin? 6 


cos’—4 @ sint @ +... 


n(n—1)(n— 2) 


je Bia... 
+i | moos é sin 6 ro 3 


cos”? @ sin? 8 -+.. ; 


21—2 
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By equating real and imaginary parts, we have 


n(n—1) 


pad n Se 
cos n@ = cos” 8 13 


cos” @ sin? +...... (1), 


and 
n(n —1)(n— 2) 
| 122.3 

mn —1) (n—2)(n— 8) (n— 4) 

| 1.2.38.4.5 
The terms in each of these series are alternately 

positive and negative. Also each series continues till one 
of the factors in the numerator is zero and then ceases. 


cos”? @ sin? @ 


sin n@ = n cos” @ sin 6 — 


cos” 6 sin’ @ —...... (2). 


275. From equations (1) and (2) of the last article 
we have, by division, 
sin 060 
cos nO 


tan n6 = 


pene TAA Le) 
n cos”—? § sin 6 as a al 


— 


cos”—-3 9 sin® 6+...... 


n(n —1)(m— 2)(n —3) 


2-4 A and 
foo ad cos” 4@sin*@...... 


cos”? 6 sin? 6 + 


ng _ w(n-1) 
cos” @ a 


Divide the numerator and denominator of the right- 
hand member of this equation by cos” @, and we have — 


tan nd = 

nian gat (n—1)(n—2) bas gq ner y(n =2)(n~8) (n—4) tan®é 
1.2.3 [5 wee 

a ae ae 


276. The values for cos7@ and sin n@ in Art. 274 may also be 
obtained, by Induction, without the use of imaginary quantities. 


For assume (1) and (2) to be true for any value of x. Then, since 


cos (n+ 1) 6=cos né cos 6 — sin né sin 6, 
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we obtain the value of cos (n+1) 6, which, after rearrangement, is found 
to be obtained from (1) by changing into {n+1). 

Similarly for sin (v+1) 0. 

Hence, if the formule (1) and (2) are true for one value of mj, they are 
true for the next greater value. 

But it is easy to shew that they are true for the values n=2 and n=3. 
Hence, by Induction, they can be proved to be true for all values of xn. 


277. Krom De Moivre’s Theorem may be deduced 
expressions for the sine, cosine and tangent of the sum of 
any number of unequal angles in terms of the tangents of 
these angles. 

For we have 


— cos(a+B+yt+...)+esin(at+B+yt+...) 
=(cosa+isin a) (cos 8 +7sin 8) (cosy +7 sin y)...(1). 
Now cosat+isina=cosa[l+7¢tana], 


cos 8+7sin 8 =cos B (1 +7 tan £), 


@eeoevewevesp evar eeseseeeoeeeseoevneevneneonee 


Hence (1) may be written 
cos(a+B+yt+...)+¢esmn(at+B+y+...) 
=cosacos 8 cosy...(1 +7 tan a)(1+72 tan 8) (1 +2 tany).. 
= cosacos@cosy...[1 +2 (tana + tan @+tany+...) 
| +2? (tan atan 6+ tan 8 tany+...) 
+(tanatan Stan y+tan 6 tanytan 6...) 


La Senet a eee (2). 


Using the notation of Art. 125, this equation may be 
written 


cos(a+ B+y+...)+¢smn(a+@B+y+...) 


= cosacos 8 cosy... [1+ 8, — 8, — 183 + 84+ 18; — 8... | 
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Hence equating real and imaginary parts, we have 
sin(a+@B+y...)=cos a cosBcos x... [8,— 83+ 8;— & ...]...(8), 
and 
cos(a+ 8+r...)=cosacos 8 cos y...(1 — 8, + 8; — 8...) ..-(4). 

Hence, by division, 

tan(atB+y+...) =o ...(B). 

The signs in the expressions on the right hand of (3) 
and (4) are alternately positive and negative. 

The relation (5) was shewn, by Induction, to be true 
in Art. 125. 


278. Ex. Prove that the equation 
a? cos? 6 + b2 sin? 0+ 2gacos 0+2fb sin 6+ c=0 


has 4 roots, and that the sum of the values of 0 which satisfy it is an even 
multiple of mr radians. 


Let ¢ = tan ; : 
2 tan wu 1- tan? 
Then since (Art. 109), sin @= and cos @= , 
1+ tan’ 5 1+ tan? 5 


the equation above becomes 
1—t?\? 2t \? 1? 2t 
2 i aan ee ba ee ae 
. Gz) oe (<F3) vee? yaa 
or, on reduction and simplification, 
t4 (a*- 2ga+c)+4fbt? + t? (4b? — 2a? + 2c) +4fbt+a?+2ga+c=0...... (1). 
This is an equation having 4 roots. 


Afb 
a®?—2Qga+e’ 
4b? — 2a? + 2c 
a2 —2ga+e 

Afb 
a? —2ga+e’ 
a?+2ga+e 
a®-Qga+e' 


Also 8,=sum of the roots= — 


8,=sum taken two at a time= ) 


S,=sum taken three at a time= — 


and | s,=sum taken four at a time= 
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Since s,=s,, it follows, by the last article, that 
O,+O+O3+64\ _ 81 — 83 
ou ( 2 = Lagoa, 
[The denominator 1—s,+s, does not vanish unless a?=b?, | 
e 0; + 6, + 63+ O.= 2 NT radians 


=an even multiple of 7 radians. 


=0=tan nr. 


EXAMPLES. XLIX. 

Prove that 
1, cos 46=cos! 6 — 6 cos? 6 sin? 6+ sin 6. 
9. sin6@=6cos5 6 sin 6 — 20 cos? 6 sin? 6 +6 cos @ sin? 6. 
8 sin 70=7 cos® 6 sin 6 — 35 cos! 6 sin? 6 + 21 cos? 6 sin® 6 — sin’ @. 
4, cos 90=cos? 6 — 36 cos’ 6 sin? 6+ 126 cos® 6 sin4 @ 

— 84 cos? @ sin® 8+9 cos @ sin’ 6. 
5, cos 86=cos’ 6 — 28 cos® 6 sin? 6+ 70 cos* 6 sin* 6 

— 28 cos? 6 sin§ 6 4+- sin8 6. 

Write down, in terms of tan 6, the values of 
6, tan 50. 7, tan 76. 8. tan 96. 
9, Prove that the last terms in the expressions for cos11@ and 


gin 116 are 
~—11 cos @sin!? @ and —sin"@, 


10. Prove that the last terms in the expressions for sin 86 and sin 96 
are —8cos @sin’ @ and sin’ 6 respectively. 


11, When n is odd, prove that the last terms in the expansions of 
sin n@ and cos n@ are respectively 


n-l n~-l 


(-1) ? sin”™@ and n(-1) ® cos 6 sin 6. 
12. When n is even, prove that the last terms in the expansion of 
sin n@ and cos n@ are respectively 
n-2 
n(—1)? cos@sin®-16 and (-1) 


ro} 3 


sin” 0, 
13, Ifa, B, and y be the roots of the equation 
x? +- px? +q¢e+p=0, 
prove that tant a+tan-! 8+tan-!y=n7 radians, 
except in one particular case. 


328 TRIGONOMETRY. [Exs. XLIX.] 


14, Prove that the equation 
sin 830=asin 6+bcosé+¢ 


has six roots and that the sum of the six values of 6, which satisfy it, is 


equal to an even multiple of 5 radians. 


15, Prove that the equation 
ah sec 6 — bk cosec 6=a? — b? 


has four roots, and that the sum of the four values of 0, which satisfy it, 
is equal to an odd multiple of 7 radians. 


16. Ifa, 8, y,... be the roots of the equation 


sin mz — nx cosmxz=0, 


prove that tan-} 4+ tans +... +tan7] — 0. 
a 


EXPANSIONS OF THE SINE AND COSINE OF AN ANGLE IN 
SERIES OF ASCENDING POWERS OF THE ANGLE. 


979. Asin Art. 274 we have 


cos nd = cos 9 — 202) cos”? @ sin? @ 
n(n—-1l)(n—2)(n—-8) dn. 
a er ge eee 4Asint @—-.... 


Put n@ =a, and we have 


55-1) 


cos a = cos” 6 — 


cos”—? @ sin? @ 


1.2 
a /a a a 
: 571) 5 2)(4-3} 
oe ee Cae 3 (3 (6 cos”—# @ sint 6 — 
To. 3.4 i 
_ ng (4-8) _. , /sin O\? 
= C08 9 ——7—5~ 008 0 (=| 


a(a—0)(a—20)(a—30) _,, /sind\* 
- 1.2.3.4 — ‘( a) ~ 
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In equation (1) make @ indefinitely small, a remaining 
constant and therefore n becoming indefinitely great. 
Then — is, in the limit, equal to unity and so 1s 


every power of (5°) . (Art. 263.) 
Also cos @ is, in the limit, equal to unity and so also is 
every power of cos #. (Art. 262.) 
Hence (1) becomes 
2 a‘ a® 


a ‘ 
“j2" 47 je-" ad inf. 


cosa=l1 


280. To expand sin a in terms of a. 
As in Art. 274, we have 


n(n—1)(n—2) 


° = =o M at 
sin n@ =n cos” @ sin 0 122.3 


cos”? @ sin? @ +... 


As before put n@ =a, and we have 


ala-1)(6-2) 


. 


e a e a 
sin a= 7 cos”! @ sin @ — cos”? @ gin? @ 


1.2.3 
a /a a ol an 
G-I6-96-96-4 
Rit )e )(e NS ont sin’ 8 ., 
1.2.98.4.5 
_ oe sin@\ a(a—@)(a—-20) _. , /sin @\? 
= aC0Ss 9. (Se) cos 9 (=) + 


As in the last article make @ indefinitely small, keeping 
a finite, and we have 


ae @ ai 
sina=a-- 


3" 77 ... ad inf. 
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281. There is no series, proceeding according to a 
simple law, for the expansion of tan@ in terms of @, 
similar to those of Arts. 279 and 280. 


We shall find the series for tan @ as far as the term 
involving 4°. 


9 ec 

Fr : pnd _ “BTtBS 
or an@=—" a= Fo 
ate 


by the Binomial Theorem, 
=(0-5 & aoe we |i + fos tg ; 
neglecting 6° and higher powers of 0, 
z (9 - 3 so” | (1 oa 6: a 
=O9+ 5 ve cs 0, 


on reduction and neglecting powers of @ above 6. 

_A similar method would give the series for tan @ to 
as many terms as we please. The method however soon 
becomes very cumbrous and troublesome. 


282. In Arts. 279 and 280 we tacitly assumed that 
a was equal to the number of radians in the angle con- 
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sin 6. 


sidered. For, unless this be the case, the limit of a 38 


not unity when @ is made indefinitely small. 

When the angle is expressed in degrees we proceed as 
follows. _ 
Let a° = radians, so that 


ds 
180. ar’ 
T 
and hence t= 130 % 
Then COS a = COS 2° 
18 t_, 
i a 6 
ste 2 
~*~ 72 180? * J4 1804 6 18087 
So also 
sina°=sinaw’ =a sapies 
as a |3 bo 


Si see a GRA a =) 
~ 180 3 (180 5 (i30 _ 


283. Sines and cosines of small angles. ‘The 
series of Arts. 279 and 280 may be used to find the sines 
and cosines of small angles. 


For example, let us find the values of sin 10” and 
cos 10”. 


Since 10” = ( 


: vee ) vadians 
6x60 180, 


aT. \° 
a («aao0) 


By TRIGONOMETRY. 


we have 
sin 10’=—7 —1 stam) tz (aan) ~ 
= 648007 (aas00) 5 64300) ~°7 
1 wr \? 4d ow \4 
d Ot Oe saan) oe 
= ees: (ag00) * 4 (sa800 
TT 
Now s4ago = 000048481368... 
oT 2 e 
(; =a) = ‘0000000023504... 
T 3 
ead (szs00) = 000000000000113928.... 


Hence, to twelve places of decimals, we have 


sin 10” = 000048481368, 


and cos 10” = 1 a 
= 1 — 000000001175 
= ‘999999998825. 


284. Approximate value of the root of an 
equation. The series of Art. 280 may also be used to 
find an approximate value of the root of an equation. 
The method will be best shewn by examples. 


Ex.1. If 5 : =i » prove that the angle 0 ts very nearly equal to 


1 ; 
it” radian. 


We know that, the smaller @ is, the more nearly is = equal to 


unity. Conversely in our case we see that @ is small. 
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In the series for sin 6 (Art. 280) let us omit the powers of 6 above the 
third, and we have 


93 
po 
[3 1349, 
6 1350 1350" 
fia eae, 
~~ 1350 225° 


Hence 6= 5 , so that the angle is 5 of a radian nearly. 


If we desire a nearer approximation, we take the series for sin @ and 
omit powers above the 5th. We then have 


rn 
6 B + a 1 
0 ~~ 1350 
ne fe 120 20 
ee 4. 00R@= = =, 
his gives 64 — 206 1350 595 


Hence, by solving, 


2210 2. N 22480 _ 150 - 149-933312... _ -066688 
ze 15 15 
_ 100032 
= 
_ 1:00016 
=e 0G 


This differs from the first approximation by about on th part. 


radian. 


Ex. 2. Solve approximately the equation 
Tr ‘ 
COs €@ + 6) = 49, 


Since ‘49 is very nearly equal to which is the value of ccs _ » it 


follows that 6 must be small. 


The equation may be written 
1 J3 1 1 


5 cos aie sin 6="49=5 — loo ee 


For a first approximation omit squares and higher powers of 6. By 
Art, 280 this equation then becomes 


1.3, 1 1 
a+ "g 8 =3- G00" 
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2 1 2/8 34641... 


O= 5 - 700 = 300 7 300 =°'011547... radian. 


For a still nearer approximation, omit cubes and higher powers of @. 
The equation (1) then becomes 


1 es NB, 1 1 
2 2 2 °~2 100’ 


4 
e 2 — 
i.e. | 6 +2,/30= 755. 


6= —/3+ 304 _ 0115086... radian. 


The first approximation is therefore correct to 4 places of decimals. 

The angle @ is therefore very nearly equal to -0115 radian, i.e. to 
about 40’. 

The accurate answer is found, from the tables, to be °0115075... 
radian. 


285. Evaluation of quantities apparently inde- 
terminate. We often have to obtain the value of quan- 
tities which are apparently indeterminate. 


Suppose we required the value of the expression 


3 sin 8 —sin 30 
@ (cos 6 — cos 36)’ 


when @ is zero. : 
If we substitute the value 0 for 0, we have 
0-0 
0x 0’ 
which is apparently indeterminate. 
The expression however, for all values of 6, 


_ 8sinéd—-(3 sin 6 — 4 sin?6) _ 4 sin®@ 
~ 6 {cos 0 — (4cos*@ — 3 cos 8)} {4 cos 8 — 4 cos*6} 
sin?@ sin 0 1 sin 0 


: TE ee 
oo 


~BoosOsintd Ocosd coed” O 
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Now, the smaller @ is, the more nearly do both 


1 sin 0 
aw and re 
approach to unity. Hence, when @ is actually zero, the 
given expression = 1 x 1=1. | 
Such an expression as the one we have discussed is 
said to be indeterminate. We should more properly say 


that the expression is “at first sight” indeterminate. 


286. In many cases the real value is very easily 
found by using the series for sin 6 and cos @. The method 
is shewn in the following examples, of the first of which 
the example in the preceding article is a particular case. 


Ex. 1. Find the value of 


n sin 6—sin nd 


0 (cos 6 — cos n@)* 
The expression 


- (5+ 5) _ (wee ~..] 
[G-Bt+h-) 0-F+i)] 


n? — 5 
3 | eile 5 65 4+- higher powers of 6 


#—] -l , 
6 E g 6? — ae 64+ higher powers of a | 
wW—-n n-n 


weet Ea Be 1 
E F d +higher powers 


~nt—-1 ni-i 


cee 


When 6 is zero, this expression 


62+ higher powers 


~— ee 
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Ex. 2. Find the value, when x is zero, of the expression 


cosa —log.(1+x)+sinx-1 | 


 e® —(1+2) 
, 1 1 1 
er a ee See 
Since log, (l+2)=a ye tg eH Ge eos 
v2 9 gt 
and e=14+2+5 +75 +7... (Arts. 253 and 256), 


eee 


this expression 
a 1 1 Yn 
eee aire vale ae | yee ts 8 me Ae os 
(1 a a) (« 5% rat \e(e Bt B) 1 


ee 
(lies 5+ Bo 1) (42) 


3 
- 2 +higher powersofv - gt powers of x 
= a " — ee ee ‘ 
B +higher powers of x jg + powers of x 


owner 


When z is zero, this latter expression 


0 
=_=0. 


Ex. 3. Find the value, when z is zero, of 


1 
tan x\ x 
es A 


When z is zero, this expression is of the form (5) ; 


0 
5 = 
w+ + me 
But it also = - (Art. 281). 
Now, by Art. 250, the value of 
3 
e2\ x2 
(a +5) 
is e, when 2 is zero. 
au 
Hence the expression =(63 20S 1 


The value of the expression may be also found by finding the value of 
its logarithm. 
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EXAMPLES. L. 
sing 1018 
6 1014’ 
prove that 6 is the number of radians in 4° 24’ nearly. 


1, ff 


sin@ 863 
2. If 6g =. 864 ’ 
prove that @ is equal to 4° 47’ nearly. 
sin@ 5045 
8. 6 ~~ ~5046’ 
prove that the angle @ is 1° 58’ nearly. 
sin@ 2165 
4, 1 6 ~ 2166’ 
prove that 0 is equal to 3° 1’ nearly. 
sind 19493 
6. Ht @ 19494’ 
prove that 6 is equal to 1° nearly. 
1 
6, If tan d= TB’ 


find an approximate value for @. 


Find the value, when x is zero, of the expressions 


x —sin x ae sin av 
a | 8. 1-—cosmz’ 9. gin ba 
tan «—sin x tan 22 —2-sin x versin ax 
10. sin? x I. x3 ° 12. versin bx” 
13 msin «— sinmx 14 a? gin ax — b? sin bx 
* am (cos  — cos ma) ” ' Dtan ax —a*tan bx" 
15 b* sin? ax — a? sin? bx 16 x log, (1+ 2) 
‘ tan? ae — a? tan?bz * . 1—cosz 
17 e*—1+log,(1—z) 18. a+2sin 2 —sin 3x 
: sin’ x : " g¢+tana—tan2z ° 
sin «+sin 6x — 7x gin? naz ~ sin? px 
19. ——————_.. 20. hee see ae 


x 1—cos px 


L. T. 29, 
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91 i el aa 99 sin? ,/mn6 —sinmé sin nd 
" 641 6 20 ; " — (1-cos m6) (1 — cos 26) 
3 sin «— sin 3x 
20). 


v—sin 2 


2 


24, eee en 
i : 5 L 4 , i 
sin # sin 247 — 8 cos & sin: 575 sin* x 


: Ve 
(sin x —2sin 5) +(1-cos x)? 


2 
3 
Qe — b% . a2 
25. ; 26, (== = 
x x 
2 
27. (cos “ +sin =) : 
m m 
Find the value, when x equals got 
98 (cos x + sin 2x + cos 3x)? 
"(sing + 2cos 2x — sin 3x)8° 
29, (sin 9) tan . 30, secx—tan x. 
Find the value, when n is infinite, of 
Sy , 
81, (cos ae 32. (cos = : 33, (cos =)" ; 
Vt . . . nN 
1 
nr 


34, If n be >1 and O=5 nearly, prove that (sin@) is very nearly 
equal to — + 
(n-1)+(n+1) sin 0 
(n+1)+(n—1) sin 6° 
35, In the limit, when B=a, prove that 

| a sin B-B sin a 
acosB—Bcosa 


36, Prove that 


= tan (a — tana). 


1 or 1 
ae genkey veo See 
4tan og tan 239 
and deduce that in a triangle 4BC, in which C is a right angle and C4 is 
five times CB, the angle A exceeds the eighth part of a right angle by 
3’ 36”, correct to the nearest second. 
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37, Find a and b so that the expression asin +0 sin 24 may be as 
close an approximation as possible to the number of radians in the angle 
«x, when x is small. 


38, Ify=x«-esin a, where e is very small, prove that 


LAE Ody Ae Rear Pe a 
tan }=tan 5 (1 é+e*sin 5) 


and that 


2 2 


where powers of e above the second are neglected. 


tan * =tan / (1sere cos? y) ; 


39, If in the equation sin (w—6@)=sin w cos a, 6 be very small, prove 
that its approximate value is 


Cdl A 2% 9 
2 tan w sin 5 € tan 5 sin 5) 


40. If ¢ be known by means of sin ¢ to be an angle not > 15’, prove 
that its value differs from the fraction 


28 sin 2¢+sin 4¢ 
12 (3 +2 cos 2g) 


by less than the number of radians in 1’. 


22—2 


CHAPTER XXIV. 


EXPANSIONS OF SINES AND COSINES OF MULTIPLE ANGLES, 
AND OF POWERS. OF SINES AND COSINES. 


[On a first reading of the subject the student is recommended 
to omit from the beginning of Art. 293 to the end of the chapter.] 


287. In this chapter we shall shew how to expand 
powers of cosines and sines of an angle in terms of cosines 
and sines of multiples of that angle, and also how to 
express cosines and sines of multiple angles in terms of 
powers of cosines and sines. 


288. Let 2=cos@+7sIin 8, so that 
1 1 cos 8@—7 sin 8 


Se ee ee egg = 3 Sime. 
z cos@+zsin@  cos?@+sin?4 


Hence + ; =2 cos 8, 


and poe, sin @, 
x 


Also, by De Moivre’s Theorem, we have 


x” = cos nO +7s1n 06, 


EXPANSION OF Cos” 8, 34. 


1 oor 
and — = cos nf —71 sin n6, 
10 
a 
so that a” + — = 2 cos n0, 
2 
’ 1 e e 
and ao” — — = 2isin nd. 
x 


289. To expand cos” 6 in a sertes of cosines of multuples 
of 0, n being a positive integer. 
From the previous article we have 


(2 cos 6)” = [« + =) 


= a + natty MOD) goa : + oe. 
x 1.2 a 


n(in-l 1 , 1 1 
ae det, Sg tne + 


n n—I) 
1.2 


+ 


= 2" + ne? + ata ee 


n(n—1) 1 1 1 
a ae sceceeee (1). 


Taking together the first and last of these terms, the 
second. and next to last, and so on, we have 


em or=(04 3) sa(eree J) 


hai 


But by the last article we have 


1 
ao” a 2 cos n6, aE = 2 cos(n — 2) G eiscs 
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Hence 
2” cos” 0 = 2.cosn@ +n.2 cos (n — 2) 
n(n—-1) 

12 
1.€ 2" cos” @ =cos nb +n cos (n— 2) 6 
ree cos(n—4) 04+... ... (2). 

If n be odd, there are an even number of terms on the 
right-hand side of (1), so that the terms take together in 
pairs and the last term contains cos 0. _ 

If n be even, there are an odd number of terms on the 
right-hand side of (1), so that after all the possible pairs 
have been taken there is a term left not containing «. 
This term will, when divided by 2, form the last term on 
the right-hand of (2). 


290.. Bx. 1. Expand cos® 6 in a series of cosines of multiples of 0. 


8 
We have (2. cos @)8§= (« + =) 


+ .2cos(n—4)O+4 0.0... : 


. 1 1 1 
x x x « 


eet +8 (a+ = 428 (t+) 456 (22+4\470 
a® , we a 


=2. 008 80+8.2 cos 60 +28. 20s 40-+56. 2.cos 20+ 70, 
27 cos? 6 =cos 86 +8 cos 66 + 28 cos 46 +56 cos 20 +35. 


Ex. 2. Expand cos’ 6 in a series of cosines of multiples of 0. 
e 
We have (2 cos 6)’= ( x + 5) 


HoT +7, 34 2a 4850485. 2 421.547. 545 
v x ee ame 


=(orr>) 47 (0545)+21(0845) +35 (044) 
a? A x3 x 
=2.cos76+7. 2 cos 504 21. 2 cos 36+ 35. 2 cos 6, 
26 cos? 6=cos 76 +7 cos 50 +-21 cos 36 +35 cos 6, 
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291. To express sin” 0 in a sertes of cosines or sines of 
multiples of 0 according as n 1s an even or odd integer. 
By Art. 288 we have 


24 sin @=a4— if 
wv. 
" oa e | m | | 
so that. On am sin® 8 = ( — =| econ Rgaans (1). 


Case I. Let n be even, so that the last term in the 
expansion is 

1. n 

+- and w=(—1)?. 


ag? 
The equation (1) is therefore 
1 nn— ») tae 1 


& 
n(.1)\2 af — yn m1 _ ea 
2”(—1)? sin” @ = a” — nx" tT mete 
n(n—1) 1 1 1 
Brea i ea aa r= coerce (2) 
1 ~ 1 \. n(n—1) 1 

a 1 aes ee N— 2 ae Arieee see n—4 ah 
=(a +5] n(a +o5)+ 1.2 (« + =) 
= 2. cosn0 ~n.2 cos (n~ 2) 0+" =») 9 cos (n— 4) 6 


as in Art. 289. 


ae 
. 27-1 (—1)2 sin” 6 = cos nO — n cos (n — 2) 8 
n(n —1) 
Led 

Since ” is even, there are an odd number of terms in 
(2), so that there will be a middle term which does not 
contain # This term,-on being divided by 2, will be the 
last term in equation (8). 


+ cos(n—4)0—...  ...(8). 
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Case II. Let be odd, so that the last term in the 


expansion (1) will be 


1 Lamas 
Fa) and 7 =7.7%1=4(—1) 2. 
The equation (1) then becomes 
bowels hk 1, n(n—1) id 
nm ie pe ae NOH — yan _ m2 
27.4.(—1) 2 .sin®@= a2" — nx oF To "Rp 
n(n—1) , 1. 1 1 
eeceee = 1.2 eee ae 
1 1\ n(@-—1) ) 
cay i cece, Se 2 oY a 
=(e =) n(o =) + 12.2 (« gn4]°** 
diate Uemenceeas (4). 
Now, by Art. 288, 
gr — +2; sin 00, 
a 
gn? ——_ = 9 sin (n — 2) 8, 


gn? 


Hence (4) becomes 
2”.4.(—1) 2 sin” 6 = 2isin nd —n. Qisin (nm — 2) 0 
n(n—l) 5. . 
+3 . 20 sin (n— 4) O—..., 
n—1 
27-1(—]) 2 sin” é 


= sin nO —nsin (nv — 2) 0+ me) sin (n—4)O— ....0. 


so that 


Since 7 is in this case odd, there are an even number 
of terms in (4), so that (4) can be divided into pairs of 
terms, and there is no middle term, The last term in (5) 


therefore contains sin @. 
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292, Ex.1. Expand sin® 0 in a series of cosines of multiples of @. 
. fi , 


6 
We have 26 76 gin’ g@= (« a *) 


1 


1 1 
= 28 — 6x4 + 1527-20415. -6. pore | 
x x 4 0 


’ 


so that. 28 sin? = (+5) —6(at4 5) +15(a +5) ~20 
x Ey x 
=2 cos 66~—6.2 cos 404+15.2cos 20 — 20. 
‘ —25 gin é=cos 66 —6 cos 480+15 cos 26 —10. 


Ex.2. Expand sin’ 0 in a series of sines of multiples of 0. 


| . ; 
We have 27 i” sin? O= («- =) 

=x? — 7x5 + 2143 — 85a + 35. t_a1,4 ET 1 ~ i 

x x? e> gg? 


= aes -7 es + 21 ee — 35 a ‘ 
x? xb x3 x 
— 27.4. sin? 0=2i sin 76 —7. 21 8in56+21. 2% sin 30 — 35, 2isin 6. 
— 26 sin? @=sin 76 — 7 sin 56+ 21 sin 36 — 35 sin, 


Ex, 3. Expand cos® @ sin’ @ in a series of sines of multiples of @. 
We have 7 


1\5 ee: we: 
2 cost = (x + =) , and ai sin! = (« - =) 7 


5 -4\2 
Hence 22 . 77 . cos’ 6 sin’ d= (2-5) (« _ 3) 


x2 


10 5 1 1 
= 0 — Baf-4 1009 — +=, ~ 5 | [2-245 
1 1 1 f, 1 
= (2 =a) —2 (a - =i) _- 4 G — =) + 10( 28 =) 


1 1 
4.5 (#- 5) ~20(2?- =) FR 
Hence, as before, we have : : 


— 2) eos 6 sin? 6 = sin 120 — 2 sin 106 — 4 sin 86 +10 sin 66 +5 sin 46 
— 20 sin 26, 


346 TRIGONOMETRY. 
EXAMPLES. LI. 


Prove that 
1, sin’ 0=— [sin 50-5 sin 30+ 10sin 6]. 


1 
9. cos?é = 956 [cos 96 + 9 cos 76 + 36 cos 56 +84 cos 36 +126 cos 6]. 
8. — j= 7 


en [cos 106-+10 cos 86 + 45 cos 60 +120 cos 46 +210 cos 20 + 126]. 


| 4, sin’ @= 5a loos 86 — 8 cos 66 + 28 cos 46 — 56 cos 26 + 35]. 


5, sin? 0=555 [sin 96 — 9 sin 70 + 36 sin 56 — 84 sin 30+-126 sin 6]. . 


sin n@ 
293. Lo express ee 


in a series of descending 
powers of cos0. | 
If z be <1, we have 


pein 0+ win 20 Ftsin BO +.. 


+a" sin 10 +... ad inf, ......... _(). 
This may be shewn by multiplying each side by 
1 — 2x cos 6 + 2, 
when it will be fouind that the right-hand member will 
reduce to sin @. 
Another proof will be found in Art. 358. 
Equating coefficients of a” in (1), we have 
sin n6 


— coefficient of a” in [1 — 2a cos @ + 27] 
sin @ © 


\= coefficient of a” in fl — io c cos 6 — op 
= coefficient of 2” in 
1 +20 (2 cos 0 — #) + #(2 cos 8 — aw)? + 2.4... 
+ a" (2 cos 6 — x)" + a”? (2 cos 8 — x)" 
+a"! (2 cos 6 — a)" + a” (2 cos 8 — &)" + . 0... (2). 


SIN 16 
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Now coefficient of 
a" in 2” (2 cos 6 ~— w)" = (2 cos 8)", 
coefficient of in = a”*(2cos @—a)" | 
= coefficient of # in (2 cos 6 — x)" 
= —(n— 2) (2 cos 6)", 
coefficient of a” in @”-8(2 cos 0 — @)"> 
= coefficient of # in (2 cos 0—«)" 


= woes (2 cos Oy, 


and so on. 
Hence, from (2) picking out in this manner all the 
coefficients of 2”, we have 


‘sin 10 © a a ee ee 
9 ls (2 08 0) (n — 2) (2 cos @) 
2) Ged 
+ woe e cos 6)" 
(n— 4)(n— 5) (2-6) 0g av 
nad ~— 1.9.3... (2 COS 0) + eevee . 


w~—l 


If n be odd, the last term could be proved to be (—1) ” ; if n be even, 
: Bday | 
it could be shewn tobe (~1)”_ (ncos 6). 


**294. To express cosnO in a series of descending 
powers of cos @. 
If « be <1, we have 
a 
1— 2x cos 0+ # 


= 1+ 2x cos0 + 2a? cos 28 + 2% cos 80+... 
w+ 2a" cos nd +... ad inf... (1), 

This may be shewn by multiplying both sides by ~ 

1 — 2a cos 0+ 2, | | 
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when it will be found that all the terms on the right-hand 
side will reduce to 1 — 2”, 
| Another proof will be found in Art. 358, - | 
Equating coefficients of «” on the two sides of (1), we 
have | 


2 cos n@ = coefficient of 2” in (1 — a) [1 — 2% cos 0 +47} 
coefficient of x” — coefficient of a” in | 
[1 — se (2. cos 0 — x)\ 
= coefficient of «” — coefficient of a”? in 
1+2(2 cos 0—#)+ 2 (2cos 0—a@)? +... 
ie $c? (2008 0 — x)" + 2 (2 cos 0 — x)" 
+ 2” (2.cos 8 — x)" + a"! (2cosd— a)" +... 


Picking out the required coefficients as in the last 
article, starting with the term 


x” (2 cos 8 — 2)", 
we have 2cosn0 


= (2 cos 0)” —(n —1) (2 cos oyr2 + ao) *) a (2cos @)"~4 
_ mn Gen (2 cos 0)"-$ + 00... 
_ (2.0% 0\"-2 — (n — 8) (2 cos 8)" 


+ Sesto (2 cos 8)" — .., | 


=(2cos0)"—n(2cos aya] ODS) + (n-8) | (2cos@)"—4 


(3 ; Pa DE") |(2c0s6y*4 Seas 
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so that, finally, 


2 cos nO = (2 cos 8)” — n (2. cos A)" + a (2 cos 0)" 
—4)(n—5 
se ) (2 cos OY"8 +... sees (2). 


The last term could be shewn to be 
n—1 n 
(-—1) ? .n.(2c0s@) or (-1)*.2, 
according as is odd or even. 


aid m a series of ascendin 
sin @ J 


—*&*295. To expand 


powers of cosO, 
As in Art. 293, we have 


ae = coefficient of 7” in [1 — 2a cos 6+ a7] 
= coefficient of 2” in [1+a(#%—2 cos @)|7 
= coefficient of 2 in 
1 —a (#—2 cos 0) + 4? (@ — 2 cos 6)? —...... 


aeee +(—1)" 2 (@ —2cos 0)" +... ...(1). 
Case I. Let n be odd, so that (n — 1) is even. 
The lowest term in (1) which gives any coefficient of 
x” is then that for which 
n—l 
7: 


T= 


Hence, in this case, 


a He = coefficient of #1 in 1 — a (w—2 cos 6) +... 
sin 6 


n=1 n= n=l ntl n+ n+) 

+(-1) 2 #2 (—2cos@) 2? +(-1) 2 «2 (w—2cos6) 2 
nt8 nt nob 

+(—1) 2 wa? (@—2cos@)? 4...... 


+ (— 1)" a (@ — 2 cos 6)" 4....... ; 
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Picking out the required coefficients as in Art. 293, we 
have 


nm+1n—1 
sae fe 2 = 9 Z 
sap ee) Ta | (208 8) 
n+3 n+1 n—-1 n—-38 
nts 7 DHDT eT F,_ Fe ODDt— ett oT!” 
2 2 D) D) 
_1)2 _ ee 
+(—1)* . 1.2.3.4 (-~2cos 0)i+... 


+ (2 cos 6)", 
Hence, finally, when n is odd, we have 


m-1l |: 2. 142 2 : 2 Q2\ 
(— 1) ? eins : eg eee a Deeg 
— SPE ERD eye 9 a 
= n= 1 
+(— De (208 Oy is cheese 2). 


Case II. Let be even, so that »— 1 is odd. 


The lowest term m (1) which gives any coefficient of 
xe is then that for which 


| De 
Hence, in this case, 
« Q P 5 
oa = coefficient of 2” in 1— a (@—2cos@)+... 


non nm wi, 2 n 
+ (—1)? #?(a— 2 cos0)?+ (— pe” gr” (w — 2 cos 0)? - 


+(—1)2 Fgh (a — 2 cos 0)" +. 


+ (1) 2" (@ — 2 cos 0? T +... : 


SIN 70 
SIN 8 


IN ASCENDING POWERS OF COS @. 351 


Picking out the required coefficients, we have 


snnO6 , 2 n Pew 
= 5 =(— 1)?.5(- 2. cos @) 
n n\/n => 
‘ ($+1)(5)(5-1) 
+(-1™. Lee (— 2 cos @) 
nas +2)(5+1)5(5- (5-2) 
Ogg a : 
ee Ee oa [2.5.4.5 mara eee @) 
oP eos aateius . +(2 cos 0)", 
Hence, finally, when is even, we have 
“41 9in nO 
CD ane 
2__ 92 2__ 92 2 Ag 
=n cos 6 — ee 0 a cos’ 6 
Ziti 4 (= 1)? (2.608 OYE yess (8). 


N.B. It will be noted that equations (2) and (8) of this article are 
simply the series of Art. 293 written backwards. This is clear from the 
method of proof, or the statement could be easily verified independently. 


**296. Lo expand cos nO in a series of ascending 
powers of cos @. 
As in Art. 294, we have 
2 cos nO = coefficient of a — coefficient of a? in 
(1 — 2% cos 6 + 2?) 
= coefficient of w” — coefficient of a? in 
1 — a (@—2 cos @)+ a (@ — 2c0s 0)? —...... 


| + (—1)" a (w@—2cos 0)"+..,  ...(1), 
as in Art.°295, 
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Case I. Let n be odd, so that n —1 is even. 
The lowest term in (1) which will give a of the 
coefficients we want is that for which 
n—l 
2 
Hence 2 cos n@ = coefficient of «” — coefficient of «”—? 


‘= 


Ue ed nes 
1—x#2(x«—2cosO)+...+(—1) 2? a2? (w—2cos 8) 2. 
atl ntl n+1 +3 nt+8 n+3 
+(—1) 2 «@ ? (e~2cos) 2 +(—1) 2 w? (w- —2 cos@) — 
ot iene Soae fie a a” hat 2. cos OY"... 


+(-1)? Lom (— 2 cos 0) — 


(— 2 cos 0)? 


2 
n+3 n+1 n—1 


Res 2 2 
tL egg 


3 

ae 

oo 
. 


2 5 
T3848 cra cont) 


a aadenmeeke aia + (2 cos 0)”. 
-1 


(- 1? . 2 cos nO 
=cos6[(n—1)+(n+1)]- OR) cost o[(n— 3) +(n-+3)] 


4 AES) YOM O=®) cost A[(n—5) + (n-+5)] + tees 


n-1 
+(—1) 2 (2 cos 6)”. 
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Hence, finally, when 7 is odd, 


n-1 
(—1)? cosné 
2.712 2. 12 = . 
=n cos 6 — a Fae yaa (n a 3”) cos’ 6 
= bs 
— eeeee (= 1) 2 C08? 6 canes (2). 


Case II. Let n be even. 
The lowest term in (1) which will give any of the 
required coefficients is that for which 
n— 2 


=o 


Hence we have 
2 cos nO = coefficient of «” — coefficient of «—? in 


n-2 n-2 n-2 


1 —a(«@— 200s 6) +...+(—1) 2 @ ® (w—2cos8) 2 


nu 2 m insta Le 
+(—1)? # (e@—2cos €)?+(—1) 2 2? (a—2cos 8) 2 
ahs Sia litaas Waele + (— 1)" a (@ —2cos 0)" +...... 
: n n—2 
=(-1)* [-1]4+(-)! 1 ae 2 cos 6)? 
=e ne 
n+2 n 
a= | 2 "2 
oes 2 ee 2 
+(-1) 3 (—2cos 8) 
n+2n n—-2 n—4 
22° 2°" 2 ; 
ae 


1 Oe i 23 
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n—2 
(— 2 cos 0) 


n+4 n+2 n 
nt+4 9 2 "9° 
1.2.3.4 
n+A4 n+ 2 nn—-2 n—-4 nes 


(—2 cos 6)° 
See mere + (2cos 8)”, 
(—1)? .2cosné 


=[1 +1] - "5° n(n 2) + (042) 
+P Un + 2). (0— i el a se 
ise teees sane + (1)? .2.cos 8)" 


Hence, finally, when 7 is even, 
n? cos? @ = n? (n? — 2°) 
2 Ne 
_ n(n? — 2?)(n? — 4) 
e 


(—1)? cosn8? =1— cos! 0 


cos’ @+... 


(= 1) 9 2 C08" 0 xis tiusdesteiveiaeys (3). 


N.B. As before, the equations (2) and (3) of this article are only the 
series (2) of Art. 294 written backwards. 
**297. From equation (2) of Art. 295 and equa- 
tion (2) of Art. 296 we have, if n be odd, 
_ Wa sin TO ke IN oe a2 
(—1) 0 =1 2 cos ee cos! 6 
(n? — 1*) (n? — 8°) (n* — 5?) 
ee ee 


cos® 6 +....... 


_ n-1 
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a poy ee 
and (—1) ? cosnd =n cos 6 — "UT? cos 6 
‘m2 — 12 2 92 = m-1 
sont ne oD 5G eee +(—1) 2 2” cos”é 


6 


T 


5 8, and therefore 


In these equations change @ into 


cos 8 into sin 6. 
Then sin n@ will become 
wm v= 
sin (S — nd) , ue (—1) 2 cosné, 
and cos n@ will become 
. m~1 
cos (> —n8) , 2e. (—1) 2 sinné. 
On making these substitutions we shall have, if n be 
odd, 


| 2_. 12 2 _ 92 
cos n@ = cos @ : a E : sin? 9 + (n i. 3) sint‘@ —... 
7 n-1 _ 
+ (— 1) 2 22-1 gin? a} e aeahiaveeke .(3), 
and 
n(n? — 1?) n(n? — 1?)(n? — 8?) 


sin n@ = nsin 6 — sin’ @ 


sin? 6 + 


3 E 


n-1 
Ae sieicire’ +(—1) 2? 2? sin” @...... (4), 

* *298, Again from equation (3) of Art. 295 and 

equation (3) of Art. 296 we have, if n be even, 
7 gtisin nO _ n(n? — 2?) ' 
(-1) ang 7 1008 6 ~s cos® 8 
gh (n? — 2?) (n? — 4°) 
5 


cos O+...... +(— 1 (2 cos 0)" 
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and 
D) 2 2_. 92 
- oon o) 


le EB 


+(- 1: 2°— (cos® 7)....4. (2). 


(— 1)? cos nO = 1— cost @ —...... 


In these equations change @ into a7 6, and therefore 


cos 8 into sin @. 
Then sin n@ will become 


sin (S — nd) , 16. (- Ie sin n6, 


and cos n@ will become 


ni 5 
cos (F — nb), 1.€. (— 1)? cos né. 


On making these substitutions we have, if n be even, 


1 22. 92 2. 922 2: AD 
sin sing — 2") sins g 4 2 2?) (n? — 4?) 


cos 6 3 [5 


sin'@... 


+(—1)2"" (2sin A"—1.....-(3), 
and 


2 2 2 2 
cos n@ =1 ap a) 


? fa 


sin‘ @ 


**299. Equations (1) and (2) of Art. 297 and equa- 
tions (1) and (2) of Art. 298 give-the expansions of sin n@ 
and cos nO in ascending powers of cos @ for the cases when n 
is even or odd. Equations (8) and (4) of the same two 
articles give the expansions of the same two quantities in 
terms of sin @. 
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EXAMPLES. LII. 


sin 70=7 sin 6 ~ 56 sin? 6 +112 sin' 6 — 64 sin’ @. 

cos 70 = 64 cos” 6 — 112 cos’ 6 +56 cos? 6 — 7 cos 6. 

sin 86=sin 6 [128 cos’ @ — 192 cos® 6 + 80 cos? 0 — 8 cos 6]. 

cos 80=1 — 32 sin? 0+160 sin‘ @ — 256 sin® 6 + 128 sin$ 6. 

sin 99=sin 6 [256 cos’ 6 — 448 cos® 6 + 240 cos 6 — 40 cos? 6 +-1]. 


Express cos 60 in terms of cos @ only and verify for the cases 


Do Fw Pp 


Tv Tv 
6 = BY ’ 6 = 9 
respectively. 


7, Prove the algebraic identity 


~8 
ne 8) (p+ gy" sptgtt 


nr 
pe+g™=(p+q)—n (p+) pq+——5 
Deduce that 


—3 
2 cos nO = (2 cos 6)” — n (2 cos 6)" 7 + ie (2 cos 0)"-4—.... 


* * 300. Ex. Prove that the roots of the equation 


8x3 — 4x? —- 4e+1=0 


T 37r OT 
are cos =, cos-—— and cos 7 


7 7 


and hence that PR a lee eke 
: ae a 7 3? 


C08 = cos on Sah" e6 BP ng iis Lae 
7 7 7 7 7 7. 2 


and 7 cos ae cos DE 2 
C08 7 C08 ~7 a 
On putting n=7 in equation (2) of Art. 294, we have 


4 oo 
2.c0s70=(2 cos 0)’ ~ 7 (200s 8)5-+4", (2cosa)>— 4 = (2cos 6), 


i.é., on reduction, 


cos 70 = 64 cos’ 6 — 112 cos’ 6+ 56 cos? @- 7 cos @.......... ane 
Now put cos 79= —1, so that 
T 37 51 
é=—, or or — 


7 ia 
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Equation (1) then becomes 
64 cos? @ — 112 cos’ 0+ 56 cos? 6-— Tcos 04+1=0............ (2), 
and its roots are 
cos = oe igo doe anes sues and cos ale 
y fae is T? 7? 7’ 7 7 
Now 
cos Ws —1, cos tal cos EE 468 si and cos OT Liege” ; 
7 7 i 7 as 7 

The roots of (2) are therefore —1, and cos os cos = , and cos oF , the 


7 


Writing c, for shortness, for cos 6, the equation (2) may be written 


(c + 1) (8c3 - 4c? —4¢ +1)?=0. 


latter three roots being twice repeated. 


Hence cos 7 , COs oe. and cos 7 are the roots of the equation 


Be3 — de? — de + 10... oo. cccccecseveccecvecsee ces (3). 
We therefore have 


Gia Cusp ten SE 
7 7 7° 8 2’ 


cos = cos © ase eed Cee ee ee 
and ates OR a fe tt 
7 4 7 3 8 


In equation (3), putting Pe and therefore c= 


; t , it follows that the 
¢ fa 
quantities sec? seo? , and seo? are the roots of the equation 
1 4 4 
jee Jar = 
or, on rationalizing, 
a? — 24a? + 800 — G40... ecceccce eee ne eee eee ens (4). 


Again, putting s=1+y, then, since sec? 6=1+ tan? 6, it follows that 


tan? = , tan? = , and tan? oe 


7 
are the roots of the equation 


(1+y)? — 24 (1+y)?+80(1+y) -64=0, 


i.e. of ye — Q1y? + 35y —-T=0. 
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Aliter, Without assuming the series of Art. 294, which is difficult to 
remember, the equation (2) may be deduced directly from De Moivre’s 
Theorem. | 


For the equation (cos @+7sin 9)? = SAL acaeelaiatien uaatoroeeene (5), 
1.€. cos 76+7sin 70= -1, 
is clearly satisfied when @ has either of the values 
w 89 br Tr Or Ilr 137 
go ee es ee 
Writing c for cos @ and s fo sin 6, the equation (5) on being expanded 
by the Binomial Theorem becomes 
ce? +- Tic’ § — 21c5 52 — 85ic4 s? + 353 s4 + 21ic?s® — 7es6 — is7= — 1. 
Equating the real parts on each side, we have 
ec? — 21c5 52 +. 35¢3 st — 7cs8 + 1=0. 


Putting s?=1-c?, we see that the cosine of each of the angles (6) satisfies 


the equation 
.64c7 — 112¢° + 56c? —- 7¢+1=0. 


But this is equation (2). 
%** 8301, Ex. Find the value of 


2 4 
sec 0+ sec (0+=*) + sec (0+ =) +... ton terms, 


sec? 6 + sec? (0+=7) -+- sec? (o+=) +... ton terms, 


From equations (2) and (3) of Art. 296, we know that 


242 2_ 12) (n2 — 32 ae 
a a ac a neres oe Qn—l en 
7 ~ pel 
=(-1) 7 COS NO. eerecseees skeaneauas tare), 
when n is odd, 
and that 


n? . n?(n?— 2?) z a 
eo Ee 


fone 


c= 


when n is even, 
where in each series c stands for cos @. 
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If cos n@ be now given, the equations (1) and (2) give cos 6. 


But since cos nO = cos (nO + 2xr) = cos (nb +47) 


wm aoe eee ee seoeroesee 9 


these equations would also give 
cos (0+=) , COS (0+)... 
n n 


Hence, in each case, the roots are 


cos 8, cos (0+) » COs (0+=) eee to n terms. 


In (1) and (2) put = and multiply by y”. 


We have then the equations 


a 1 m(n?-12) 
(-1) cos nd xy®—n. y” vig eee | eaerererg (2) F 
when n is odd, = 
vi) 
and [(-1* COs no-1 yey ieee Un wencentereinysts (4), 


when 7 is even. 
The roots of these equations are respectively 


sec 6, sec (0422) » sec (047), 
n nN 


Call these Yr. Yor os Une 
Then 
Yrt Yor... +Y,=sum of the roots 
n-l 
= ee =(-1) 2 nsecnd, when 7 is odd, 
(-1) 7 cosné 
and =0, when 7 is even. 
Also | 
Yer tye + ce bY = (Yrt Yat oe FYn)? — 2Y1Y2 4 Yo¥at »-) 
2 
w= 9? geo? no, when n is odd, 
cos? n6é 
n2 
and oe E = panes seer when 7 is even. 
vi; 


nr 


=i * cos no — 1 1-(-1) cosné 
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EXAMPLES. LITI. 
1. Prove that 


Qe Ar 67 87 
(©- 2008-5 ) («- 260s 3) («-2c08"F ) (x2 cost | 


= 74+ 973 ~ x? -Q2a+1. 


9, Prove that the roots of the equation 


82° + 422-42 —-1=0 are cos at cose, and cos ° 
3. Prove that sin , sin . and sin . are the roots of the equation 
x? — V7 oN 79 

8 
Prove that 

1 1 a 
4, tt el. 

4— see? 4 — sec? 7 4— sec? 
4 1 
5, cost = + cos4 aT cost 5 + cost = 5 ; 
6. sect + seo! f seo! + seo = 1120. 
7 5 ages” ae eee 
ye fie a a a 
8, Form the equation whose roots are 
2 30r Aor 53 
o”. 2 a7 g OT 9 = 308 

tan ii? tan ii’ tan ir’ tan ii and tan ii' 

[Commence with equation (8) of Art. 277.] 
27 37r An 51 
ree pot yee eld pees 
9, cot mt eo Teed il + cot il + cot il 15. 
4 5 

10. sec? i + seo? + seo? + sec? it + sec? a7 = 60. 
Prove that | 

2a 67 187 ,/13-1 
ll, cos igt COs 73 + cos 4a = gee 
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12, cos 2 + cos + cog 22” = NIB? 


13 ia 3°. 4 
13, cos-+ eos Lam co au cos Baa 
5 i AS 15 3° 
14, Prove that sin - is a root of the equation 


642% — 8027+ 24x27? -1=0, 
Find the value of 


: 2 ’ 4 ; 
16, sin 6 sin (0+) sin (0+7)......8in \+ (n—-1) = ; 
n n nN 
f Qa Ar 
17, cosec? 6 + cosec? (0 +7) ++ cosec? ¢ + =) ehihay to n terms. 


18, tan? é+tan? ¢ + =) + tan? ¢ + =) oe to n terms, 


[For the following 5 questions commence with equation (5) of Art. 
277.] 


19, tan @+tan (0 +) + tan (6 + =) re . to n terms, 
lr 2a 
20. cot 0+ cot (0 + =| + cot (0+ =) cone to n terms. 


91, tan dé tan ¢ + =) tan (0 + =) ae to n factors. 
. 7 2a 
99, tan? 6+ tan? (6+ A + tan? { 6+ ec eaas to n terms. 


23, Ifn be odd, prove that S=3C=n?-1, where 


T 2Qr 37 
S=sec? —+ sec? — + sec?— +...... to n—1 terms, 
n n n 
Tr Qa 37 
and C= cosec? 7 + Gosec? = + cosec? = tb osess to n—1 terms. 


94, Find the sum of the products, taken two at a time, of expressions 


of the form sec (04°) , where r has all values from zero to n—-1. 


CHAPTER XXYV. 


EXPONENTIAL SERIES FOR COMPLEX QUANTITIES. CIRCU- 
LAR FUNCTIONS FOR COMPLEX ANGLES. HYPERBOLIC 
FUNCTIONS. 


302. WHEN «@ is a real quantity we have proved in 
Art. 253 that 
72 


x? . 
vo — _—— 
é Pewee Ita penaaieaeesGl): 


When « is not real but is complex, 2e. of the form 
a+b,/—1, the expression e* has no meaning at present. 


Let us so define it that for all values of # (whether 
real or complex) it shall mean the series 


\ ame se 
Pe ose igre ‘Domceneseues (2). 


303. We can easily shew that this series 1s convergent 
when « 1s complex. | 


For let «=r (cos 6+,/ —1sin @). 
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ae | : 
Then maa a sean ad inf. 
1. (cos 20 + 7 sin 20 
=1 +r(co8 0+ isin 9) + CRATERED 
3 
res (cos 36 +2 sin O0) is ad inf 


ste 


cos 26 7? cos 384 


ef pb Beare 


—~ : r?sin2@ sin 36 
+J=1 [sings POSE Seeks | 


=l+rcosO@+ 


The quantity 
F008 20 Re. = CO8 36 + ...... 


1 ,? 
18 < rt gt jt sesees 


1+rcos. 0+ = 


and is therefore convergent since this series is convergent 
for all real values of r. (Art. 254.) 
Similarly the ver 
r sin 6 + asin 20 + ..000. 
is convergent. 
Hence the series for e” is always convergent. 


304. When w is a complex quantity the quantity e* 
is then a short way of = 


Lage +igt sheiles 


3 


Unless x be real, the e in e* does not mean the series 
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When « is complex, e* stands for a series of the same form 
as that series which, when «# is real, has been proved 


to be equal to 
(14145 i 4. : 
|2 [3 @eeseoe e 


Instead of e* the expressions E (x) and exp (x) are sometimes used. 


— 805. By a proof similar to that of Art. 800, C. 
Smith’s Algebra, it may be shewn that 


e” , eY = ety, 
whether « and y be real or complex quantities, so that 


the functions e* and eY obey a law of the same form as 
the index law. 


306. If « be put equal to &, where @ is real, we 
then have 


. O42 — O%B 
a — pe, esas 
et*—=1+Ge+ p + B Te oceeee 
G2 G+ 6 
1 2 + i 6 ere 
GB @ 
+2 6 = B + EB aout | 
=cos # +2 sin 0. (Arts. 279 and 280.) 
So e-* — cos O—7sin 8. 


Hence, by addition, we have 
ef + e~% 


cos 6 = so % 


and, by subtraction, 
Oi __ et 


24 


sin 0 = 
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Circular functions of complex angles. 


307. When 2 is a complex quantity, the functions 
sin w and cos a have at present no meaning. 

For real values of # we have already shewn in Arts. 
279 and 280 that 


a a? a 


sn @=U— mtr wh eewee. ad inf. 
BB |b |e 
a gt ee : 
and i aoe ae a seeps ad inf. 


Let us define sina and cos w, when 2 is complex, 
so that these relations may always be true, ze. for all 


values of « let 
Hh oe a 


ee rains cece cee ceene (1), 
a ot a8 
and aaa ae agiees, Adashaeas (2). 


When # is complex, the quantities sin and cos # are 
then only short ways of writing the series on the right-hand 
sides of (1) and (2). 


308. We have then, for all values of a, real or 


z= . (at (ar)? (ar)! 
=]+a+ B a B - | Ao 
— gti - (Art. 302.) 


So cos @—7tsin «=e, 
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Hence for all values of w, real or complex, we have 
bd 
cos x =-—__——__, and sinx =——_____- 
2 2i 


These results are known as Euler’s Exponential Values. 


309. We can now shew that the Addition and 
Subtraction Theorems hold for imaginary angles, 2.e. that, 
whether a be real or complex, then 

sin (« +y)=sin £ cos y + Cos # sin y, 

cos (a + y) = cos # cos y —sin wsin y, 

sin («@ — y) =sin £cos y — cosasin y, 

and COS (@ — y) = COS £ COS Y + SIN # SIN y. 
Since 

ext hs eet eu eat et 


cos @ = ————— and sina = 
2 | 24 ? 


we have sin “cos y+ cos #sin y 
| evi em ti guia gut grin gai gyi_ evi 
yA) 2 a 20 
ett Yoyt — ett Ae-yi — piwty)t — p-(wtyit 
Aa ~ Qi 
= sin (@+ y). 


(Art. 305) 


Similarly the other results may be proved. 


310. It follows that all formule which have been 
proved for real angles and which are founded on the 
Addition and Subtraction Theorems are also true when 
we substitute for the real angle any complex quantity. 

For example, since 


COs 30 = 4 cos? 0 — 3 cos @, 
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where @ is real, it follows that 
cos 3 (a+ yt) = 4.cos? (w + yt) — 3 cos (w + Yt). 
Again, since, by De Moivre’s Theorem, we know that 
cos n@ + 4sin nO | 
is always one of the values of 
(cos 6 +2 sin 0)", 
when @ is real and n has any value, it follows that 
cos n (a+ yt) +4 sin n (@ + Yt) 
is always one of the values of 
[cos (#+ yt) +2 sin (a + yr)”. 

311. Periods of complex circular functions. In 
equations (1) and (2) of Art. 809 let « be complex and let 
y= 20. 

Then sin(#+2)=sin 2 cos 27 + cos # sin 27 

= sin 2, 
and cos (# + 277) = cos # cos 27 — sin x sin 27 
= COS &. 


Hence sin x# and cos« both remain the same when 2 
is increased by 27. Similarly they will remain the same 
when # is increased by 


Hence, when # is complex, the expressions sin # and 
cos # are periodic functions whose period 1s 27. 

This corresponds with the results we have already 
found for real angles. (Art. 61.) — 
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EXAMPLES. LIV. 


ext + ext : ext — e—xi 
a rae and sin x=——5--—_ prove that, for 


all values of x, real or complex, 


Assuming that cosz= 


1, cos*a+sin?x=1. 2. cos(—x)=cos 2. 

3, sin(-—2)=sinz. 4, cos 2x=cos? x — sin? x =1-2 sin? a. 

5. sin3z=3 sinx-—4sin?x. §, cost—cosy=2 sin “3 sin Yo. 
; , x+y . “-Y 

7, sinx-— siny=2cos “zy Sin 3” 


Prove that 
8, {sin(a+6)—e% sin 6}"=sin™ ae~ 8%, 


— 707 


9, sin(a+né6)— e% sin nd =e sin a. 


10. {sin (a—-6)+e7" sin 0}"=sin"—! a {sin (a-n0)+e7™ sin no}. 


312. In the formule of Art. 308 if x be a pure 
imaginary quantity and equal to yz, we have, since 


e@=—, 
, evttpe yt eytey v+rey 
cos YY = OCS OF Ss 
J 9 2 9° 
and , 
2, CYT eye Ee Yeh i ,ey—eY 
SIn Y= ; Soe SS 
J 21 2 2(—1) 
ev —e7¥ 
7 my 


313. Hyperbolic Functions. Def. The quantity 
ey — eV 
ees 
whether y be real or complex, is called the hyperbolic 
sine of y and is written sinh y. 
Lad, 24 
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Similarly the quantity 
e+e 7 
2 
is called the hyperbolic cosine of y and is written 
cosh y. 


[It will be observed that the values of sinh y and cosh y are obtained 
from the exponential expressions for siny and cosy by simply omitting 


the ?s.] 

The hyperbolic tangent, secant, cosecant, and cotangent 
are obtained from the hyperbolic sine and cosine just as 
the ordinary tangent, secant, cosecant, and cotangent are 
obtained from the ordinary sine and cosine. 


sinhy e&—e¥ 


Thus ee ae 
bye i 2 
eee gd shy ev —e78? 
eee 
J cosh yy bee’ 
Ya ey 
and coth y = : eae’ 


tanh y ev —e-¥" 
The hyperbolic cosine and sine have the same relation 
to the curve called the rectangular hyperbola that the 


ordinary circular cosine and sine have to the circle. 
Hence the use of the word hyperbolic. 


314. From Arts. 312 and 313 we clearly have 
cos (yt) = cosh y, 
and sin (yt) =7 sinh y. 
So tan (yz) =2 tanh y. 
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315. Corresponding to most general trigonometrical 
formule involving the ratios of angles there are formule 
involving the hyperbolic ratios. 

For example, we have, for all values of the angle «, 


cov a+sinta=l1, 
so that cos? (yt) + sin? (yz) = 1, 
and hence, by the last article, 
cosh? y — sinh? y = 1. 


[This may be deduced independently from the definition of the hyper- 
bolic functions. For 


Y4e-y\2 Y—e-y\2 
coshty ~ sinh? y= (¢ ae ) -(¢ : ) 


V+ 24+e7Y eC —-Qre-V 
= i = 


1.] 


Again, for all values of u and v we have 
sin (u+ v) =sin wu COS v + COS uSIN V. 


Put u=a and v= y1, 
so that 


sin [(v + y) 2] = sin (a2) cos (yt) + cos (at) sin (yt). 
The expressions of the last article then give 
7sinh (w+ y) =isinh # cosh y+ cosh # x 7¢sinh y, 
. sinh (w + y) =sinh a cosh y + cosh & sinh y. 


[Directly from the definition of the hyperbolic ratios we have 


sinh « cosh y + cosh # sinh y 


‘eX —~e-% +e Yet + e-% BY—e-¥ Dertty —~ Ve-(x+y) 


3 2 73 a 
on multiplication, =sinh (vx+y).] _ | 


24—2, 
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Again, for all values of @, we have 
3 tan 0 — tan? 6 
1—3tan?@ — 
Put then 0= at, and we have 
3 tan (a) — tan? (a1) 
1 —3 tan? (a) 
Hence the substitutions of Art. 314 give 


32 tanh w — 2 tanh? x 


tan 36 = 


tan (3272) = 


2 tanh (82) = 1 — 32? tanh? 2 
~ 1+ 3tanh?e ’ 
3 tanh # + tanh’ x 
so that tanh (3a) = 14 3tanh?a 


As before, this may be easily proved from the definition 
of tanh a. 


316. In general it follows from (1) of Art. 314 that 
any general formula which is true for cosines of angles is 
also true if instead of cos we read cosh. 

From (2) of the same article, since 

sin? (yz) = — sinh? y, 
it follows that any general formula involving the cosine 
and square of the sine of an angle is true if for cos we 
read cosh and for sin? we read — sinh’. 

Similarly from (8) we may turn a formula involving 
tan? into another by writing for tan? the quantity — tanh? 

In this manner formule and series involving the 
hyperbolic functions may be obtained from Arts. 241, 
242, 274, 275, 277, 289, 291, and 293—298. 
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317. From the values in Art. 313 it follows, by 
Art. 302, that 


cosh 4 = ; (e* + e-*) 


Py ha at 7 


“+e tate 


Bee wane 


sinh v= ; [e* — e-*] 


= 0+ La te = “F 
These are the expansional values of cosh w and sinh a. 


*318, Periods of the hyperbolic functions. 


For all values of 0, real or complex, we have cos 0i= cosh 6. 
Hence 


cosh (x + yi) =cos {(w-+yt) i} =cos (ai- y)=cos[-2r+ai-—y] (Art. 311) 
= cos [(2ri-+ a+ yt) i]=cosh [2ri+ 24+ yt] 
= (similarly) cosh [47i+2+yi]=...... 
Hence the hyperbolic cosine is periodic, its period being imaginary 
and equal to 277. 
Again, since sinh @= —7sin @i, we have 
sinh («+ yt) = —isin {(v+yi)i}= -—isin[zi-y] 
= ~—isin[ -2r4+vi-—y]= —isin {[2ri+e+yi]i} 
= sinh (271+ 2+ yi], 
so that the period of sinh (x+ yi) is Q7t. | 
Similarly it may be shewn that the period of tanh (#+-yi) is zi. 


The hyperbolic functions therefore differ from the circular functions 
in having no real period ; their period is imaginary. 


319, Ex. 1. Separate into its real and imaginary parts the expression 
sin (a+ Bi). 
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We have gin (a + Bi)=sin a cos Bi+ cos a sin Bi 
eF +e 8 gk ee 
2 2t 


eB eB : eB — eB 
+2coSsa 5 


=sina 


= sina 
= sin a cosh B+ cos asinh 8. 


Ex. 2. Separate into its real and imaginary parts the expression 
tan (a + Bt). 


We have tan (a+ Bi) = Stee!) 


~ cos (a + Bi) 


_ 2sin (a+ Bi) cos (a — Bi) 
~ 2 cos (a + Bi) cos (a — Bit) 
__ sin 2a + sin 26% 
~ C08 2a + cos 28% 


sin 2a+7 sinh 28 
~ COS 2a+ cosh 28 * (eel) 


Aliter. Let tan (a+ Bi) =a+ yi, so that tan (a — Bi) =z —- yi. 
e=4[tan (a+ Bt) + tan (a — B2)] 
__ sin (a+ Bi) cos (a — Bi) + cos (a + Bi) sin (a — Bt) 
- 2 cos (a+ Bi) . cos (a — Bi) 
= sin 2a » sin 2a 
~ GOS 2a+c0s28i cos 2a + cosh 28° 


Also y => [tan (a + Bi) — tan (a — Bi)] 
__ 1 sin (a + fi) cos (a — Bt) — cos (a+ Bi) sin (a — Bi) 
a) cos (a+ Bi) cos (a — Bi) 
_1 sin 28% _ sinh 28 
~ ¢ GOS 2a+cos 28i cos 2a + cosh 28° 


sin 2a +i sinh2¢ 


nO cos da eos e 


Ex. 3. Separate into its real and imaginary parts the expression 
cos h (a+ fi). 
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et tBt y 9 4- Bi 
We have cosh (a + Bi) = 5 (Art. 313) 
8 : ae es : a (cos 8 +7 sin ) noe (cos B —7 sin £) (Art. 308) 
a —a * oe a 47a 
= SS PIE pe) Fes (*) 008 8 cosha + isin Bsinh Ge 
Aliter. cosh (a+ i)=cos {(a+fi)i} (Art. 313) 
=cos {ai-} 


= COS (at) cos 8+sin (at) sin B 
= cosh acos$+isinh a sin 8. 


EXAMPLES. LV. 
Prove that 
cosh 2x=1 + 2 (sinh x)?=2 (cosh x)?-1. 
cosh (a+ 8)=cosh a cosh 8 + sinh a sinh £8. 
cosh (a + 8) — cosh (a — 8) =2 sinh a sinh p. 


_ tanha-+tanh B 
~ 1+ tanh a tanh p° 


cosh 32=4 cosh? « — 3 cosh x. 


ee 


tanh (a + 8) 


sinh 32=3 sinh ++4 sinh? z. 


sinh («+ y) cosh (# — y) =4 (sinh 27 +sinh 2y). 


OS oe 


cosh 2x + cosh 5a+ cosh 8x + cosh llzx 
=4 cosh = cosh 3z cosh = : 


9, cosh 2+cosh (x+y)+ cosh (%@+2y)+...... to n terms 
Bae (« ae u) sinh = 
| - sinh ) 
10. sinh «+sinh (7+ y)+sinh (7+2y)+...... to n terms 
ee (2 > v) sinh > 


oe 
sinh 9 
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ii. suiexeenhocs 2) 


7-7) sinh 8a7+...... to (n+1) terms 


“ n | 
= 2" cosh” 5 sinh G + 1) Le 
12, sinh @sina-+icosh 8 cos a=7 cos (a + fi). 
13, sin 2a+d sinh 26=2 sin (a +7) cos (a — #f). 


14, cos (a+i8)-+isin (a+i8)=e* (cos a+isina). 
15. If tany=tana tanh f, and tanz=cota tanh B, then prove that 
tan (y +2) =sinh 28 cosec 2a. 


16, If uw=log tan @ + 3) , prove that tanh 5 = tan , ; 
Separate into their real and imaginary parts the quantities 
17, cos (a+ Bi). 18, cot (a+ Bi). 

19, cosec (a+ fi), 20. sec(a+ i). 

21, sinh (a+ Bi). 22, tanh (a+ i). 


23, sech (a+). 
u+iv sinu+isinhyv 


24, Prove that tan 9 “Cos u+tcoshv’ 


25. Ifsin(4+iB)=«+iy, prove that 
v} 2 2 
cosh? B sinh? B 


26, Ifsin (0+ ¢i)=cosa+isina, prove that cos*é= +sina. 


nid a Vey 
= Sint costa 


27, Ifsin (6+¢1)=p(cosa+isina), prove that 
p?=4 [cosh 2¢ — cos 20] and tana=tanh ¢cot dé. 
28. If cos(6+¢i)=R (cosa+isin a), prove that: 


| sin (6 — a) 


—1 
p= 108 in Oa)" 


29. If tan(@+¢i)=tana+i seca, prove that e2? — + cot 5 , and that 


20=nr + 5 Oe 
30, If tan (6+ ¢i)=cosa+isina, prove that 


ee oer De 
0=-5 +7, and ¢= log tan (7 +5) - 
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31. If 4+iB=ctan (x+y), then 

2cA 
e_ A2— BR’ 
32. Iftan (¢+¢1)=sin (x+y), then | 


tan 22= 


coth y sinh 2¢=cot x sin 2. 


33, If tan (a+78)=i, a and B being real, prove that a is indeter- 
minate and @ is infinite. 


Prove that 


; ; we 29 
34, 4(sinha+sinz)=a2+ 5 + on buat ad inf, 


#%% 820. Inverse Circular Functions. When «a 
and 8 are real and a=cos §, we defined, in Art. 237, the 
inverse cosine of a to be that value of 8 which lies 
between 0 and 7, and it was pointed out that 8 was a 
many-valued quantity. | 


If now 2+ yt = Cos (u+ v1), 
then similarly w+vi is said to be an inverse cosine of 
L+ Yt. 

But since 


x + yt = cos (u + vt) = cos [2nm + (ut vr)] (Art. 311) 
it follows that 2n7 +(u+vt) is also an inverse cosine of 
“+ yt, where n is any integer. 

The inverse cosine of «+ yi is hence a many-valued 
function. When the many-valuedness of the inverse 
cosine is considered it is written 


Cos (a + y2). 
The principal value of the inverse cosine of #+ yt 


is that value of 2nm7+(«+ 22) which is such that either 
Qn + u or 2Znm — u lies between 0 and z. 
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This principal value is denoted by cos“ (a# + 1). 
We have then 


Cos (72+ yt) = 2nm + cos (a + y2). 


** 321. Similarly if | 
“@ + yt =sin (wu + vt) = sin {nw + (— 1)" (w+ vi)I, 


then na +(— 1)" (w+ v2) is an inverse sine of a+yi. It is 
a many-valued quantity and is denoted by Sin™ (w + yt). 
Its principal value is such that its real part lies between 

7 


9 and a and is denoted by Sin (a# + y?). 


We then have 
Sin (@ + yt) = nw + (— 1)" sin (w+ yi). 


Similarly tan! (a + yi) and Tan—(#+ yt) are defined, 
so that the principal value of Tan“(v+ yi) is such that 


its real part lies between — 7 and + 5 , and 


Tan (@ + yt) = no + tan (@ + y2). 
Sunilarly 
Sec (a + yt) = 2nm + sec (x + yt), 
Cosec! (a + yt) =n + (— 1)" cosec (@& + y?), 
and Cot (a@ + yt) = nm + cot (@ + yt). 


%% 322. We shall henceforward use sin, Sin, 
cos}, Cos... with the meanings above assigned. 


* * 323. Inverse hyperbolic functions. If a=coshy 
then similarly, as in Art..820, we write y = cosh a. 
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If x be real, we have 


_ ev+ey 
ae 
so that eY — Qre¥+1=0, 
and hence v=xrt+nvar—1 
=gtvg—1 ae ee ; 
2 +NVa2—1 


y= +t log (e+ Va? — 1). 


The positive value of the right-hand side is the one 
always taken. 

Hence, when # is real, cosh“ is a single-valued 
function. | 

Similarly sinh—w and tanh are defined; they are 
single-valued functions, when z@ is real. 


** 324, If a+ fi=cosh (x+yi), then a+yi is said to be an in- 
verse hyperbolic cosine of a+ Bi. 

But cosh (x+ yt) =cosh {2nmi+ (x+yi)}, as in Art. 318. 

Hence 2n7i+(x+yi) is an inverse hyperbolic cosine of a+ fi. Its 
principal value is that value whose imaginary part lies between 0 and 
wi, i.e. such that 2nr+y lies between 0 and z. 

Similarly the inverse hyperbolic sine and tangent of a+ Pi are defined. 
In this case the principal values are such that the imaginary part lies 
Tv 


between — 5 


4 and 5 1. 


* 395. Ex.1. Separate into real and imaginary parts the quantity 
sin— (cos 0-+7 sin 0), where 6 is real. 
Let sin! (cos 6+7 sin 6)=2+y1, 
so that cos 0+isin O=sin (x+yi)=sin # cos yi + cos x sin yt 
=sin «cosh y +icos x sinhy, 
Hence Bilt 2 GOSH 9f = COBO sewn siwaevscananeoiseerraes (1), 


and COS @'S10G 9 = 8100-8 pics seas cenvessassvavaaers’ (2). 
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Squaring and adding, we have 
1=sin? x cosh? y + cos? # sinh? y = sin? x (1+ sinh? y) + cos? # sinh? y 


= sin? x + sinh? y, 
sinh? y = cos? x. 


Hence from (2) we have cos? x=sin 6, assuming sin 6 to be positive. 


Therefore, since x is to lie between ~ 5 and +5 (Art. 321), 


we have cos = +Nsin 6, and hence «=cos~!(Wsin 6). 
The equation (2) then gives 
sinh y= +Nsin 8, 


so that ev —2ev ./sind=1, 
1.€. ev =N/sin 0+-N1+5in 6, 
1.€. y =log [Vsin 6+ 1+sin 6]. 


Ex. 2. Separate into its real and imaginary parts the quantity 
tan—1 (a+ Bi). 
Let tan) (a+ i)=(x+yi), so that tan (e+yi)=a+ i, 


and tan (yi) =a — Bi, 
“ tan 2e=tan {(e+yi)+(c-yi)} 
_ (a+ Bi)+(a-Bi) _ a 
~T— (a+ fi) (a — Bi) ~ 1— a2 — Bp?” 
e=}tan7 —. B' 


Again tan (2yt) = tan [(@+ yt) — (4 - yi)] 
_ (a+ Bi)-(a-Bi) _ ft 
~ 1+ (a+ fi) (a- Bi)” 1+07+ 6?" 
_ ev—enY BBE 
“e+ ew ta +p 
ey _ Ata? +6428 _ (1+6) ra? 


“  e=by “Ty o2+ 62-28 (1-By +a" 


(1+6)?+ a") 
(L-p)*+ a7” 


& y=tlos } 
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set _ 28 
Or again (1) gives tanh 2y = tata? 
1 28 
ene ~1 
so that Y=5 tanh Tta?t et 
We should have Tan“! (a+ Bi) =n + tan! (a + 82) 
2a 4 28 
= L oe =< ar ea . 
nr +4 tan iagae 5 tanh ipa e 


EXAMPLES. LVI. 


Separate into their real and imaginary paris the quantities 
1, tan~!(cos@+7sin 6). 
9. cos !(cosé+isin 6), where 6 is a positive acute angle. 


Prove that 
x 


inh ~! g= 2 _ tanh! z=sinh—} ; 
3, sinh! w=log (n+NVa? +1). 4, oe 
§, cosh “tw=log (./2?—1+2). 6, tanh—! x=} log ie 


7. Sin“ (cosee 0) = {2n-+(~1)"} 5+4(—1)"log cot 5. 


2 4° 2 
tan 26 + tanh 2¢ + Tan- tan 9 —tanh@ 
tan 26 —tanh2¢ tan @+tanh ¢ 


8. Tan-! (%) "E+ T - Slog tan ss 5): 


9, Tan! =Tan-—!(coté@coth®¢). 


CHAPTER XXVI. 
LOGARITHMS OF COMPLEX QUANTITIES. 
326. Ir a=e*, where a and @ are real quantities, we 


know that @ is called the logarithm of a to base e and we 
have shewn in Art. 253 that 


pa ge he Ssaiteiete ad inf. 
2 


We may therefore look upon the logarithm, a, of a to 
base e as being derived as a root of the equation 


As in other cases we shall now extend this result to 
complex quantities. 


327. Def. Lf 2+ yr be any complex quantity and if 
a+ 6. be a quantity which rs equal to e*+¥', 2.e, to the series 
ae ee 
1+ @+ yi) CPF Co seoeuaes 


then « + yr rs sard to be a logarithm of a+ Br. 
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We say “a” logarithm because, as we shall now shew, 
there are with the above definition many logarithms of a 
quantity. | 

We have GB SOU spre ceadateastewens (1). 

Now, by Art. 308, we have, for all integral values of n, 

ent — cos Anm + 718In Qh = 1 cececsceeees (2). 
Hence from (1) and (2) we have, by Art. 305, 
a+ Br ee extyt ; ern = ett (y+227) v 


According to the above definition we see that, if «+ yt 
be a logarithm of a+ 2, so also is 


at yt+ nm, ve. e+ (y+ Wn) 1. 


328. We proceed to find the logarithms of the 
complex quantity «+ 82, where @ and £ are real. 


By Art. 267, we have 
a+ 8i=r [cos (2nm + 0) +2 s1n (2n7 + 4)] 
where n is any integer, r =+ Va?+ 8%, and @ is that value 


lying between — a and + 7 such that cos 6 is - and sin 0 
is , 2.¢é. with the restriction of Art. 267, 
6 =tan Z : 
al 


If « + yi be a logarithm of a+ Bi, we have then 
r [cos (Qn + 6) +7sin (2n7 + 0)| = e*t¥ 
=e, ol (Art. 305) 
=e" (cos y +7 Sin y). 
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By equating real and imaginary parts, we have 
e* cos y= Tr cos (2n7 + 8), | 

and e* sin y= rsin (Qnm + 8). 
Hence e=r, and y= 2nm + 8. 

Since # and r are both real, # is the ordinary algebraic 
Napierian logarithm of r, so that 

2= log. r. 
Hence a logarithm of a+ 8% is 
| log.r +4 (2n7m + 0), 


Ue. log. Ve+ B+ 4 (2am + tan £\ ' 


Since n is any integer we see that there are therefore 
an infinite number of logarithms of «+ i, and that these 
only differ by multiples of 277. 


329. With the extended definition of a logarithm 
given in Art. 327, it follows by the last article that the 
logarithm of any number is many-valued. 

When this many-valuedness is taken into consideration 
we write the logarithm of «+ 62 as Log (a + £1). 

Hence 


Log (a+ Bt) = log, Va? + 6? +4 ( 2nm + tan 4 
If we put n equal to zero in the value of Log (a + B21) 
the result is called the principal value of the logarithm 
and is denoted by log (a+ 82), so that 
log (a+ Bt) = log, V(a2? + 6?) +7 tan , 


and 
Log (a + St) = 2nmt + log (a+ 82). 
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This distinction between log and Log is to be here- 
after assumed. 


330. Any positive quantity has one real logarithm 
and an infinite number of imaginary ones. 

In the result of the preceding article put 8 equal to 
zero, and we have 

Log a = 2n71 + log, a 

We therefore observe that, with our extended definition of 
a logarithm, every real quantity a has a real logarithm 
(which is equal to log.a as ordinarily defined) and an 
infinite number of imaginary logarithms, which are 
obtained by adding any multiple of 277 to its real 
logarithm. 

This might have been directly deduced from equation 
(1) of Art. 326. For this is an equation of infinite degree 
and therefore it has an infinite number of roots, of which 
only one is real. 

It will be noted that the principal value of the 
logarithm (according to our extended definition) of a real 
number is equal to its ordinary algebraic logarithm. 


331. Logarithm of a negative quantity. In the result 
of Art. 329 put @=0, and a=—~w, where « is a real 
positive quantity. 


6 +Ve2 + B?=+42, and tan E 


[which is an angle such that its cosine is - ue, —I, 
and its sine zero (Art. 267)] 1s equal to 7. 

“. Log (— 2) = 2nmi + log, # + 17, 
and log (— x) = log, e+ 77. 


386 TRIGONOMETRY. 


Hence the principal value of the logarithm of a 
negative quantity —# (with our extended: definition) is 
equal to the ordinary algebraic logarithm of x added 
on to 7. 


832. Logarithm of a quantity which is wholly imagin- 
ary. In the result of Art. 329 put a =0, and we have 


Log (62) = 2nm1 + log, B +4 5 


= log, 8 +1 (2n + 5) T, 


so that the logarithm of any quantity which is wholly 

imaginary, consists of two parts, the first of which is real, 

and the second of which is imaginary and many-valued. 
As a particular case, put 8 = 1, and we have 


Log (V—1) =i (2n + 5) 7, 


so that the principal value of Log (V—1) is 5° 


333. In the result of Art. 329 put 
= cos @ and 8 = sin 0, 
. Log (cos @ +7 sin @) 
=log,1 +7 (2n7 + 0) = 61+ 2nm1, 
v. Log 6% = 01 + Qn. | 


The principal value of Log e%, z.e. log e”, is therefore 
that value of (@ + 2nz)7 which is such that @ + 2n7 lies 
between — 7 and + 7. 
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334, Ex. 1. Resolve into its real and imaginary parts the expression 
| Log sin (a+ yi). 

Let Log sin (x + yi) =u+vi, so that 
gti — gin (a+ yi)=sin 2 cos yi+cos # sin yi 


Ytevo ev —e¥ 
a FE COB B— Free seeeseeeeneens (1). 


=sin x 


As in Art. 267 let the right-hand side of this expression equal 
r [cos (Qn + 0) +7 sin (2n7 + 6)], 


: Y 4. e~Y\2 ey — e~Y¥\ 2 
rata/ sin? a (“22 +008? ( 5 ) 


=} NV (ev +eY) —2 cos 2x 


=4 ./2 cosh 2y —2cos2a=,~ / ae 


and é=tan7} | cot x T= | = tan! [cot # tanh y], 


so that 


with the usual restriction of Art, 267. 
We have then from (1) 


e* (cos +4 sin v) =7 [cos (2nr +0) +4 sin (Qar+ 6)]. 
Hence e“=r, so that w=log,7, 
and v= Qnrt+ 8. 
'. Log sin (e+ yi)=u+vi=log, r+ (2nm + 0) % 


1 h 2y — cos 2 
=5 log, eee +%[2nm + tan! (cot x tanh y)]. 
By putting n equal to zero, we have the principal value of 
Log sin (#+7y). 
Ex. 2. Lind the general value of Log (-3). 
Let «+ yi= Log (- 3), so that 
ertvi — — 3, 
Put —3=r {cos (2nm +6) +7 sin (2n7 + 6), 
as in Art, 267. 
Then we have r=3 and @=7.: 


25—2 
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Hence 3 {cos (2nxr + 7) +7sin (Qn +7)} 


=ettyi= et, evixex {cosy +isiny}. 


Hence e*=8, so that «=log, 3, and y=2nr+7. 


.. Log (-3)=log,3 + (2nr+7) 1. 


The principal value, obtained by putting » equal to zero, is 


log,3+ 71. 


EXAMPLES, LVII. 


Prove that 


me 


log (cos 9 +7 sin 0)=10, if -r<O}7. 2. log(-1)=7i. 
log (-i)= ele 


2 
log (1+ cos 20 +7 sin 26) =log, (2 cos 6) +70, if -r<O +7. 


log cos (4% + yt) == log, (Cm syres 2) +7 tan! (tan # tanh y). 


log tan ( T+5 i)= =ttan! sin he. 
= 
2 
sin (+ yi) __ 
sin (x — yi) 
cos(x-yi) 9... 
log “OP \" — 9 — 9% tan-1 (tan x tanh y). 
8 cos (a +y8) ( y) 


log = = 21 tan! (cot x tanh y). 


log (1+7 tan a) =log, seca+at, where a is a positive acute angle. 


1 eee, =lo seosees) + tae 
06 (a = 2 2 2 


Log (— 5)=log.5 + (2nr +7) i. 
Log (1-+7) = log, 2+4 (2ur +7) 


Find the value of log log sin (x + yi). 
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335. Definition of a* when a and x are any 
quantities, complex or real. When a and 2 are real 
quantities we know that 

at = ete,.a, (Art. 253.) 

When «a and «a are complex the ordinary algebraic 
definition of a®* no longer holds. 

Let us so define it that 


@ pe Loga 
Q® == ER OEE, 


for all values of 2 and a, whether real or complex. 

Now, by Art. 329, Log a is many-valued and complex 
when a is complex. Hence a® is many-valued and com- 
plex, so that 

Qt = eX Loa — et (2nat-+log a) | 
_ From Art. 305 it now follows that a* x a’ =a*t’, so that a® obeys the 
ordinary algebraic law of indices. 

The value of a* obtained by putting n equal to zero is 
called its principal value. 

Hence the principal value of a*® 

= gv log a 


x 


=1+alogat ~~ (logay+... (by Art. 304) 


2 
336. It may now be shewn that, if y be complex, 


1 1, 1 
log dl+y=y-g¥+a¥-Gy ay anaiis 


The proof is similar to the proof when y is real. 
(Art. 256.) 
It is, in general, necessary that the modulus of y be< 1; 
otherwise the Binomial Theorem does not hold for com- 
plex quantities. (Art. 273.) 
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If the modulus of y be equal to unity, so that y may be put equal to 
cos ¢@+isin ¢, the expansion can be shewn to be still true, except in the 
cases when ¢ is equal to an odd multiple of 7. 


Since Log (1 + y) = 2n77 + log (1 + y), 


we have 


| 7 , 1 1 1 
Log (1 ty) =2nmit yg tg Gyr eka 


337. To separate into rts real and wnaginary parts 
the expression (a + Bi)*ry, 


Let a+ Br=r(cos 0+7sin 8), 
so that as in Art. 265, | 
r=NVoe+ B2,and 6= tan ©. 
Then, by definition, | 
(a+ Bajetyt = el@tyd Los (a+) 
| — eixtyi} flog (a-+Bi) +2mmi} 
= eittyt} flogr+ (9+2m7)+t$ 
= pivlogr—y pre trifylogr-+a(d+2mm)} 
— gologr py (042mm) oily logr+2(0+2mm | 
= 7%, g¥(0+2m) [eos {y log r+ v(0 + 2m7)} 
| +izsin {ylog r+ a(@+ 2mr)}]. 
If we put m equal to zero, we obtain the principal 
value of the given quantity, viz. 
r%e—¥9 [cos (y log r + #@) +7 sin (y log r + 7@)]. 
338, Hx.1. Find the general value of [s/ 1] ~1. 
We have Lf mayW ae ~T Log s/=1, 
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But Log ee = Log | os (2nr +5) +7 sin (2m + 3) 


T\. 23 . 
= Loge (2nn-+5) ‘= (2n+ 5) 4, 


“ J-1V-1= (20+) es p— (2mm +2) 


where 7 has any integral value. 
nies Si ’ T 
The principal value of [,/ —1]V ~! is ea. 
Ex. 2. Find the general value of Logs (- 3). 


Let Log, (-3)=a%+ yi, so that 2*t7%= — 3, 


i.e. eletyiloe2—3 feos (Qmr-+r)-+isin (Q2mr+7)} (Art. 265). 
But hog 2=2n7i+log,2, and 3= ee P 


es het yt) (QQnmi+log,2) _ ,log.8 e@ (2mm +7) a 


“ (x+yt) 2nmt + log,2) =log,3 + (2mm + m) t. 
Equating real and imaginary parts, we have 
zlog,. 2—2nmry =log, 3, 
and x. 2nr+y log. 2=2mr +7. 


Solving, we have 
pw 10Be Blog, 2+ (Qmm 4-1) . 200 


(log, 2)?+4n?r? 0’ 
ee as (2m +7) log, 2 — 2n3r log. 3 
| (log, 2)? + 4n?7r? ; 
Hence Log, (- 3) 


_ flog, 8 log, 2+ 2n (2m+1) 12} + im { (2m +1) log, 2 — In log, 3} 
~ (log, 2)2-+ 427? : 


If m=n=0, the principal value is obtained, viz. 


log, 8+ 7i 
-log,2- ” 
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339. It could now be shewn that the general values 
of the logarithms of complex quantities satisfy the 
ordinary laws of logarithms, viz. 


Log mn = Log m + Log n, 
and Log ~ = Log m — Log n. 


It could also be shewn that Log m” =n Log m+ 2pzi, 
where p is some integer or zero. The proof is left as an 
exercise for the student. 


EXAMPLES. LVIIL. 
Prove that 


1, at=e—?" Seog (log a) +i sin (log a)}, 


9,, 1%=C08 {(2m+5) ral +7 sin }(2m+5) rat ‘ 


3, ™=cos0+isin 6, where 


6= (2m + 5) Ts o— (20m +§) : 


4, Ie catint — 44 Bi, principal values only being considered, prove 


vA 2B ‘ i rs ae 
tan =F) and A?+ B*=e 
5, If i#t®=a+ i, prove that 


a2 + B2= e—(4n+1) mB 


7B 


(i) cae 1B: 
6, If (i) pai = 4 + Bi, prove that one value of tan a 
1 i 
ght +4 log, 2. 
7, If (a+bi)?=m*+, prove that one of the values of i is 
2 tan71 uy 
a 


log, (a? + 6?) * 
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8, If att®—(e+yi)»+s, principal values only being considered, 
prove that 


t= : p loge (x? + y”) — tanm12 logaé, 
g CP +BY 
and that log, (x? + y?) =2 pitg?’ 
9, Prove that the real part of the principal value of (2) !¢@+) ig 


a7? 
e 8 COS G log 2) : 
10, Prove that the principal value of (a+ ib) +8 is wholly real or 
wholly imaginary according as 


1 _, 6 
5 8 log (a? +b?) +a tan = 


T 


is an even or an odd multiple of 5 


11, Prove that the general value of 
(1+7 tan a)? 


is ett 2m Feog {log cos a} +% sin {log cos a}]. 


12. If (ee aX+iY, 


a-~x-tly 


prove that one of the values of 


24 9/2 
tan—} Zz is Atan7! (a) de log eye) sy 


x a 2°°° (a—2)*+y2" 
—, An+l1 
13, Prove that Log (ge 1)= 7a 


where m and n are any integers. 


14, Prove that the general value of Log, (— 2) is 


(log 2)?+m.(2n+1) x? 44 (2n+1-—-m) m log 2 
2 (log 2)? 4+ 2m?2? 2 (log 2)2+- 2m? * 


Explain the fallacies in the following arguments: 
15, For all integral values of n we have 
e2nmt — cos Ing +i sin 2Znr=1, 


so that e2mt —_ pAmt _ Gri _ 


eeecene 
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Raise all these quantities to the power ,/—1; thus 


16. For all values of'@ we have’ 
cos (6 —2)-+isin (6 ~2)=cos (+7) +isin (+7), 

so that ef (8-7) — gt O-7), 

Hence ee er pre 1.é. r=0. 

17, If 6 and ¢ be the principal values of the amplitudes of two. 
complex numbers x and y, prove that 

log xy =log e+logy+ Ini, 

where n is —1, 0, or +1 according as 6+¢ is >7, greater than —7.and 
not greater than 7, and not greater than — 7, respectively. 


CHAPTER XXVII. 
GREGORY’S SERIES. CALCULATION OF THE VALUE OF 7. 


340: Gregory’s Series. To prove that, uf 6 be not 
T 


less than — n 


and be not greater than +7 , then 


0 = tan 0 — 5 tan’ 0+ 5 tant 6 — cueae 


We have cos 0+4sin 0=e", 
and cos 0 —7sin 0 =e, 


. cosP resin d eM _ oof p204anmi 
cos @—asin @ + e® oe 
where n is an integer. 

1+7tan@ 

1—ctand 


“, (20 + In) + =log (1 + 2 tan @) — log (1 —7 tan 9). 


© Q(20-+207) t 


Now log (1 +72tan @) may be expanded provided that 
tan @ be numerically less than unity. 
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Hence (26+ 2n7)1 


=itan 0— 5 tan! 6+ 5 Ptan? @ — bates 


— |-stan 0-5 # taut @— 5 0 tan*O — ehbas | 
; dns: 1. 
= 9 ttan@+ 5 vtan’ G+ -P tan’ O+ waa , 
“, 04 nr =tan 6 — stan’ 6 +3 tan’6-...... (1), 


where n is an integer. 
The right-hand member of (1) may be written in the 
two forms 


1 1 5 
tan 6 (1 — 3 tan" 0) + 5 tan’ 0 (1 _ = tan” 6) Hewnssa a); 
and 
tan @— tan’ 0 (1 ~- * tan? 0) — Ztan’ 8 (1 _ "tan? 6) 
+ eeeees (3). 


If @ lie between 0 and 7 , So that tan @ is positive and 


less than 1, then from (2) we see that the sum of the 
series is positive, and from (8) that it is less than tan @ 
and therefore less than unity, 

In this case, therefore, n must be zero and we have 


6 =tan 0 — 5 tan’ 9 +5 tan’ 8 Circo tintang aly 


If we change the sign of 0, then every term in (4) 
changes its sign, so that the series must also be true for 


values of 0 between 0 and — ae 
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341. When tan @ is equal to unity, we have 
log (1 +7 tan 6) = log (1 + 2) = log E + (cos 5 + isin 5) 
so that the expansion of log (1+z2ztan@) is by Art. 336, 
still true. 

Similarly for log (1 —7 tan @). 

Hence Gregory’s series is true for the extreme values 
1 


7 
er and eta) 


342. If Olie between 7 and ait or between 


5or (7 
vn and 4? 


or, generally, between 
7 31 
nm + and nar-+ e? 
tan @is greater than unity; in these cases the expansion 


of log (1+7tan@) does not hold, and there is no such 
expansion as equation (1) of Art. 340. 


343. If @ lie between = and sil let it equal w+ a, 


so that a lies between 

= 

4 
and hence, by equation (4) of Art. 340, 


T 
ma and + 


a= tan a= tanta + = tant a — staples 


3 
But tan a = tan (9 — 7) = tan 0, 
so that this equation is 
@—m =tand—5 tan? O45 tan’ O—....... 
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Comparing this with equation (1) we see that n equals 
— 1 when @ lies between 


If 6 lie between a aad” 7 it may be similarly shewn, 


by putting @ equal to 27+ a, oe in this case n is equal 
to — 2. 


In general if @ lie between pir -7 and pr+— , the 
equation (1) of Art, 340 is 


6 — pr = tan 6-5 tam’ 6 + ; Gali G e345 30% 


344. The series (2) of Art. 340 may be slightly 
transformed by writing tan @=.2, so that # must be not 
less than — 1 and not greater than 1. 

It then becomes : 


tan x=x— 3x + sx — =x! + bates ad inf., 
where tan a is that value which lies between 


TT T 
~ | and cae 


345, The results of the preceding articles may be more ie OmeOnY 
connected with the preceding chapter in the following manner. 

If tan @ be numerically less than, or numerically equal to, unity we 
have, by Art. 336, 


Log (L-+itan)=2pri+itone—5 tan? 945 8 tan? @..., 


and Log (1 -iten 0) =2qmi-itan 9-5? tan? 6 — sé tan? @..., 


where p and q are both integers. 
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Hence, by subtraction, 


1+7tan 6 : es . 1 3 er : ‘ 
hog s—Fian gt 2 (PD) wit 2 | tan 6-5 tan ot aa): 
l+itand . ° [eos@+isind 
But Log 1-itan@ | eared. 


= Log (cos 6 +7 sin 0)?= Log [cos 20 +i sin 26] 
SD isis 4 Lai D0 snack sic anduasunacadite noes casein Giese: (2), 
where 7 is an integer. 


Some one of the values of the right hand of (1) must therefore be 
equivalent to some one of the values on the right hand of (2). 


Hence, by equating and putting r—- pt+q=n, we must have, for some 
integral value of n, the relation 


6+nr=tan 9-5 tan? 04-5 tam? 0 - Sree 


If we consider principal values only of the logarithms then in (1) both 
p and q are zero and tan @ is numerically less than unity. 
Also, by Art. 333, the value of 7 in (2) is zero and @ lies between 


v Tv 
= 3 and + 9 . ; | 
Combining thesé two statements we see that'p, q, and r are zero, and 


therefore n is zero, when @ lies between 5 and +5 : 


346. Value of 7r. One of the chief uses of Gregory’s 
series 1s its application to find the value of 7. | 
In Art. 844 put «=1, and we have 


ee | ie Fa a 
A 3 5 "4 9 eeeeoee 
athe eae a 
= (5 5) \7 9 -(G7T-TB eds 
a ee | 1 
— Ea) Aas he : aaa es eae’ . 
: Exaaeche chs 


This series may be used to calculate 7; its defect 
however is that the successive terms do not rapidly 
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become small, so that a very large number of terms would 
have to be taken to obtain the value of mw correct to any 
great degree of accuracy. 

For this reason other series have been sought for. 


347. Huler’s Series. We can easily prove that 
1 1 @& 
—1_ be 
tan 5 + tan a> 43 


In Art. 344 put in succession x equal to 


1 1 
g and 5, 
and we have 
1 
ts —1— 1 
4 tan g + tan 3 
Ae 
_) 3 93 5° 95 7°97 @eeaove5e 
i ee ee ee 
T3739: 3 5° Q5 7 ia 37 @esecce 


This series converges more quickly than the preceding 
series; but more than eleven terms of the series for 


tan 5 would have to be taken to give m correct to 7 


places of decimals. - 


348. Machin’s Series. A more convergent series 
than the preceding is Machin’s, which is derived from the 
expression ; 


4 tan ; — tan 539 =" (Art. 240, Ex, 4). 
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By substituting in succession = and 5) for « in Art. 


344, we have 
mw fl 11, 11 11 
4 E 3°50 BB 7 | 
1 11 611 
“hoe 3° 9398 1 5 2398 : 


: 16 2 so ate 2 
7" (107 3 108 510 7 107" 


1 oid f1i1 
939 ~ 3 9398" 5 93980" 


Now 16x =32 
1 : 
16 x= ‘lor 001024 
16 x 1 eee "0000009102 
9 10°” 


@eeaeeeaveeseteonsene 


3 2398 
3-2010250079 
1 2 
Also 16 x = ipp = 0426666666 ... 
16 x 1 2" _ 0000292571 
Pig ea 
L 2" = 0000000298 
16 x 11 e 10" = ee 


: 


0594323552 
26 
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Hence 3°2010250079 
— 0594323552 


m = 3'14159265/27 
This is the value of 7 correct to 8 places of decimals. 
By taking the first series to 21 terms and the second 


series to three terms we should get 7 correct to sixteen 
places. 


349. Rutherford’s Series. <A further simplification 
of Machin’s formula is the expression 


1 1 l 
~i- ae ee 
4 tan F tan 70 + tan 99 = 4 
For we have 
1 ‘| 
1 1 70 99 29 
-—1 ce Reece —1 ots —1 
tan 70 tan 99 tan mi TI tan 6931 
70°99 
] 
= tan ——, 
“939 
EXAMPLES, LIX. 
Assuming that 
—§@—nr=tan 9S tan? 0+ tan® @—..., 
write down the value of n when @ lies between 
llr 137 Tr Or 
1. yz and —-. 0. ve and 7. 
197 217 37 5or 
3. 7 and—-|. 4. -q and - 7. 
ll7 137 


Oi, a 
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6. 


7, 


8. 


Prove that 


i. 4 1 
at -gtea-Tet a 


Prove that 


wo2 1 1/2 1) 1/2 1 
4-377 3 \38 a) +5 35 78) 


If « be <,/2—1, prove that 


2( 25a 5a! ee ad int. 


3 5 


Qx 1f @&\? 1f Q 5 
= 2 3 1 92 TE =) ee ee. ad inf. 


Find the value of 7 to three places of decimals 


9, 
10. 


11. 


(12. 


13. 


By using Euler’s Series. 
By using Machin’s Series. 
By using Rutherford’s Series. 


To the second order of small quantities, prove that 
1 
: J/1+sin 0 log (1— 6)+tan—! 0 sin é + a) = Li} 
When both @ and tan! (sec @) lie between 0 and 5 , prove that 


1 ft 9 
tan! (sec 6) = 7 + tan? 5 - 5 tan’ S +R tan 5- ait 


26—2 


CHAPTER XXVIIL 
SUMMATION OF SERIES. EXPANSIONS IN SERIES. 


350. WE shall now apply the results of the preceding 


chapters to the summation of some trigonometrical series. 


The chief series may be divided into four classes ; 

(1) Those depending for their summation on a 
Geometrical Progression ultimately, 

(2) Those depending ultimately on the Binomial 
Theorem, 

(3) Those depending ultimately on the Exponential 
Theorem, including, as sub-cases, the Sine and Cosine 
Series, 
and (4) Those depending ultimately on the Logarithmic 
Series and, as a sub-case, Gregory's Series. 


351. In Arts. 352—355 we shall sum one example of 
each of these classes. It will generally be found more 
convenient in summing one of these series involving sines 
of multiple angles (such as sina, sin 2a, sin 38a...) to also 
sum at the same time the companion series involving the 
cosines of the same multiple angles 

(2.€. COS a, COS 2a, COS 3a...). 


The method will be best seen by a careful study of the 
following four articles. 
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352. Ex. Sum to n terms, and to infinity, the series 
1l+ccosa+c’?cos 2a+...... 
where c ws less than unity. | 
Let | 
C=1+ccosa+c’cos 2a+...+ 6% cos(n—1)a...... (1), 
and 


S=csina+c’sin2a+...... +c" sin (1 — 1) a... (2). 


Multiplying (2) by 2 and adding to (1), we have 
plying y 8 
C+ Si=1+¢ (cosa+zizsin a) + ¢ (cos 2a+7 sin 2a)+...... 
=lL+ceo¥?+ Pett... o% em 4 (Art. 308) 
1 —c% em 
ea ee by summing the G.P., 
— cr , SI 
_ {lL —o* (cos na +¢sin na)} (Art. 308) | 
1—ccosa—2 sin a 
_ {1 —c" cos na — ce” sin na} {1 — ce cosa +icsin a} 
7 (1 —ccosa?+csin?a 
—{(1—ecos a) (1 — c” cos na) +c” sin na sin a} 
_ +2 {esin a(1 —c” cos na) — c” sin na (1 — ¢ cos a)} 
— — L-2ccosat+e’? 


Hence, by equating real and imaginary parts, we have 


C (1 —c cos a) (1 — c” cos na) + c”*! sin na sin a 
7 1 —2ccosa+c 


? 


c sin a (1 —c” cos na) — c” sin na (1 — c cos a) 


and S= 
1—2ccosa+¢ ( 
C 1 —c cos a—c”cos na+c”* cos (n —1)4@ 
1.6. Sa emcee Tag oC gr GIR gl 
1—2ccosa+c? 
csina—c" sin na+ co sin (n— 1) a 
and S = ————___ 3 ——____,_ 


; 1—2ccosat+ ¢e 
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The sum to infinity is obtained by omitting the terms 
containing c” and c”+!, which become indefinitely small 
when n is very great. 


1—ccosz 
Hence C= oe 
1— 2ccosa+ec 
c sin @ 
and S 


2" 1— 2%¢ cos a +c?" 

From the results for C and S it is now clear that the above series 
might have been summed, without the use of imaginary quantities, by 
multiplying both sides of (1) and (2) by the quantity 1-2c¢cosa+c’. 
The coefficients of c?, c?...... c®-1 would then be found to vanish and the 
values of C and S be easily obtained. 


353. Ex. Sum the series 


1.3 1.3.5. 
sin a+ o~] 4 8 2a + = ZG i Ba +... . ad int 


2 


1. 1.3. | ie es 
Let S= g Sina + 5] sin 2a+ 5 7 G Sin Ba -+..., 


and C= ee eo ee ce cos 8a+.... 


3.5 
2 2.4 2.4.6 
Hence, multiplying the first by 7 and adding to the 
second, we: have 


lg ade eaey deo 
C+Si=1+5¢ T5-4 A e? To 4.6 
= (1 — e), if a+ 2nr7, 
by the Binomial Theorem. (Art. 273.) 


C+ Si= {1 —cosa—isin a}? 


, 2 a ae 2) —3 
sin = 5 (sin 5 ~ 1008 5 


erat 4 Sie 
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Hence, by equating real and imaginary parts, we have 


1 
~ Qa) 2 T—-a 
C= {2 sin st C08 === 


2 4? 
: . at . r-a 
and S= {2 sin 3 sin —7—. 


If a= 2n7, clearly S=0 and O= 00. 


EXAMPLES. LX. 


Sum the series 


1, sin a+ sin 2a-+5, sin Bat... ad inf. 
9, Cosa. cosa+cos?a cos 2a+cos* a Cos 8a...... ad inf, 
38. sina.sina+sin?a sin 2a+sin?a sin3a+...... ad inf., where a +5: 
4, sina. cosa+sin?a, cos 2a+sin?a. cos3a+...... ad inf., 
where a%& +5 ; 


5. sina+c sin (a+)+c? sin (a+28)+...... to n terms and ad inf, 
6. 1+ccosha+c? cosh 2a+...... +c”—1 cosh (n-1)a. 

7. csinha+c? sinh 2a+...... ap iaatsi ad inf. 

8, 1-—2cosa+3cos 2a--4cos3a+...... to n terms. 

9 


. 8sina+5 sin 2a+7 sin 3a+...... to n terms. 


10. When ams, find what are the values of the series in Exs. 3 
and 4. 


n (n—1) 
12 


ll. sina+mnsin (a+ 8)+ 
n being a positive integer. 


sin (a+28)+...... to (n+1) terms, 


12. sin ats sin Bates sin Bat+...... ad inf. 


13. cos®a—ncos*—! acosa+t 


— cos"—? a cos 2a...t0(n+1) terms, 


n being a positive integer. 


: n(n+1) . 
14. n sin a+ ~~~ Sin 2a-+ 1.2.3 


(n+ 1) (n+2) BIN Ba +... ad inf. 
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15, 1 +5 00s 20-5~ cos 40 + =~ +” 005 60 - reer ad inf. 
16, sinhw+nsinh 2u+ ne sinh BU +... to m terms, where n is 
a positive integer. 
354. Ex. Sum the series 
2¢9820  ccos 40 | 
eS enced ony, 
2 ki 
2 cos 2 4 0 
Lep C=14°° aco sa atee ad inf. ...(1), 
| 2 [a 
2 a4 2 4aq : 
and Se SS ee seer ad inf. ...(2). 
2 (4 
Hence 
228% 4404 
C+ a4 ecacad nf 
2 ff 
ee ae eae 
1+ 2 a8 4 + 6 See ; 
where y=ce%=c(cos @+7sin 6). 
bee ae 
.C+8= 5 
1 OL: eee a 
== — g@ cos 8+1¢ sin é like 3¢ c cos é—i¢ sin @ jacteanyeslD) 


- ; e208 Tcos (¢ sin 0) +i sin (c sin 6)] 
i ; e~€°8? feos (c sin €)—isin(csin 8)|. (Art. 307.) 


By equating real and imaginary parts we therefore 
have 


C= 5 cos (c sin 0) [e%°89 + e-2008 9] 


= cos (c sin @) cosh (¢ cos 8), 
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and S=5 sin (¢ sin @) [e208 — ¢-e00s0) 


= sin (c sin 6) sinh (¢ cos @). 


Aliter. From (3) we have 
C As St — : ele sin 6—ie cos 6) 7 ots ; eae sin 6—ic cos 6) z 
=cos(csin@—iccos@) (Art. 307) 


=|[cos(csin @)cos (zecos #)+sin(csin @) sin(t¢ecos @)] 


= [cos (csin @)cosh (ccos #)+7sin (csin )sinh(c cos @)] 


-_ (Art. 314). 
Hence C and S as before. 
355. Ex. Sum the two series 
2 3 
csinat 5 sin 2a + 5 SUN BAH vesees ad inf, 
C on ; 
and c¢ccosat+ 5 008 2a + 3 008 BO eveeee ad inf., 


where c is numerically not greater than unity. 
Let S and C stand for these two series; then, as 
before, we have 


: 2 
C+ Si=c (cos a+ isin a) + 5 (cos 2a +4 sin 2a) + Seat 


oP tae Ie > 
== Cet 4 5 erat 3 COR eiisarieee waerisvar (1) 
=-—log [1 —ce™] (by Art. 336) ............ (2) 
=—log[1—c¢cosa—7¢ sin @] (Art. 308). 


Let 1—ccosa=rcos8@, and —csina=~r sin 8, 


so that 


l1—ccosa 


r=+NV1—2ccosat ce, C08 Us 
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and 


. csiIna . —csina 
sin 6 =— , ve. 8 = tan 


1—ccosa’ 
with the convention of Art. 267. 


“ 0+ Si=—log [V1 — 2c cos a+ c?(cos 6 +7 sin 6)] 
=—log [v1 — 2c cosatc?.e*] 
=—log V1 — 2c cosa+c? — 61. 


- C= —log (I= Be cosa + &) =— 5 log (1 — 2c cosa +c’) 


and =—@=— tan aoons badeaadanien (4). 


1 —ccosa 
Exceptional cases. When c=1, the quantity (2) 
= log [1 — cos a—7 sin a] = log [1+¢os (a—7) +2 sin (a —7r)]. 
This, by Art. 336, is always equal to the series (1) 
except when a — 7 is equal to (2n+1) 7, 1.6. except when 


ais a multiple of 2rr. 
In this case S=0, 


and 6 ee re Pee ees ape aga 
which is known to be a divergent series. 
When c =—1, the. quantity (2) 
=log[1+ cosa +7sin a]. 


This by Art. 336 is always equal to the series (1) 
except when a= (2n+ 1) 7. 
In this case S = 0, and 
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The results (8) and (4) give then the sum of the two 
series except when (1) c=1 and a= 2nz, (2) c =—1 and 
a=(2n +1), and (8) when c>1. 

In examples depending on the logarithm series it will 
be often found that for some particular values of the angle 
there is no sum. 


Particular case. Let c=cos a, where @ lies between 


0 and o so that 


1 ; 1 i 
S = cos a. sin a + 5 cos’ a sin 2a + 3 cos? a sin 30 +.... 


In this case 


S =— tan ( 


— sin acos a 
sin? a 


) by 4) 


= — tan (— cot a) 


vihiesll 


remembering the convention mentioned above, 


oT 


==~— 4. 


EXAMPLES. LXI. 


Sum the series 
2 
1, sinatesin (a+) +B sin (a +2) +...... ad inf. 


C2 


| 3 008 (a+26)+...... ad inf, 


2. cosa+ecos(a+f)+ 


2 3 
B a ee 28 a 3 a 


cos 38...... ad inf, 


3, 1-cosa cos8+ 


sin (a +28) _ sin (a+ 46) _ 


E a eee 


4, sina - 


412 


10. 


TRIGONOMETRY. [Exs, LXTI.] 
er cea aoe a dees ad inf 
E & 
: 2 h ' 
1+ cosh a + poet ae eee ad inf 
2 2 
sinh a+ sulle + eee He caneae ad inf 
ke 2 
1 ; 
1+ ¢©S% cos (sin a) + P e084 eos (2 sina) +... ad inf. 
2sina eosin « 


14 SiN @ Gos (eos a) -+ cos (2.cos a) + cos (Bcosa) +...... 


IB 


— 


|2 


5cos@ Tcos36 9cosdé 


i ag ge rousis 


[In the following examples c may be assumed to be positive and not 
greater than unity; when c equals unity there will be, as in Art. 355, 
exceptional cases for some values of the angle a.] 


11. 
12. 
13. 
14, 
| 15. 
16. 
17. 
18. 


19, 
20, 


, ce , ce . 
csina—> sin 2a+-3 Sin 8a —...... ad inf. 
e 1 e 1 e bd 
csin a tae sin 8a +50? sin da + re ad inf. 
1 1 a 
cCOsa +5 c? cos 8a + ce COS Ba+ 0.44. ad inf. 
1 1 : 
e€ cosa — 5° cos 3a + 36° cos S17 es eee ad inf. 
« 1 e 1 a ° 
e sina — 3° sin 3a +e? sin Bat oo... ad inf, 
1 1 . 
cos a — 3 cos da + ¢ COS Ba —...... ad inf. 


¢ COS a— so cos (a+29)+5 6° cos (a +48)...... ad inf. 


sin a sin 8 +5 sin 2a sin 28+ 5 sin 3a sin 38...... ad inf, 
; c aoe 1 
m sin? a — 5 m? sin? 2a, + 3 m8 gin? Ba—...... ad inf, 


sinh a— ; sinh 2a + ; sinh 3a —...... ad inf. 
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21, e* cos B- : e®* cos 38 + : € 603 5B — 0... ad inf. 


r Ll 2r =i 38r 1 4a : 
29.. COs 5 + 5008 | + 7008 3 + 7 C08 a Saline ad inf. 


93, If@-a=tan? 5 sin 20 — 5 tant & sin 4-45 tan® 5 sin 69-—... ad inf. 


prove that tan a=tan @.cosw. 
24, If 6 and ¢ be positive acute angles prove that the sum of the 
series 
: 1, . 
sin @ cos 45 sin 34 cos 86 + 5 sin 56 COSd@+...... ad inf. 


<9 
is — or 0, according as 0 > or <¢@. 


4 
Prove that 
95. tanha+ ; tanh? a +5 tanh® w+...... 
= tan «- ; tan? x +e tanev —...... , where « lies between — i and + 4 : 


96. asin? O+5.4 sin! 045 ~S8sin® 6+...... 


=2 (tan® 6 ra tan® 6 +3 tan’ @+...... ) , where @ lies between 


3 
T Tv 
~| and +7. 
1. Be eke, 
27. sin @-+ 5 sin’ @+ = sin? 6+ eeduats 
ae Ec i 
=2 (sin 6— sin 30+ = sin 56 — nares , Where 63:(2n+1) 5° 


356. We subjoin some examples of series which come 
under neither of the foregoing heads nor under that of 
Chapter XIX. In general they are to be summed by the 
artifice of splitting each term into the difference of two 
terms. Considerable ingenuity is often required. When 
the answer is known the method of summation can usually 
be easily seen; for the answer when n is put equal to 
unity gives the form in which the first term of the series 


has to be put. 
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Ex.1. Sum ton terms the series 
. 29 . 20 | 
sin® 5 +3 sin? x, + 3° sin? 33 ee 
Since always sin 3=3 sin ¢ —4 sin? ¢, we have 


Re ee (8 ee sin 0) ; 


3 4 3 
6 1 6 6 1 6 6 
ied 2k ny 9 I] Aan 9 _ gat 9 
3. sin n= z-3-| 8sing sing | [3 sin 55 3 sing |, 
382 sin? 5 = 5 E sin 35 — 3? sin = | ; 
. g = 0 
3” ‘sin’; =] | 8 sin gg 8" sin 


Hence, by addition, the required sum 


1 . 28 ; 
jee n aoe ene 
=; sin 3h sin a | ‘ 


Also the sum to infinity 


=7 [0-sin 0]. (Art. 228.) 


Ex. 2. Sum the series 
tan a+2 tan 2a + 2? tan 2?a+...... +9%-ltan 2"-! a, 


We have easily 
tan a=cot a— 2 cot 2a, 


tan 2a=cot 2a —2 cot 27a, 


tan 27a = cot 2?a — 2 cot Ba, 


and tan 2°] g=cot 2”-la — 2 cot 2%a, 
By multiplying these rows in succession by 1, 2, 22, ...... 2-1 we have 
tan a+2 tan 2a+ 2? tan 22a+...... +2%-ltan 2”1q¢=cot a — 2” cot 2a, 


the other terms all disappearing. 
The required sum therefore=cot a — 2” cot 2”a. 
Ex. 3. Sum the series 


tan atan (a+ 8) +tan (a+) tan (a+28) + tan (a+ 28) tan (a+368)+...... 
to n terms, 


SUMMATION OF SERIES. ALS 


Let w, = the 7th term, 7.e. 


tan {a+(r—1) B} tan {a+rB}, 
“. (u,+1) tan B 


=[1+tan fa+(r—1) B} tan {a+78}] x tan [a+78~- (a+ r—18)] 
=tanfa+78}—tan{atr—1p}. [Art. 98.] 
Hence giving 7 in succession the values 1, 2,...... n, we have 
-(1+4u,) tan B=tan (a+) —tana, 
(1+4,) tan B=tan (a +28) — tan (a+), 


(1+u,) tan B=tan {a+nB}—tan {a+(n—1) B}. 
Hence by addition | 
(n+S,,) tan B=tan (a +78) — tan a, 


suias re ee a~ntan B 


EXAMPLES. LXII. 


Sum the series 


1, cosec é+cosec 20+ cosec 46+...... to 2 terms. : 
9, cosec @ cosec 26+ cosec 26 cosec 39+ cosec 36 cosec 40+...... to n 
terms. 
8, sec 6 sec 26 + sec 20 sec 39 + sec 36 sec 46+...... to 2 terms. 
4, sec Osec (0+) +sec (9+¢) sec (0 + 2d) + sec (0 + 2g) sec (9+ 39) 
a aiwsiss to nm terms. 
1 1 1 
Oi “Rep deosGa cosapeossa,  cosaeosta CES 
6. tan @-+ stan $+ Stan 5+ 5 tan $4 anton ad inf 


1 6 1 @ 1 6 
7, tanh @+ 5 tanh 5 + ap tanh gat = tanh gate to n terms. 


8, tan 6 sec 26+ tan 26 sec 40 +tan 40 sec 80+...... to n terms. 


6 0 6 6 0 
9, tan 3 sec 6+ tan B sec 5 + tan 38 sec 7 oS ieiiea to » terms and to 
infinity. 
1 1 et 
LO: -Sroae Second cbs 0d  Dicosgcosgoccs eo 
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ll. 
12. 
13. 
14, 
15. 
16. 


17. 


18. 


19. 
20. 
al. 


22. 


TRIGONOMETRY. [Exs. LXII.] 
; : | 
sin 26 cos? 6 — 9 sin 40 cos? 26 + q sin 86 cos? 49 —...... to n terms. 
: : L. : 1, ; 
sin 26 sin? 6+ 5 sin 46 sin? 26 + a sin 86 sin? 46 +...... to n terms. 
sin 6 sin 26 sin 30 
ewes to n terms. 


cos @ +008 26° cos 6+ cos 40 " cos @+cos 6at 


tan? a tan 2a-++ 7 tan? 2a tan 4a+ i 


5 x tan? 4a tan 8a+...... ad inf. 


1 I 
cos? @ — ; cos? 386 + 5 cos? 379 — 33 COS? B70 + oo... to n terms. 


: . 9 : 
sin? : + 3 sin? 3B + 2? gin? s Be eigece to n terms. 


1 ais 32 
cot OS tan 0 cot30—8tan 30” cot3%™—3 tan 50 7" 
to n terms. 
cos 9 — cos 38 cos 830—cos376__,,, cos 376 — cos 330 

sin 36 sin 376 map 
to n terms. 


tan ae + one pee + tan to n terms. 


8 
DP) ewtox see tS 
143.4 1+8.9 ii .i6° 


1 1 1 ci 
~1~ =i = ea ea 
tan 3 + tan 7 + tan iat tan a1 See er to n terms, 


. 1 
tan! 5 + tan—1 - esac +tan-! 


sin71 aes gsin7] cat sigur Se ee tt 
/2 /6 12 
: Jn-Nn=1 | 
Jn (n+1) 


ere ad inf. 


Expansions. 


357. In some branches of higher Mathematics 1t 1s 
desirable to be able to expand certain quantities in a 
series of ascending powers. 


_ As an example we will expand 


log (1 — 2a cos 6+ a?) 


in ascending powers of a. 
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Since 2 cos 0 =e" + e~™, 
we have | 
log (1 — 2a cos 6 + a?) = log [1 — a (e% + e-*) +. a?] 
= log [(1 — ae”) (1 — ae-™)] 
= log (1 — ae”) + log (1 — ae~®) 


. it ee | a | 
= 04 220% ” 7739308 4407 
ere CG ene) ee Ee OO 
2 3 4A 


eoseeeon 


* 1 e 1 . 
—Or 2—20% 3p—30% 
— de emriren # he 6: —-— @’e == 
2 3 


| | | | 
Seis ees 64 —6] _.  472P 2262 —200] 98 [988% 1 p—307 
a [e* + e-*] 5 Le + e261 3 a [e L g8%) 


=~ a. 2008 65 a? 200s 26 — = a2 cos 80 ee 


2 3 


The expansion of log (1 — ae”) is legitimate, by Art. 
336, if the modulus of — ae be less than unity. 


=-2| a cos 0 + 5a cos 20 + 5 a cos 30+ ncaa: | 


Now —ae"*=acos(a+6@)+7sin (r+ 8), 
so that its modulus is equal to a Hence the above 
expansion is legitimate provided that a is less than unity. 

The expansion is also legitimate if a be equal to unity 
provided that @ do not equal an even multiple of 7. 

It is also legitimate if a@ be equal to — 1 and @ do not 
equal an odd multiple of 7. 


358. Ex. Hapand 
7 1-—a@ 
1 — 2a cos @+ a? 
im a sertes of ascending powers of a. 
L, T. 27 
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We have 

1— @ eee 2 — 2a cos 6 
1 — 2a cos 6 + a?  1-2acos 6 + @ 
2—a(e% +e) 
l—a(e"+e")+@? 
2—a(e™ + e—*) 


Se (1 — ae™) (1 — ae) 
=—[+ tf [ese 
7 1—ae* " 1—ae™ 


=-14+(1—- ae*)74+(1—- ae) 
=—14+1+4 ae + ae? +0763 + 10... 
+ 1+ ae—% + are? + aie3% + 0.0... 
=l+a (e% ae g”) + q? (e7% + e280) eS dae 
= 1+ 2a cos 6 + 2a? cos 26 + 2a? cos 36 4+...ad inf. 
The expansions of (1 — ae”) and (1 — ae—*)— by the. 
Binomial Theorem are legitimate if the modulus of ae™ be 
less than unity, ze if a be numerically <1, but not 
otherwise. (Art. 273.) 
The above series is the one assumed in Art. 294, 
Similarly we can deduce the series of Art. 293. For 
we have 
2a sin @ at a (e% — e~*) 
1—2acosd+a? til—a(e+e%)+@ 
ae — ae* 1 1 1 | 


; (I — ae) (1— ae) i | 1 —ae%® 1a 


ee! 


= 71 tae + ate +...) — (1+ ae + ae ™ + ...)} 
= 2a sin 6+ 2a? sin 26 + 2a? sin 30 +...... ad inf. 


As before this expansion is legitimate only if a < 1. 


EXPANSIONS, 419 


859. Ex. If sinw=nsin(a+&), expand & m a 
series of ascending powers of n, where n is less than unity. 
Since 
sin c= nsin (a + ©) =n (sin a cos w+ COs a Sin &), 


NSIN @ 
“. tan ¢= ———__—_-,, 
1—ncosa 
er! — et Nt Sin a 


"* pti 4 e-tt  T —ncosa’ 
et L—neosatnsina l—ne 


" e-% “}—necosa—nmsina l—ne®’ 


“, 2at =log (1 — ne) — log (1 — ne*) 


eeeeeoe 


ae! =: , 
a neo Pere eee nre-2e foto ee nee sar rey 
2 5) : 


+ ne + : rena +. : IPO azine 
— (e% == gt) ae : n2 (e* asi e720") 
+ sn Cee ea ere ad inf. 


=n. ising + 5m. 2isin2a+ ent. isin B44... 


: w=nsina +5 n'sin 2a+ 5 n° sin Ba + soa, Hes (1). 


In this equation we have assumed a to lie between 
— . and +-— ; if it do not, then, instead of 2a1, we should 


read 2hai+ 2a; the left hand of equation (1) would then 
be «+k, and we must choose k& so that «+k shall lie 


between ~5 and + _ ; 


As before the expansions are legitimate if n be < unity. 
27—2 
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360. Ex. Lapand e” cos bx in a series of ascending 
powers of «x. . 
We have 

bat 4 p—bati 
7 Cre 
= x 
e% cos ba = e™., ee a 
— L ela+biya 4 1 e (a—bi) x 
2 2 


: E +(a+b) 24S Oo wae: | 


a) 
| 0) \ 2 2 = 
+5 E + Ge = ecb 
2 

The coefficient of 2” 

— (a+ bi)" + (a— bi)” 

oe in 
Ifa+bt=r7 (cosa+zsin a), so that 

r=+Va?+ 6? and tan a=, 


with the convention of Art. 267, then the coefficient of x” 
ir (cos a-+7 sin a)}” + {r (cos a—7sin x)}” 


2 |n 
ng COS NA = 
je” 
by De Moivre’s Theorem. 
Hence we have 
2 yA 3 
e cos ba =1 + rcosa.a+ — eB at OS a esas : 


where 
r=+/a?+ 6? and tan a=” 


This expansion is legitimate for all values of a, 6, and 
x. (Art. 303.) 
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EXAMPLES. LXIII. 


Expand in an infinite series 
1+acos0 9 cos @-—acos (0—- ?) 


1. 1 +4-2a cos 6+ a?’ “1-2acos ¢+a? ° 
sin @—a sin (0—-¢)  jacosé : 
3. Toon cosoxar 4, ¢€ cos (9+a sin ¢). 
5, e? sin de. | 
Prove that 
6 ee oiint pa ctpintao ds aint ao | 
; a* cos* 6 + b? sin? 6 | 2 3 eal 
where Pea Ra 
a+b 
asin 6 1 1 | 
Yee te ors ~ a3 sin 34 
7, tan = ae asinO+5a sin 20+5 4 Sin 80+ ...... ad inf, 


8. ; tan—! (sin a tan 26)=sin a tan B+ ; sin 8a tan’ B 


+ : sin 5a tan’ B+ ......ad inf, 


9, If sin 0=x cos (@+a), expand @ in a series of ascending powers 


10, Expand y in terms of cosa, where 
F L+a LZ-a_ 
2 tan y =sin x cosec a G0BeC 5 


l-n 
ll, Iftanz=ntany, and m= er prove that 


m , m , | : 
e+rr=y—m sin 2y +-> sin dy — 3-sin BY +o... ad inf,, 
where r is to be so chosen that x+rm—y lies between -5 and +5 : 


12, What does the series of the preceding question become when 
= eA 
(1) n=cosa, and (2) n ras 
13, Expand log cos (F+e) in a series of sines and cosines of 
ascending multiples of @, 
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14, Expand log tan G + 3) in a series of sines of ascending multiples 


of 6. 
15. Prove that 
(1+e% tan a) (1+e—% tan a) (1+e cota) (l+e—% cot a) 
=4 (sec 8+ cos 6)?, 
where A= 5 —2a. 
Hence expand log (1+ cos 8 cos @) in a series of cosines of multiples 
of @. 


16. Prove that 


2a cos 6 
1 ~ 2a sin 06+ a? 


17. Prove that 


= 2a cos @ + 2a? sin 26 ~— 2a? cos 30 — 2a4 sin 40+...... ad inf. 


log.cos 6= — log 2+ cos 20-5 cos 404-5 cos 66 -...... ad inf., — 


if 6 be an angle whose cosine is positive. 


18. In any triangle where a>b, prove that 


b. 1 b? 1 b3 ; 
log e=loga-= cosC—5 72 008 26 — 5 — cos 30 — orem ad inf. 


| We have c?=a? + 6? -— 2ab cos C=a? (1 é 70°) (3 -- ei). | 


19, Prove that the coefficient of x” in the expansion of 


et sin ba + e% sin ax 
in powers of w is 
n 
2 ar nf 


2 (a?7-+b?)? , T _1 8 
i a 5 ~ 2 tan =|. 


90. Prove that the coefficient of c” in the expansion of 
log (a3 + b3 +c? = 3abe) 


is es eae 
n| (a+b)” n 
(a+ b? — ab)?. 
where ten ga! V8, 


a+b 


CHAPTER XXIX. 


RESOLUTION INTO FACTORS. INFINITE PRODUCTS FOR 
SIN @ AND COS @. 


361. WE know from Algebra that, if P be any 
expression containing # and if the value «=a would 
make P vanish, then #—a is a factor of P. 


Hence to find the factors of any expression P we first 
solve the equation P=0. If the roots thus found be 
a, B,... we know that w—-a, «—8,... are factors of P. 

We shall apply this method in the following articles. 


362. To resolve into factors the expression 
gm — 2a” cos nO +1. 
We have first to solve the equation 
| ot — 2a” cos nO +1 =0, 
v.€. ee” — 2x" cos nO + cos? nd = — sin? n, 
so that a —cosnd =+V—1sin v8, 


and therefore 


1 
a = [cos né + V¥—1 sin nO]". 
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As in Art. 271 the values of this expression are the 2n 
quantities 


cos 8 isin 8, cos (8 +°2) sésin(o +=), 
cos (6+ =) isin(o +), payer 
j n n 
cos 19 4 ==") | tisin {9 BEDE 


7 


Taking the first pair of these quantities we have the 
corresponding factors 


x —cos@—isind and «—cos8+7sin 8, 


or, in one factor, 
(a — cos 0)? + sin? 8, 


we. the quadratic factor 
x — 2x cos @+ 1. 
Similarly the second, third,... pairs of the above 


quantities give as factors respectively 


x? — 2x cos (8 +e, 
a? — 2x cos (8 +- 2) +1, 


and a? — 2a cos ‘0 + 7| +1. 

Also on multiplymg together these n factors we see 
that the coefficient of #” in their product is unity, which 
is also the coefficient of a” in the original expression. No 
other numerical factor is therefore required. 


FACTORS OF 2?” — 2a” cos n@ + 1. 4,25. 


Hence 


x _ 2x" cosnf +1 
= {x?— 2x cos 6 + 1} |x — 2x 008 (0+ 27) +1} 


\x'- 2x cos (0+ ==) +1 


an = or) + | a) 


i {x — 2x cos G + 
By dividing by 2” we have 


a® ++. — 2c08nd= |e —2eos a} 2 +5—2e08(0 +22)! 
x x = is 


vf +2 -2005(8+="—= x)| re sonra), 
x n 
The relation (2) may be written | 
=n—-1 2 
w+ ——~2eosnd=" Il |e +3 ~ 2008 (04 ) 


r=0 nN 


r=n—-1 
where IJ stands for the product for all integral values 
r=0 . 


of r from r=0 to r=n—1 of the expression following it. 
Similarly we may shew that 


a” — 2a” a” cos nO + a” 
= {a — 2ak cos@ + at {0 — 2am cos (9 + on ) +a 
\e- 2axCOS (0+) + a ne |e 2ax C08 (4 + — r) +a") 


ore 1o00(3), 


363. The proposition of the last article may also be proved by 
induction. | - 3 
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We shall first shew that we —2 cos na is divisible by 


1 
z+—-—2cosa. 
x 


Let wh -—2cos na be denoted by ¢ (n), and x +2 —2cosa by A, so 


that we have to shew that ¢(n) is divisible by A, for all positive integral 
values of n. 

Assume that this is true for ¢(n—1) and ¢(n—2). 

We have then, by ordinary multiplication, 


(«+2) x@(n-1)= je+3} e + eq 2.008 od) a 


1 1 1 
= (m4 =) is (or2+ =) —2cos (n-1) a x (+5) 


1 
= |e" + Zq—2 008 nah 
x 


ar ee , 1 
a \e" 2 eaea 2 C08 (n—2) af —2cos(n-l)a Get eee One ; 


since 2 cos na + 2 cos (n—2) a=4 cosa cos (n-1) a. 


Hence («+5) xo (n-1)=¢(n) + ¢ (n— 2) — 2A cos (n-I)a, 


‘ o(n)=(#+3) @ (n—-1) —$ (n— 2) +2d cos (n—1)a...... (1). 


Now o(I)=a42-2 cosa=\, 
1 1 1 
@ (2) =a? +—,-2 cos 2a= | e+—-2cosa)(x+—~+2cosa ) . 
x x x 


1 
=X (+5 +2008 «) , 


so that ¢ (1) and ¢ (2) are divisible by X. 
Hence, putting n=3 in (1), we see that ¢ (8) is divisible by 2. 
Similarly putting, in (1), n=4, 5, 6...... in succession we see that, 


by induction, ¢ (n) is divisible by \ for all values of n. 


Z a +=, 2 08 na is divisible by %-+— —2 cos Ge 
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; 1 1 2Qr 
mo — 7? — 
Again Ol 2 cos Na=x er 2 cosn (a+ =| ; 
and is similarly divisible by 
1 ( =) 
t+--2cos{a+—)}. 
x nN 
Proceeding in this way we can shew that it is divisible by 


1 Aor 1 n-1 
x+—--2cos{a+t—],...... v+——2cos | a+ ——2r }|, 
x n x n 


and hence obtain equation (2) of Art. 362, 

3864. De Moivre’s Property of the Circle. 

A geometrical meaning may be given to the equation 
(3) of Art. 362, . 

Let ABCD... be the angular 
points of a polygon of n sides 
which is inscribed in a circle of 
radius a, so that, O being the 
centre, we have 


Z AOB=Z BOC=ZCOD=...= =a 


Let P be a point within, or 
without, the circle such that 
OP=ax and ZPOA=86@. 
Then 


and we have 


PA?=O0P?+ 0A?—20P.. OA cos POA 
=o? — 2ax cos 6 + a2, 


PB = OP? +.0B?—20P .OB cos POB 
= a — 2am cos (8 + <2) + @, 


PC? = x — 2ax cos (8 + <n) + @?, 


7 


428 TRIGONOMETRY. 
Hence PA?. PB. PC? ... to n factors 
= {0 — 2ax cos O+ a ‘0 — 2ax cos (6 + =") + a'| 


A 
fe — 2ax cos (8 + = )+ «| ... to n factors 
= 7° — 2q"a" cos nO + a. 


365. Cotes’ Property of the Circle. 
In the preceding article let the point P lie on OA, we. 
let 1t be on the line joining the : 
centre to one of the angular points 
of the polygon. 
In this case = 0, and we have 
PA?, PB?. PC .... to n factors 
= yen Qargn + qe” 
= (a” — a”), 
’. PA.PB.PC... to n factors 
= 2” —a” or else a” — a”. 
The first of these values must be taken when P is 
outside the circle, on OA produced, so that a > a. 
The second -must be taken when P is within the 
circle. 
We therefore have 
PA.PB.PC.PD... to n factors = a” ~a”...(1). 
Again let a, 8, y, 5... be the middle points of the arcs 
AB, BC, CD,... so that AaBBCy... is a polygon of 2n 
sides inscribed in the circle. 
By (1) we have 
PA.Pa.PB.PB.PC. Py... to 2n factors = x” ~ a 


Dividing (1) by (2), we get 
Pa. P8. Py... to n factors =a" + a"...... (3). 
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The equation (3) may also be deduced directly from equation (3) of 
Art. 362 by putting Ox . We then have 


G ~ Qax cos ~ + a?) (2 ~ 2ax cos an + 8) (2° — 2az cos ee + «) 
— n n | n 
ere to n factors = x2" — 2a%z” cos + + a2” 
= 2" + Qarae” + a2" = (a + a®)?, 
1.e. Pa?. Pp. Py*......to0 n factors = (a” + a”)*. 
This is relation (3). 


366. To resolve into factors the expression a” — 1. 
We have first to solve the equation 


ee—1=0, 
Ve. x” =1=cos 2rr +7sin Zr, 
where r is any integer, 
so that x =[cos 2rd +7s1n orn iaaweataads (1). 


First, let n be even. 
As in Art. 271 the values of the expression (1) are 


Qer 


eA 290. 4% wv .. 4or 
cos0 +24s1n 0, cos —- +2SIN— , cos— +7SIN— , 
n N n n 


n— See QT  . . NT’ 
...coS ——- 7 +72981N 7, CoS — +27siIn—. 
n 107 rv 
But cos 0° t¢7sin0°=1, 
nr... nT 
and cos — +27sin —=— 1. 
7) n 


Hence in this case the roots are 
Wr =. . Qr Ae, Ar 
+1, cos — +28Sn—, cos—+75sn—, 
n n ni n 


— ni— 


Tw +7sin 


eee COs 


TT. 
1 
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The factors corresponding to the first of these pairs are 
«—1 and #+1,12.e. the quadratic factor 2-1. 
Those corresponding to the second pair are 
27... 20 re een 
2 —cos——tsin— and #—cos— +7zsin — , 
n n n n 
z.¢e, the quadratic factor 
x? — a ieee 1. 
n 
Hence we get 5 pairs of quadratic factors. 


When multiplied together they give the correct 
coefficient for #”, so that no constant quantity need be 
prefixed to their product. 

Hence, finally, when n is even, 


gr —1 = (#—1) (a* — 2 cos =™ + 1) («# — 2 cos = + 1) 


= (2 — 2x cos a + 1) stata oes (2). 


Secondly, let n be odd. 
As in Art. 271 the values of the expression (1) 
are now 
eal Wr... 2 Agr ss Ar 
cos 0 +281n-0, cos — +7sIn —, cos— +4SIN—.,... 
n n n n 


n—-3d .. n-8 n—l .. n—-l 
T7+2781n 1, COS T7+27Sin 


«+. COS 


The first pair reduces to the single factor # —1. 
Taking the other pairs together, as before, we obtain, 
when 7 1s odd, 


a*—l=(¢- 1) {at — 2a 00s 41 {0" — 20 cos = +} — 


n 
ate {a — 2x cos 
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Hence we have 
pan 
“2 2rar 
gr —-1L=(2-1) Il (at - 2% cos —— + i) 
; y=l nr 
when 7 is even, and 


a 
g*—-1l=(e#—1) I («? — 20 cos 7 +1), 


when n is odd. 
These formule can also be deduced from the funda- 
mental one of Art. 362 by putting n@ = 27. 


367. To resolve «+1 into factors. 
We must solve the equation 


eo’ +1=0, 
1.8. a” = —1=cos(2rr+7)+78n(2Qrr+7), 
where r is any integer, 
1 
so that a = {cos (2ra +17) + tsin (2rm + m)}” 
= Cos era ey, 4 sin wae SD enicitaes (1). 


First, let n be even. . 
As in Art. 271, the values of the expression (1) are 


|| ne ae 37  .. 3 Str  . . oa 
cos— +2zsIn—, coS— +2SIN —, cos — +2SIn — 
nN n n nN 1) n 


mots en ae 
n 1 


The factors corresponding to the first of these pairs are 
vin Li vin ae ee (3 
%—cos——tsin— and #—cos—+i7sin—, 
n n n 
ae. the quadratic factor 


a — 24 cos iaee 1, 
n 
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The quadratic factor corresponding to the second 
pair is 
a — 2a cos ™ 41, 
and so on. 
Hence, as in the last article, when n 1s even, we have 


w+ 1=(a" - 20008” +1) (a? — 2a cos = +1)... 
no n 
| # - 22 c08 @— 7 4 1), 


Secondly, let n be odd. | 
The values of the expression (1) are in this case 


wT... 37 ww OT 
cos —+2siIn—, coS— +2SIN—,... 
nN n n nN 


PE Lares Ba fay CEE, cos -|- isin , 
n n n 
The last pair of roots reduces to the single root —1, so 
that # +1 1s one of the required factors. | 
The quadratic factors corresponding to the successive 


pairs of roots are 
7 T | Sr 
ov? — 2a cos + 1, #@— 2a COS —— +1,... 


Baca 
n 


x? — 26 COS — 
Hence finally, when n is odd, we have 


a+1=(@+1) (x? — 2a cos ™ +1) (a? — 20 cos = +1)... 


aid [e- 2 cos MIT 7 : 
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We have then 


pte 
9 4 
e+l]= (a? — 2a 00s +1), 
r=0 
when n is even, and 

n-3 

“2 7 
e+1l=(¢4+1) (2? — 20 cos are +1), 

rT=0 


when n is odd. 
These formule can be deduced from the fundamental 
one of Art. 362 by putting né =7. 


368. Ex.1. Express as a product of n factors the quantities 
cos nP—cosnb and coshn@—cos née. 
In equation (2) of Art. 362 put a=e?*, 30 that 2-1=e7%, and hence 
a+a-t= ef 4 e—%=2 cos ¢, 


and at + t= 694 4 e287 — 2 cos nd. 
We then have 


2 cos nd — 2 cos nO = (2 cos g — 2 cos 8)| 2e0s 6 - 2 cos (0+) | 


2n — 2 
pena cos @— cos | 6 +——- 
nN 
_{tan-l QT 
=2"-1 TI  jcospd-—cos(é+—}>. 
r=0 n 


Similarly by putting =e? we have 
cosh ng — cos n6 


= 2"-1[cosh ¢ — cos @] | cosh g — cos (0 + =)] aici 


| cosh @ — cos (0 + mae r) | ; 


L, T. 28 
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Ex. 2. If n be even, prove that 


n—- 
oT sin zi sin sii sin oF sin : Jn 
a sin = Sin —...... —— w=y/N. 
2n 2n 2n- n 


In equation (2) of Art. 366 put 2 equal to unity. 


| oa | R—1 1. pn—-2 
Then, since wt ae Xx + H + eeeece + x + 1 


x?-—1 +1 ‘ 
« e x” = iL n 
therefore, when x is unity, Pe ea 
Hence we have 
= (2- 2008" ) (2-2c08=" ) seneae (2-2c08"=" 3), 
2 nN n n 
Qa . 47 n-2 
. a Te ae Ppa sy es 
4.6. n=2.4sin On’ 4 sin ont 4.sin on™ 
there being ; — 1 factors, 
2a 4a n—2 
—9n-1 Deal Wall 2 
=2 sin" 5 sin a5 tee sin on™ 
n—l 
= Qa Aor n-2 
a 2 ° canuschs e ae ° pabieoet 
Hence +,/n=2? sin In 8 Gye SUL —D Meeeeeeseeeesees (1). 
Qr 4r 2 n-2 , : . 
Each of the angles Qn? Ime an 7 38 less than a right angle, so 


that each of the sines on the right-hand side of (1) is positive. 
On the left-hand side we therefore replace the ambiguity by the 
positive sign and have the required result. 
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Factorize the following quantities, 


1, «6 +22? cos 120°+1. 9, x28— 2x4 cos 60°+1. 

3, wl0—2a5 cos e+. 4, e+eS41, 

5, al4+a?+li. §, «®-1. 7, «e8+1, 
8, «2-1. 9, w+. 10, 2-1. 


V1, #341, 12, «4-1. 18, 229+1, 
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14, If be even, prove that 


n—-l 


2 sin — sin ul pe eclid ees | 
In «an Qn In 
oF 3— cos af gel 
= COs 5 Ty an ™ 
15, If be odd, prove that 
n—] n~-l 
— Q7 An n-1 a 7 30r n—-2 
2 in Gin —— in —r-=— = 2 — aE — > Ws, 
2? sing sing” ...sin 55> m /n=2 " cos Fn C8 Gp 1 C8 GT 
and that 
n—l n—1 
rT Tr 3 30 ~ nao 2 a ae es 2a dor n— 1 
2? sin 3, SB a, 7° 512 on w=l=2 COS 5 GOS 5... COS —p-- T. 
16. Prove that sin 7 sin cil sin ied 
E - on i = Set 
17, If n be odd, prove that 
~(n—1)7 
tan— tan a tan OE au: tan eet /n. 
n N nN n 


18,: Shew that cos né@ 


= Qn cos @ — cos — Mivawen Sse nee een : 
2n 2n 2n 


Prove that 
19, sinn@=2"'sin ¢ sin (4 +7) rer sin (9+ 7) 


r=n—1 ° 
= Qn-l Il sin (4 + =) : 
r=0 u 
[Put c=1, and 0 =2¢, in the equation of Art. 362.) 
—9N—-1 oj a i 37 i 2n-1 
20, cosn@=2"—! sin (0+ x) sin (0+ | ee sin E a es 


[Change ¢ into @+ 5 in the formula of the preceding question. ] 


/ 2a nm-1 — 
nl tia pe as 
21, 2”! cos ¢ cos (o+=) cos (0+ =| re . COs (6+ = r) 
; =(-1)?sin n@, when n is even, 
and =(—1) 2 cosn@, when n is odd. 


| Change @ into o+5 in the result of Ex. 19. | 
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mV pon cebe Obs o MOET none te 
99, 2”-1¢08 on cos on cos once cos 9 T = COS a 
93, 2-1sin = sin on sin Be os, sin oe r=1 


2n 2n 2n 


Qn —1 1)" 
24., cos © cos ee cos PU Nm _ (“e+ 


95. Prove that 


acos { 0 ss 
a” ~— a" cos nO 1 vari " i n 


—_—————— i er ee IE 
on Ryn Qn nR—1 : 
er —~Qa%ax” cos nO+a Nx = 2rr 

7™=0 42 _ Qax cos (0+ oa +a? 


[In the expression (3) of Art. (362) change x into «+h, expand and 
equate coefficients of h.] 

96. The circumference of a circle of radius r is divided into 2n equal 

parts at points P,, Po,...... P,,,; if chords be drawn from P, to the other 


points, prove that 
P,P,.P,P3 seccee PP en. 


Also, if O be the middle point of the arc P,P,,,, prove that 
OP, . OPy......0P_= [27% 

97, It A,Ap...... Agni, be a regular polygon of n sides, inscribed in a 

circle of radius a, and OA,,,, be a diameter, prove that 
OA, e OA, teenes OA,= a, 

98, AyAg...05 A,, is a regular polygon of n sides. From O the centre 
of the polygon a line is drawn meeting the incircle in P, and the circum- 
circle in P,. 

Prove that the product of the perpendiculars on the sides drawn from 
P, is to the product of the perpendiculars from P, as 


cos* = got? ae to 1, 
n 2 


6 being the angle between OPP, and OA). 


29, ABCD...... is a regular polygon which is inscribed in a circle of 
radius a and centre O; prove that 
PA? , PB? PC? ic3 =n — Qa%r® cos nb +a, 
where OP is r and the angle AOP is @. 
Prove also that the sum of the angles that AP, BP, CP.,...... make 
r* sin n6 


: : _; _7sin ne © 
with OP is tan pcesne ak 


SIN 6 IN FACTORS. 437 


Resolution of sin@ and cos 6 into factors. 


369. To eapress sin 0 as a product of an infinite serves 


of factors. 


We have sin 6 = 2 sin g COs é 
tga ee POE oO \ 
= 2 sin 5 sin 5 +3) canecnete (1). 
— : 6 wv 6 
Similarly in (1) changing @ into 5 and g + 5% Succes- 


sively, we have 


sin § =2sin s;sin (+ c.) =2sin Sin (+5), 


92 2 22 92 22 
. (wr @ . (w OO . (wr aw @ 
and sin (5 +5) =2sin (Ft) -sin(F+ 5+ 5] 
ee O\ . (3a 0 
= 2sin (Git 5) sin (a +H): 


Substituting these values in the right-hand side of (1) 
we have, after rearranging, 
w+0. +O. 37r+0 


; Se (Ons 
sin 0 = 2° sin 52 SIN 9, Sin —5, SIN (2). 


Applying once more the formula (1) to each of the 
terms on the right hand of (2) and arranging, we have 


wr+O. +d. 8r@+60. 47+80 
sin sin sin 


, < Oz 
sin @ = 2’ sin — sin 


28 28 28 oe" 28 
Sr +O. 6r+0. TIr+O 
SIN —p,— SIN —ga— SIN “Gy ves (3). 


Continuing this process we have finally 


sin 9 = 29+ sin sin ™ sin oe ee jn ene 


where p is a power of 2. 
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The last factor in (4) 


The last factor but one | 
(p — =) mee sin [7-7 ~ ein 27 — 


= sin 


and so on. 

Hence, taking together the second and last factors, 
the third and next to last, and so on, the equation (4) 
becomes 


sin 9 = 2? sin Z isin DAM “| {sin amr + 6 sin os 
P P p p D 


ee erSeeree (5). 
The last factor is 
Pp 
oT7+0 
sin 2 
which = sin (5 = “) = he 
2 p p 


Hence (5) is 


sin 0 = 2? sin a sin’ 7 sin? 4 sin ie sin? 4 Ms 
PL P p p Pl 

sin? 

Divide both sides of (6) by sin’ and make @ zero. 


sin @ 
Since a?) =|) oa * 


sin — 
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we have 


Dividing (6) by (7), we have 


gill? en, me 
. | sin? — sin F sin 5 
sin O= psn | i ue et . 20 a _ oT 
sin? — sin? — sin? — 
sin? — 
1- S— sees. (8). 
sin? (5 — 1) a P 
2 —/p 
Now make p indefinitely great. 
Since 
. 6 
0 a 
sin — = | nie. = 0 (Art. 228), 
E 7 pee g ( 
P p=a 
iu ,o 7 
sin? — sim eg go 
Pl =|” | = (Art, 298), 
T G2 . oar em T° 
sin? — = (SUS 3 
Pip=x P 


and so on, we have 


sin @=0(1- ©) (1 w (a o) .. ad int 


T ~ Oar’ a 3°97 


This theorem may be written in the form 


ibe (1 =) 
r=1 


yar 
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370. To express cos @ as a product of an infinite series 


of factors. 
In equation (4) of Art. 369 write for @ the quantity 


5 + @, and the equation becomes 
cos 6 = 2? sin = +20 sin Bm + 20 sin birt 20 
2p 2p 2p 
sin ee (1). 
2p 
The last factor 
= s1n (ee 20 = sin — 20 
- 2 | ap ’ 
the last but one 
[Cen gzse . dr — 26 
eo ean | a ain : 
2p 2p 


and so on. 
Hence taking the factors in pairs, as before, we have 
|. w+20. w—-20)[ . 37420 . 37-20 
cos 0= 2?) sin sin oe 


2p sin Op Yip sin 2p 


= —1 n2 Te — a1n2 20 in2 —_— an2 __. 
2P sin op sin eI sin Ip sin A (2). 
In (2) make’ 6 zero and we have | 


avon wee Te ety OT aot 
i= 2? sin 5° Sin 2p sin ape (3). 
Dividing (2) by (8), we have 
Re . . 20 
sin an sin? 9, sin* — 
cos 6 =|1— 1 = de 
sin? sin? — sin? — 
2 2 
ig 20 
S1n ap 
L—_—_————— | ...... (4). 
sin? (P z ok 
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In (4) make p infinite; then, as in the last article, we 
have P P 6 
AU’ AU’ 40° : 
cos § = | 4- = | 1 Se [4- oz | ... ad inf. 
This theorem may be written in the form 
nae 46? 
cos 8 —— ii = erst . 


sin 26 
Since cosb= 5a the product of cos@ may be 


derived from the products for sin 2@ and sin @. 


371. The equation (4) of Art, 369 may, by means of Art. 362, be 
shewn to be true for all integral values of p. For we have 
xP —2xP cospo+ 1 
= {#?- 22 cos +1} ‘- 2x Gos (o + = +1)h 
Aor 
x? — 2x cos € + =) + i} eres to p factors. 
Put «=1, and we have’ 
2(1-cosp¢)= {2-2 cos¢} 2 2 cos ( ¢ 2 =) Me as 


Oe oa ee. gaa eg @ et 
i.e. 4 sin 9 = 4sin 9° *sin ae 4 sin a +> ...to p factors. 


to p factors. 


Put PP =, and extract the square root of both sides. We have then 


pagins sin wpadete dl). 


If @ lie between 0 and 7 all the factors on the right-hand side of (1) 
Hence the ambiguity should be 


+sin papain’. sin las ‘ inte! 
~ Pp p p 


are positive and so also is sin @. 


replaced by the positive sign. 
If @ lie between 7 and 27, all the factors on the right-hand side are 


positive except the last, which is negative. 
Hence the product is negative and so also is sin @, so that in this case 


also the positive sign is to be taken. 
Similarly in any other case it may be shewn that the positive sign 


must be taken, and we have, for all integral values of p, 
AI lls Satie gato ar, 
Pp Pp 


sin @=2°-1 sin 5 . sin 
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372. Sinh 6 and cosh 6 in products. 
By Art, 314 we have 
sinh 6 =—7sin(@) and cosh @ =cos (@). 
Also the series of Arts. 369 and 370, being formed on 


the Addition Theorem are, by Art. 310, true when for 6 
we read @. 


; : , 6%? 6%? 9%? 
es sinh G=—1 x 64 (1 -—)(1 — =) € = sa (1) 
_ OY / 6? 0? ) | seg 
= 6(1+ 5) (1+ ges) (1+ gas <8 eas ad inf. 


and cosh @ = € — i) (1 3 | (1 : ) ... ad inf. 


329r? 5 2qr? 


z (1 ” = (1 z a) € aa saeaae (2). 


The products (1) and (2) are convergent. For we know (C, Smith’s 
Algebra, Art. 333) that the infinite product II(1+w,) is convergent if the 
series Du, be convergent. 

In the case of (1), Zu, 


and the latter series is known to be convergent. 


373. Sums of powers of the reciprocals of all 
natural numbers. , | 
From the results of Arts. 369 and 370 we can deduce 


the sums of some interesting series. 
From Arts. 369 and 280 we have 


@2 @2 \ Q2 . : 
€ = =) (1 ae 53) (1 = 53] ee ad inf. 


SUM OF NEGATIVE POWERS OF INTEGERS. 443 


Taking the logarithms of both sides, we have 


2 


& | 0 @? | 
log (1 - 5) + log (1 ~ 3-5) + log (1-30 4)+ eee: 
2 4 
mlog 1-4 | baie (1). 


lo (1-5) =- Cte ate 
8 mr a) ce 27 3 7% aan (ke 


lo 1-5) =- (are ae ean 
a ( Port) ~~ | Br? © 28rd" B Doqrs To 


so that (1) gives 
& Dope _16 re ba 
(Oe TT BT RT 


me | 2 2" Be 


eoeeeeve 


62 i ae 
= Gre liege 36)" 

G 6 
~~ "6 — 180 oem OO e ee ewe ee ee oer een eo eee eneeeeinegs (2) 


Since equation (2) is true for all values of @ the 
coefficients of 6? on both sides must be the same, and 


similarly those of 64, and so on. 
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Hence we have 


ye a 1 1 ; 1 
~3(Gtyt gt adint )=-5, ; 
ee ee ee ee 

5 malz 4 34 e@sersesnve ~ 8 9 

1 1 1 T° 
Hence ga tgs tb agg be = & crete (3), 
1 1 1 1? 
and qa on ge OS = GG oe ee eo (4), 


@eseeeeves sv eeee 


374, By proceeding in a similar manner with the 
result of Art. 370 we have 


4.6? 4.62 4.6? 
(1-5) (1 gage) (1 aa)“ 
Q2 Q4 
hE ae 


so that 
4.62 4.6? 4? 
log € — =) + log € — =) + log € —_ ini) 


@2 Q4 
| te elog [1-545 |. 
Hence as before 


— 4627/1 1 1 11664 /1 1 1 
a Gaz )-goe (atgtates)++ 


| @ 6G 


AQ 24 2\2 24 
_ FF  w& ON ta Nasty 
= 9 og. te Ae 2 ~ {2 


SUM OF NEGATIVE POWERS OF INTEGERS. 44,5 


Hence, equating coefficients of 6? and 64, we have 


a 1 

(i git Bt ~ 72 
i We a 

and hence ptatpt: =" enterica (1), 
yh 61 a 

and Ctatat 1 Gg cteeeeretteee: (2) 


@eeaeeovoeneneseeee@ 


375. Wallis’ Formula. 


In the expression of Art, 369 put O=5 , and we have 


T 1 1 1 . 
1= 5 | 1-5 | [1-z| [1-F| srsiées ad inf. 


_w1.8 3.5 5.7 — (2n-8)(2n-1) (2n~1) (Qn+1) 
~9 92° e 42 . 62 seoeoe (Qn — 2)? (2n)? a 


where n is infinite, 


2 12.32.52. 73......(2n—1?. (Qn +1) 
o z O23. 42. 62......(an)? 


4.6...... 2n 


. 2. ve “3 : 
tebe 1.5.5......an~1) 5 (2n+1), where vn is infinite. 


It follows that when n is very great (but not necessarily infinite) then 
BoB sGiasicax 2n = J T 
1.3.5......(an-1) V2 (2n-+1) very nearly 
=Vnr, ultimately. 


This is called Wallis’ Formula, and gives in a simple form a very near 


approach to the product of the first n even numbers divided by the first n 
odd numbers when 7 is very great. 
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376. Ex. Prove that 


1 1 
tan 6= 80 | ae “3 493 + 55-3 gga? Ba_2 age Peery, i 


From Art. 370 we have 


46? 46 49? 
log cos 6=log (1-2) +10¢(1- 32 equ) +o og (1- ina) + ere (1). 


In this equation substituting 6+h for 6 we have 


log cos (6 +h) =log [1-= ~~, (9+h) * | + log Ee 3a (0+ ny | Se eee (2). 
Now log cos (6+ h) =1log [cos 6 (cos h — tan @ sin h)] 
2 3 
=log cos 0+log E - a Serre —tan 6 ¢ — gt re \] (Art. 280) 


=log cos 6+log[1—h tan 6+ higher powers of h] 
=log cos 6 —h tan @ eee of h. (Art. 256.) 


or on ee 


46 86h 
= log E - =| - wae’ of h, 


Also log [1-5 6+ h) i= igs = 


and log [ 1 55 ~ 528 (0 + ny | 


2,2 2,2 
3°r 3294 


46? 86h 
= log Ee - 32,2 Age + Powers of h. 


eoeserneee ser eset aeeresereotrereoeeesereeeee 


Substituting these values in (2) and equating on each side the coeffi- 


cients of —h we have 
86 86 86 


tan 0=—5 “aa t so ag 1) (3) | 


aS 86 
pag (27+ 1)2xr? — 462° 
The series (3) may also be written 


tan @= e z + a + 
7-20 wr+20° 8r-260 89r+20 0°°° 


[The student who is acquainted with the Differential Calculus will 
observe that equation (8) is obtained by differentiating (1) with respect 
to 6.] 
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377, Ex. Prove that 
cosh 2a — cos 26 


=2sintoft+%] [1+(-%5)'] 
[1+ ( 5) [a+ Conk (aera w=) | _ a 
=2eintort[ 1+ (= z) | 


where r is zero or any positive or any negative integer. 
We have 


cosh 2a — cos 20 =cos 2ai — cos 20=2 sin (6 + at) sin (0 — ai) 


=2 (0-40 _ ae eee |f- era | — 
x (0 — at ))1- (O- ener) j1- 53-3 | aes (1). 
Now [1-! ere) ee pa! (0 —- ena 


[tesa (r- 6 — =“ meee etre) 


_ (THO) Fat (3 — 6)? ta? 
iz a: 7a ed 
Hence (1) gives 


2 2 — §)2 2 2 2 
cosh 2a — cos 26 = 2 (0? + a”) ard a ae) 


In (2) put o=0 and we have 
(r+0)? (r—-@)? (20+ 8)" +6)2 (Qn —- 6)? 
eae a 


a2 a ae 


2 sin? 9 = 267. 


Dividing (2) by (3) we have 
cosh 2a — cos 20 


=osinto[1+5 ][1+(5) ]+(s33) 1+ Geta) 
f1+(5-%,) | se ad inf, 


The factors of cosh 2a+cos 20 may now be obtained by changing @ 
2 
into O+5 and they are found to be 2 cos? 6II fis (stn is -) where r is 


any odd dee positive or negative. 
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EXAMPLES, LXV. 


Prove that 

1. ee mince ad inf. =2. 

2 eae dees od inf. =6 OT 

3. patsatsetret eee ad inf.= 7. 


1 
1 38 #6 = 10 . ar T? 
4, ass sr th mr teens ad int, =F (1-55). 


5, Prove that the sum of the products, taken two and two together, 
4 
of the reciprocals of the squares of all odd numbers is aad ; 
6, Prove that the sum of the products, taken two and two together, 


4 
of the reciprocals of the squares of all even numbers is 750 


Prove that 
1 26 20 
ie cot 0 =7 — =a ~ para ~ saeees 
ee ee ee eRe does ad inf 
O° 6-97  O+4mr 0-29 ° 6429r°°°°" 
8 ee ee ee, ae eee: ee 1 1 
~@ @-m4 O+n 0-29 04299 6-37 0439r °° 
_l vs (-1)" 
=r a 62 — N22’ 
and hence that 
1+@cosecd 1 1 1 , 
998 RB Paget Powe aeieeiels ad inf 
[ Use the relati bog an! rv | 
re On cos 5 a g +0 3 ° 
1 1 3 5 
9, dy 800 °= 3 Gea ~ Sad age + Be age oan ad inf 


. nv 6 wr @ 
K the relation 2 sec O=tan G + 5) + cot (5 + 5) | 


[Exs. LXV.] INFINITE PRODUCTS. EXAMPLES. 4.49 


1 1 1 1 1 


© aagl a= Se aaa ia inf, 
10, 7sectO= Cope t a0! * G20) * Gra aopt 7 ad int 
[dpply the process of Art. 376 to the result obtained.] 
1 1 1 1 1 ; 
ll. cosec? o= git (oa (O+m (6-20) (0420) 012" at +... ad inf. 


Prove that 
12. Se = (1-5) (1+ 0 ) (1- 6 \ 
sin a a T-a T+a 


g 6 
(145) (1-5") 7 


=I] (1 — axe) , where r is any positive or negative integer or zero. 
a 7s 


sin (a+) 6 ae ‘ 
13. ae cad =II (1+) , where 7 is any positive or negative 


integer, including zero. 


cos (a+) | 26 20 26 20 
14. COS a ite (1-=) (1+5--%,) (1-55) 


eevee 


it E + am | , where 7 is any odd integer positive or negative. 


2a+7 
15. cos (a—- 0 (a— G) = n[1- 


~ Cosa 
or negative. 


1, ee = [1- | ft- emp] - oral 
=nf1- oo]. 


where r is any odd integer positive or negative. 


[Multiply together the results of Has. 14 and 15 and then change 26 
and 2a into 6 and a. | 


cos @—cos a 6g? ? 
Bs Tees it~ sa -aerapt 
62 i 62 
a "an oe 


1 ese 
Big ; i. aa) | ‘ 
where r is any even positive or negative integer, including zero. 


Hence deduce the factors of cosh x — cos a. 


LT. 29 


5 re ~= |, where r is any odd integer, positive 
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, Ssina-—siné 0 
Ns eae ra ~ sina =(1~2) (1- :) (1 +73) 


7 7) 
en oe 
19, 2coshé+2cosa 


= 4 cos? — A Rereres Al (es as eee 


2 
dings 50 | 1+ rm |’ 


where 7 is any integer positive or negative. 
90, Prove that 


: U 
sinh? — 
_ : y=n-1 2, 
sinhnu=nsinhu IIT {1+ ‘ 
i sin? -™ 
2n 


and deduce the expression for sinh u in the form of an infinite product of 
quadratic factors in wu. 


[Start with the result, when 6 is zero, of Ex. 1, Art. 368, In this 
result put o equal to zero and divide.] 


21, Prove that the value of the infinite product 


1 
(145) (1455) (1+5) Sabie ad inf, 


: Dos 
1s — sinh 7. 
T 


22. A semicircle is divided into m equal parts and a concentric and 
similarly situated semicircle is divided into n equal parts. Every point 
of section of one semicircle is joined to every point of section of the 
other. Find the arithmetic mean of the squares of the joining lines and 
prove that when m and mn are indefinitely increased the result is 


a* +b? SF , where a and b are the radii of the semicircles. 


* ee e e ° e e a a 
93. The radii of an infinite series of concentric circles are a, gg 


From a point at a distance c (>a) from their common centre a tangent 
is drawn to each circle, Prove that 

< : ° Cc Ta 

sin @, $1n #, 81M @3...... = Ri sin 3 
where 6,, 95, 9g...... are the angles that the tangents subtend at the 


common centre. 


[Exs, LXV.] INFINITE PRODUCTS. EXAMPLES. 451 


24, Aninfinite straight line is divided by an infinite number of points 
into portions each of length a. If any point P be taken so that y is its 
distance from the straight line and z is its distance measured along the 
straight line from one of the points of division, prove that the sum of the 
squares of the reciprocals of the distances of the point P from all the 
points of division is 

Qary 


sinh —~* 
T a 


Y cosh “ty — cos “ne 


[Use the result of Ex. 7.] 
5, Ifa, v, ¢...... denote all the prime numbers 2, 3, 5...... prove that 


1 1 1 6 
(1-3) (t-#) (h-a) 
1 1 1 15 
and - (1+3) (1455) (145) Seaae Serf. 
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CHAPTER XXX, 
PRINCIPLE OF PROPORTIONAL PARTS. 


378. In the present chapter we shall consider the 
Principle of Proportional Parts, the truth of which we 
assumed in Chapter XI. 

We then assumed that if » be any number and n+ 1 
the next number, whose logarithms were given in our 
tables, and if A be any fraction, then, to 7 places of 
decimals, it is true that 

log(n+h) —logn _» 
log(n+1)-logn  ~ 


The truth of this statement we shall now consider. 


379. Common Logarithms. We have, by Art. 
260, 


h . 
logis (n + h) — login = logy, - . = p log. (1 "i *) 
where pe = 43429448... 


Hence, by Art. 256, we have 


h h? h 
logis (m+) — logyn = — 5 4 5 — davies (1). 
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Now in our ordinary logarithm tables n contains 
5 digits, ze. n is not less than 10000. Hence, if h be less 
a 
2 
1 (43499448...) x <2, 
2 Te a 


h? 
than unity, we have = — less than 
n 


ie, less than 2H OAT AN: 6, <-0000000021.... 


. 3 
Also 5 “ is less than one-ten thousandth part of this. 

Hence in (1) the omission of all the terms on the right- 
hand side after the first will make no difference at least as 
far as the seventh place of decimals. To seven places we 
therefore have 


h 
logio (n +h) —log, n= 10 , 


So logy) (m+ 1)— logyn = ane , 
Hence, by division, 
log. (a+ h)— login _ p 
log,,(m+1)—logyn * 
The principle assumed is therefore always true for the 
logarithms of ordinary numbers as given in our tables. 


380. We may enquire what is the smallest number in the tables to 
which we can safely apply the principle of proportional parts.. We must 


so that W>5 . 107. h?, 


2 
find that value of n which makes als < a ; 


The greatest value of h being unity, we then have 


n> 5 10’, i.e, >2171472°4...... 


. n>1473. 
The number 1473 is therefore the required least number. 
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381. Natural Sines. Suppose we have a table 
calculated for successive differences of angles, such that 
the number of radians in these successive differences is h. 

[In the case of our ordinary tables 4 = number of 


radians in 1’ ; 
T 


~ 60 x 180 | 
Also let & be less than h. Then our principle was that 
sin(@+k)—sind_ & 
sin(@+h)—sind h’ 
We shall examine this assumption. 
We have 
sin (0+k)—sin @=sin 6 cosk + cos @sin k— sin 0 


= '000290888..., ae h< :0003.] 


; . ee | ke : 
= gin 6 [1 eta | + cos 6 e—G+-. [sing 
(Arts. 279 and 280) 
=k g_™ in @ i eos 0 
— COs (2° (3 eee 


The ratio of the third term to the first = 5a and this 


is always less than ; (0003), i.e. always less than 00000002. 


The third and higher terms may therefore be safely neg- 
lected, and we have 3 


sin (0+) —sind = keos 0— sin 6 ee el). 


The numerical ratio of the second term to the first 
term 
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2 
: 2 
Hence, except when the angle is nearly a right angle, the 
second term in (1) may be neglected, and we have - 


sin(@+k)—sin@=k cos 6. 


This ratio is small, except when 6 is nearly equal to 


So sin (0+ h) —sin 0 =hcos @, 
sin(0+k)—sin@_ k | 
and hence sin (0 +h) —sin 0 = h cece concer ccceees (3). 


When @ is very nearly a right angle we cannot say 


that 
sin (6 + k) —sin 0 =k cos 8, 


and hence in this case the relation (3) does not hold and 
the difference in the sine is not proportional to the 
difference in the angle. In this case then the differences 
are irregular. At the same time the differences are 


insensible ; for, when @ is nearly 7 k cos @ is very small. 


In fact kcos@ has nothing but ciphers as far as the 
seventh place of decimals, so long as @ is within a few 
minutes of a right angle. Also 


a2 . 2 
in 6 is always < ss 1.€. < 00000005... 


— 


Hence when the angle is nearly a right angle a com- 
paratively small change in the sine will correspond to a 
comparatively large change in the angle; also at the same 
time these changes are irregular. 


382. Natural Cosines. Since the cosine of an angle 
is equal to the sine of its complement this case reduces to 
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that of the sine. The principle is therefore true except 
when the angle is nearly zero, in which case the differences 
are insensible and irregular. | 


383. Natural Tangents. With the same notation 
as before we have 


tan 0+ tank tan k sec?@ 


a ea 


— tan 0 tank 
= tank sec?@(1 + tan 0 tan k + tan? @ tan? k...) 


Pe an Te ke 
= sec? b+ Zt. |[L tne (k++...) 
+ tan? 0 (hk? + | (Art. 281) 
; sin 9 ee i! 
=ksec? 6 +k? ory an sec? 6 [5+ tant | Serre (1). 


The third and higher terms may be omitted as before, 
except when @ is nearly a right angle. 


Unless the quantity /? ant be large we shall then 


have 
tan (0+ k)— tan 0=k sec? @.........44. (2), 


and the rule is approximately true. | 
When @ is >4 the second term of the equation (1) is 


> 2k?, so that taking the greatest value of k, viz. about 
0003, this would give a significant figure in the seventh 
place. The principle is therefore not true for angles 


greater than 7“, when the differences of the tabulated 


angles are 1’. 
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384. Natural Cotangents. As in the last article it 
can be shewn that the principle must not be relied upon 
for angles between 0 and 45°. 


385. Natural Secant. We have sec (6+ k) —sec 0 


1 1 
~ eos Ocosk—sin @sink cosé 


7 —1 
1—ktand— 5k... 


= sec 6 


= sec 0 [Ftan d+ ke? (5 + tan 0) AA vas ] 
=k sec @ tan 6 + k? sec a(5+ tan? 6) =[iweaaivienen (1). 
The ratio of the second to the first term 


5 + tan’ 6 1 
a eromrray E cot 8 + tand |. 


This is small except when @ is nearly zero or o Hence, 


except in these two cases, we have 
sec (0+k) —sec?=k tan @ sec 0 


and the rule is proved. © | 

When @ is small the term /sec @ tan @ is very small, 
so that the differences are insensible besides being 
irregular. 


-— When @ is nearly 5 this term is great, so that the 


differences are not insensible. 
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386. Natural Cosecant. Just as in the case of the 
secant it may be shewn that the ditferences are insensible 
and irregular when @ is nearly 90°, and irregular when 0 
is nearly zero. Otherwise the principle holds. 


387. Tabular Logarithmic Sine. We have 
sin (6 + k) 


sin 0 


Ly, sin (6 + k) — Ly sin 6 = logy 


= log, [cos & + cot @ sin k] = logy E +k cot @— . - 
(Arts. 279 and 280) 


= fl L cot @ ~ 55h cot? 6+ a (Arts. 256 and 260) 


J-2 
= wk cot 6 — He cosee? 6 arr 


The numerical ratio of the second term to the first 


ms De 
2° "sin @cos@~ sin 20° 


This is small except when @ is near zero or a right angle. 
Hence, with the exception of these two cases, we have 


Lsin(6+k)— Lsin = pcot 6 x k, 


so that the rule holds in general. 

If @ be small the term pk cot @ is large, so that the 
differences are large as well as irregular. We cannot 
therefore apply the principle to small angles in the case 
of tables constructed with difference of 1’. 

Even if the tables were constructed for differences of 
10” we are not sure of being free from error in the 7th 
place of decimals unless @ be > 5°. 
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If @- be nearly = 5 the terms ph cot 6 and & S cosec? @ are 


both small, so that if the angle be nearly a ni angle the 
differences are insensible as well as irregular. 


388. Tabular Logarithmic Cosine. ‘The rule 
holds approximately, since the cosine is the complement 
of the sine, except when the angle is small, in which case 
the differences are insensible as well as irregular, and 
except when the angle is nearly a right angle, in which 
case the differences are large. 


389. Tabular Logarithmic Tangent. Here 


Ltan(0+k)—Ltand=1 08) E+") 


1+cot@tank _| 1+kcot@ 
1 —tan 6 tan k o11—ktan@ 


= log, [1+ cot @)(1+k tan 0+ tan? @+...)] 
k k? 
= logy E fade ae) 


3 He ke =: 1 ee eae ns 
sin@cos@ ' cos?@ 2sin? @cos?6 
(Arts. 256 and 260) 


= logo: 


ke cos 2 
~ sin ica 6 eee sin? 20°" 

The numerical ratio of the second term to the first 
=k cot 20. This is small except when @ is near zero or a 
right angle. 

Hence, with the exception of _s two cases, we have 


Ltan(@+k)—-L tan é= te, k, 


so that the principle is in general true. 
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In each of the exceptional cases _— 


n 20 
that the differences are then irregular but not insensible. 
The same statements are true for the tabular loga- 
rithmic cotangent. 


is not small, so 


390. Tabular Logarithmic Secant and Cose- 
cant. We have | 


Lsec(@ + k) — Lsec 0 = Lcos 6 — L cos (6+ k) 
and JL cosec(@+k)—Lcosec 6= Lsin0—L sin (6+). 


Hence the results for the Z sin and J cos are also true 
for the LZ cosec and JZ sec. 


CHAPTER XXXI. 
ERRORS OF OBSERVATION. 


391. We have up to the present assumed that it is 
possible to observe any angles perfectly accurately. In 
practice this is by no means the case. Our observations 
are liable to two classes of errors, one due to the instru- 
ments themselves, which are hardly ever in perfect adjust- 
ment, and the other class due to mistakes on the part of 
the observer. 


392. An error in any of our observations will clearly, 
in general, cause an error in the value of any quantity 
calculated from that observation. For example, if in Art. 
192 there be a small error in the value of a, there will be 
a consequent error in the value of « which, as we see 
from the result of that article, depends on a. 


393. The importance of an error in a length depends, 
in general, upon its ratio to that length. For example in 
measuring a piece of wood, about six feet long, a mistake 
of one inch would be a very serious error; in measuring a 
mile racecourse a mistake of one inch would be not worth 
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considering ; whilst in measuring the distance from the 
Earth to the Moon an error of one inch would be abso- 


lutely inappreciable. 


394. We shall assume that the errors we have to 
consider are so small that their squares (when measured 
in radians if they be angles) may be neglected and we 
shall give some examples of finding the errors in derived 
quantities. 

We shall assume that our tables and calculations are 
correct, so that we have not to deal with mistakes in 
calculation but only with errors in the original observa- 
tion. 


395, Ex. 1. MP (Fig. Art. 42) is a vertical pole; at a point O 
distant a from tts foot its angular elevation is found to be 6 and its height 
then calculated; if there be an error 6 in the observation of 6 find the 
consequent error in the height. 

The calculated height h=a tan 6, clearly. 

If the error 6 be in excess, the real elevation is 6—6, and hence the 
real height h’=a tan (6-6). 

Hence the error h—h’=a tan 6 — a tan (6 — 6) 


sin 6 
hee fp) Sa ee 2 
~ @ C08 0 C08 CES eas ae 


if we neglect squares and higher powers of 6. 
The ratio of the error to the calculated height 


_ Shes _ 26 

= 6 sec* --tan = OF 26° 
Except when sin 20 is small this ratio is small since dis small. It is 
via 
4 e 


The ratio is large when 6 is near zero and when it is near 


least when sin 26 is greatest, i.e. when 0 is 
. 
2 e 

Hence a small mistake in the angle makes a relatively large mistake 
in the calculated result when the angle subtended is very small or when 


bits T 
it is very nearly 3° 
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When @ is small, both the calculated height and the absolute error, 
viz. atan@ and asec?@.6, are small, but the latter is great compared 
with the former. | | 

When @ is nearly 90°, both these quantities are great. 


Ex. 2. The height of a tower is found as in Art. 192; if there be an 
error 6 in excess in the angle a, find the corresponding correction to be 
made in the height. 


The real value of a is a—@; hence the real value of the height is 
found by substituting a —@ for a in the obtained answer, and therefore 


sin (a — 6) sinB _ asin sin a cos 8 —cosasin 0 
sin(8-a+é6) B in (B—a) cos 04008 (6 —a) sin 


_asinasin B 1-—écota 
= "sin (8a) ‘1+0cot(B-a) ce 
a0 ORE - . 
ain (goa) [1 -—@ cot a][1 -— cot (B-a)+...... ] 
_asinasin B. _ _ 
Fine say [1 — 6 {cot (8-—a)+cota}] 
_asinasing , asin? 
~ gin (8-a) sin? (8 — a)” 
in2 
The error in the calculated height is therefore 6 Pe a , and is 
sin? (6 — a) 


one of excess, 
Also the ratio of the error to the calculated height 


= ésin 8 
~ gin a sin (8 — a) ° 


Ex. 3. The angles of a triangle are calculated from the sides a=2, 
b=38, and c=4, but it is found that the side ¢ is overestimated by a small 
quantity 6; find the consequent errors in the angles. 


From the given values of the sides we easily have 


7 11 1 
cosd=5, cos B=rR, cos C=-7, 
_ , _2nf15 » 7 3/15 4/15 
sin d= : sin B=—Te- , and sin C= 45- , 
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Corresponding to the value 4 — 6, let the values of the angles be A — 64, 
B-6,, and C- 65. 


_ 824(4-6)2?-22 21-867, 8\7} 

Then 008 (4-0)="S7g 9g = ga (1-3) » 

‘ ‘ 1 ) 1 11 
i.e. cosd+sind.6=5;(21-80]/ 145 ]=5;[ 21-79 |, | 


[Arts. 279 and 280] 
7 2/15 7 dil 


1.€. go 16 1=5 - 96% 
11,/15 
so that = - ws sea seureahanensamaat eet seeeesneean (1), 


Also cos (B — 6,)= 


(4—8)24+92-8? 11-88 i 
2(4-6).2 16 a)? 


ti ee 1 6 1 21 
1.€. ig t Sin B . = Fe [11 - 89] [t+e]=a[4-ze], 


4.€. __ psc - 5, 
so that 0,= - a sgseihed sis mecnieddgdeleesecdnates (2). 
so that : a= 5. 


The errors in the angles are therefore 


-11J15.  -21915. 82/15 
iso ago & and 765 


6 radians, — 


so that the smallest angle has the least error. 

We note, as might have been assumed a priori, that the sum of the 
errors in the three angles is zero. This is necessarily so, since the sum 
of the angles of any triangle is always two right angles. 
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EXAMPLES. LXVI. 


1. The height of a hill is found by measuring the angles of elevation 
a and 8 of the top and bottom of a tower of height b on the top of the 
hill. Prove that the error in the height h caused by an error @ in the 
measurement of the angle a is @.cos 6B sec acosec (2—) times the cal- 
culated height of the hill. 


9, Ata distance of 100 feet from the foot of a tower the elevation of 
its top is found to be 30°; find the greatest and least errors in its 
calculated height due to errors of 1’ and 6 inches in the elevation and 
distance respectively. 


3. In the example of Art. 196 find the errors in the calculated values 
of the flagstaff and tower due to an error 6 in the observed value of a. 

Tf a=1000 feet, 12=30°, B=15°, and there be an error of 1’ in the 
value of a, calculate the numerical value of these errors. 


4, AB is a vertical pole, and CD a horizontal line which when 
produced passes through B the foot of the pole. The tangents of the 
angles of elevation at C and D of the top of the pole are found to be 


: and : respectively. Find the height of the pole having given that 
CD=35 feet. 


Prove that an error of 1’ in the determination of the elevation at D 
will cause an error of approximately 1 inch in the calculated height of 
the pole. 


5, The elevation of the summit of a tower is observed to be a at a 
station 4 and § at a station B, which is at a distance c from A in the direct 
horizontal line from the foot of the tower, and its height is thus found to 

esin asin 6 

———— feet. 

° “sin (a — B) = 

If AB be measured not directly from the tower but horizontally and 
in a direction inclined at a small angle @ to the direct line shew that, to 
correct the height of the tower to the second order of small quantities, the 

.. ¢cosasin? B ¢ 
quantity cos Bsin (a A) 2 must be subtracted. 

6. A, B, and C are three given points on a straight line; D is 

another point whose distance from B is found by observing that the 


1 es 30 
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angles ADB and CDB are equal and of an observed magnitude 0; prove 
that the error in the calculated length of DB consequent on a small 
error 6 in the observed magnitude of 6, is 
2ab (a+b)? sin @ - 
~ (a2-+b2 — ab cos 26)8 
approximately, where 4B=a and BC=b. 


6 


7, In measuring the three sides of a triangle small errors x and y 
are made in two of them, a and b; prove that the error in the angle C 


will be — ; cot A ~= cot B, and find the errors in the other angles. 


8, In a triangle ABC we have given that approximately a=36 feet, 
3 
b=50 feet, and C=tan7! Z find what error in the given value of a will 


cause an error in the calculated value of ¢ equal to that caused by an 
error of 5” in the measurement of C. 


9, A triangle is solved from the parts C=15°, a=,/6, and b=2; 
prove that an error of 10” in the value of C would cause an error of about 
13°66” in the calculated value of B. 


10. Two sides b and ¢ and the included angle A of a given triangle 
are supposed to be known; if there be a small error @ in the value of the 
angle A, prove that | 

(1) the consequent error in the calculated value of B is. 


—6sin B cos C cosec A radians, 


(2) the consequent error in the calculated value of a is c sin B. 8, 
and (8) the consequent error in the calculated area of the triangle is 
6 cot A times that area... 


11, There are errors in the sides a, b, and ¢ of a triangle equal to 
x, y, and z respectively; prove that the consequent error in the calculated 
value of the circum-radius is 


cot A cot B cot C[xsec A+y sec B+z2 sec C]. 


12. The area of a triangle is found by measuring the lengths of the 
sides and the limit of error possible, either in excess or defect, in 
measuring any length is 2 times that length, where n is small. Prove that 
in the case of the triangle whose sides are measured as 110, 81, and 
59 yards, the limit to the error in the deduced area of the triangle is 
about 3:1433n times that area. 
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13. The three sides of a triangle are measured and found to be 
nearly equal. If the measurements can be wrong one per cent. in excess 
or defect, prove that the greatest error that can arise in calculating one 
of the angles is 80’ nearly. 


14, Itis observed that the elevation of the summit of a mountain at 
each corner of a plane horizontal equilateral triangle is a; prove that the 
height of the mountain is 


1 
—~atana, 


J/3 
where a is the side of the triangle. If there be a small error n” in the 
elevation at C, shew that the true height is 


Sz etana| 1452 | 
/3 3 sina cos a_}” 


30—2 


CHAPTER XXXII. 
MISCELLANEOUS PROPOSITIONS. 


Solution of a Cubic Equation. 
396. The standard form of a cubic equation is 
ye + Bay? + 8by +¢=0. 
Put y=#-—a, and this equation becomes 
a —3 (a? —b) w+ (2a* — 3ab +c) =0, 


2.e. it becomes of the form 


Hence any cubic equation can be reduced to the form 
(1), which has no term containing 2’. 


397. To solve the equation a? —38pa+q=0. 


z 
Put ate and we have 


B— Bpn?2 + QnPF=O0 ...ccccceeseees (2). 
Now, by Art. 107, we always have 
cos 30 = 4 cos? 8 — 3 cos 8, 


so that cos? 0 — : cos 6 — ; COSCO =O cacisnaven, (3). 
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Now (2) and (8) are the same equation if 


z=cos 0, 3pn? a2 and = cos 36 = qn’. 


4? 4 
1\3 
Hence N= (Gp) ; 
and therefore cos 380 = — 4¢ Ge) beat te teehee oe (4). 


The equation (4) can always be solved (by means of 
the tables if necessary) if 


/1\3 
p be positive, and Aq (=) <1, 


v.¢, if q? < 4p*. 


[The student who is acquainted with the Theory of Equations will 
notice that is the case which cannot be solved by Cardan’s Method. It 
is the case when the roots of the original cubic are all real. ] 


If 0 be the smallest angle satisfying equation (4), then 


the values 6+ “ and @+ = 
also satisfy it, so that the roots of the equation 
x“ —d3pxe+gq=0 
are = 60s 6, Eton (0+=2), and oe (94 =) : 
n n 3 n 3 


4.€. 2r/pcos 8, 2 yp eos (0+), and 2 vip cos (8+ 5"). 


398. Ex. Solve the equation 
x? + 622+ 94+38=0.. 
Put x=y-— 2, and the equation becomes 


y? — By +1=0. 
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Put y == , and the equation is 


BP ecb S20 2 nnasaatec nee ednameavateseeld (1). 
3 1 
Now cos? 6 — 4008 6 - 7 008 DO Or punsorsicene cunts ouieses (2). 


Equations (1) and (2) are the same if 


Z2= C08 9, ase and eee 


4? 4 
ele 1 
z.é. if N=5) 
and cos 86= — = COS D2OF aia untonsaeShicieris (3). 


The roots of (3) are clearly 
40°, 40°+120°, and 40°+ 240°, 
so that z=cos 40°, or cos 160°, or cos 280°. 
.. y=2cos 40°, or 2 cos 160°, or 2 cos 280°. 
. ew=y—2= -2+2c0s 40°, or —2-—2c0s20°, or —2+2 cos 80°. 


On referring to the tables we then have the values of x. 


EXAMPLES. LXVILL 


Solve the equations 


1, 2-32-1=0. 9, xv2+3e7-1=0. 3, xv? — 242 - 32-0, 
4, 2 -—62?+624+8=0. 5, 2 —21¢%4+7=0. 
6. xv?+4e?+20-—1=0. 7. w-—Te+5=—0. 


Maximum and Minimum Values. 


399. In Art. 1383 we have given one example of the 
maximum value of a trigonometrical expression. | 

We add another example. 

If «and y be two positive angles whose sum is a constant 
angle a(+7), find when sinxsiny is a maximum, and 
extend the theorem to more. than two angles. 


MAXIMUM AND MINIMUM VALUES. AT 1 


We have 2sin #siny=2 sin wsin(a—z) 
= cos (a — 2”) — cos a. 
Hence 2sinasiny is greatest when cos(a—2w) 1s 
greatest, 2.e. when a= 2, and therefore 


a 
a=Yy=>5. 

The product is therefore greatest when the angles « 
and y are equal. 

Let there be three angles w, y, and z whose sum is 
equal to a constant angle 8. If, in the product 

sin # sin y sin z, 
any two of the angles # and y be unequal, we can, by the 
preceding part of the article, increase the product by 
substituting for both « and y half their sum without 
increasing or diminishing the sum of the angles. — 

Hence so long as the angles a, y, and z are unequal, 
we can increase the given product by thus making the 
angles approach to equality. 

The maximum value will therefore be obtained when 
the angles a, y, and z are equal. 

This argument can clearly be applied whatever be the 
number of the angles «@, y, Z.... 


400. We can now shew that the maamum triangle 
that can be inscribed in a given circle is equilateral. 
For, if R be the radius of the circle, we have (as in 
Ex. XXXVI. 10) the area of the triangle 
= 92? sin A sin Bsin C, 
where A+ B+C=27, a constant angle. By the preced- 
ing article it follows that the triangle is greatest when 


A=B=C. 
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EXAMPLES. LXVIII. 


1, If«+y be a given angle, less than 7, prove that 
(1) sing+siny, (2) cos?a+cos*y, and (3) cosxcosy 
all have their greatest values when «=y. 
9 Find the minimum value of 


a* tan x +b? cot x. 
Find the minimum values of 


2cosd = 4/3 2 atin? 2 2 
3. 3 Sooper 4, a*sin? 6 +b cosec? 6. 


5, If«2+y=a, where a is $5 , find when tan « tan y is a maximum. 


| 2 
| We have 1—tan & tan (ean J 


6. Prove that the maximum triangle having a given perimeter is 
equilateral, 


| The area of a triangle can be proved to equal s? tan c tan tan © | 


7, Prove that the area of the pedal triangle of an acute-angled 
triangle is never greater than one quarter of the area of the latter. 


8, If ABC bea triangle, prove that the least value of 
cos 24 + cos 2B + cos 2C is— 5 ; 


Prove also that cos A+cos B+cosC is always >1 and not greater 


8 
than 3° 


On the geometrical representation of complex 
quantities. 


401. In Chap. IV. we pointed out that if a distance 
in any direction (say, horizontally towards the right) be 
represented by a, then —a represents the same distance 


drawn in an opposite direction, 7.e. horizontally towards 
the left. 


COMPLEX QUANTITIES. A473 


The effect of prefixing — to a is therefore (Fig. 
Art. 48) to rotate OA in the positive direction through 
two right angles. The operation —1 performed on a 
therefore means turning a through two right angles. 


402. Now V—1xV—1=—1; hence whatever mean- 
ing we give to the operation V—1 it must be such that 
performing that operation twice shall be the same thing as 
performing the operation — 1. 

Let us therefore assign to the operation /—1 the 
turning any length through one right angle in the 
positive direction. Performing the operation V—1 on a 
twice will therefore, as it should do, turn a through two 
right angles. 

Hence, with this interpretation, /— 1a means a line 
drawn at right angles to the line denoted by a. 


403. We can now shew what is denoted by 
at+Vv—1 Yy. 

Draw OX and OY two lines at right angles. Measure 
along OX a distance OM equal to # and y, 
then draw MP parallel to OY and equal 
to y, so that MP represents V—1 y. 
Then P is the point that represents the P 
quantity «+V—1y, or, again, we may o MX 
say that OP is the line representing this quantity. 


We have OP=VO0M?+ MP?*= Va + yp, 


} _, UMP 
and Z MOP = tan Oat 


= tan J ; 
Le 
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Hence the length of OP represents the modulus and 
MOP the principal value of the Amplitude of #+1y. 
(Art. 265.) | 


404. Addition of two complex quantities. 
Let OP represent the complex quantity «+ 7y and 
O@ represent u +, so that 
ON=a, NP =y, OM =u, 
and MQ =v. 


Complete the parallelogram Ce 
OPRQ, and draw RL perpendicuy OM NE x 
lar to OX and PS perpendicular to RL. 

Since PE# is equal and parallel to OQ, we have 


NIL=PS= OM, and SR = MQ. 


Hence OL=O0ON+ NL=2£2+4u, 
and DLR=L[84+8R=y +. 
Therefore OR represents the complex quantity 
x+tu+ti(y t+), 


so that the sum of two complex quantities is repre- 
sented by the diagonal of the parallelogram whose two: 
adjacent sides represent the two given complex quantities. 


405. Let 
x +t =r (cos @+ isin 8), 
as in Art. 265. 


Then 
(cosa+7sin a) (w@ +ty) =r (cos a+7sin a) (cos 0 +7 sin 8) 
| =r[cos (a+ 6) +7sin (a+ 0)] .....0 (1). 
Now r[cos @+7sin 6] 


means, with our interpretation, a line of length r drawn at. 


an angle @ with OX. 


GEOMETRICAL REPRESENTATION. AT5 


Also r [cos (a + @) +7sin (a + @)] 
means a line of the same length r drawn at an angle a+ @ 
with OX (Art. 403). 

Hence, by (1), the effect of multiplymg 2+ y by 
cosa+7sina is to turn through an angle a the line that 
represents # + vy. 


406. Geometrical meaning of De Mowre’s Theorem. 

The quantity 
(cos a+7 sin a)(cos 8 +7 sin )(cos y +7 sin y)(cos 6+ 7sin 6), 
means the line represented by cosé6+7sin 6 turned first 
through an angle y, then through @, and finally through 
a, v.¢e. altogether turned through a+ 8++¥. 

- But this total operation gives the same line as 
[cos(a+ 8+ y)+7sin (a+ 8 ++y)] [cos 6 +2 sin 6]. 
Similarly for any number of factors. 

Hence De Moivre’s Theorem expresses algebraically 
the geometrical fact that to turn a line through a number 
of angles successively has the same effect as turning the 
line through an angle equal to the sum of the angles. 


Ex. The three cube roots of unity are easily found to be 


fs Qr_ «!. lr 

cos0+%4sin 0, cos 3 ttsin 30 
and Gos pel Fl 
3 3° 


so that we have 


(cos 0 +4 sin 0) (cos 0+ sin 0) (cos 0 +7 sin 0)=1, 
Q2r . , ln | 2r , . ler 
cos —+7sin —— } | cos — +7sIn cos — +7 sin =i 


am 

3 3] 3 3 
d il ae" se ein Perel ees =] 
and co 3 tts 3 3 t 3 oF +isin FT) <1. 
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The first of these equations states that turning a line three times in 
succession through a zero angle gives the original line. 
The second states that turning it three times in succession through 


an angle = , (t.e. altogether through 27) gives the original line. 
The third states that turning it three times in succession through an 
angle a (i.e. altogether through 47) gives the original line. 


These statements are all clearly true. 


407. Multiplication of two complex quantities. 
If x+y =r (cosé+72sin 8), 
and u+tv=p(cosd+7sin ¢), 
we have 
(w+ w) (2 +ty) =rp [cos (0+ $) +2 sin (6 + )]. 


The effect of multiplying a complex quantity «+iy 
by another w+ is therefore to turn the line repre- 
senting # + ty through an angle 


ag 
db i. é. tan 4 ; 


and to alter its length.in the ratio 
£2) weeks Vue + 0, 


Hence the multiplying of one complex quantity by 
another is represented by “a turning and a stretching.” 


EXAMPLES. AT 7 


MISCELLANEOUS EXAMPLES. LXIX. 


1, Prove that the equation tan x=kzx has an infinite number of roots. 
9. If A, B and C be the angles of a triangle, prove that 


1-—8cos A cos Bcos C 
is always positive. 


3. Ifaand £B be the imaginary cube roots of unity prove that 


x 
ae” 4 BeP* =e 2) sin phan ae : 


4. If x be less than a radian prove that o=2n/ 


5 


nearly, the error in the left-hand member being nearly on radians. 


5, If cos (@+7%)=sec (a+i8), where a, B, 6, and ¢ are all real, prove 
that : 
tanh? ¢ cosh? B=sin?a and tanh? 6 cosh? d=sin? @. 


6. If x=2cosacoshB and y=2 sina sinh £, 
prove that 
: fat 4a 
sec (a +78) + sec (a — 18) a8 
and sec (a +78) — sec (a — 78) = a ; 


7, Prove that 
sin” ¢ cos nd+nsin™—1 ¢ cos (n— 1) 6 sin (0 - ¢) 
+ nin- 4 3 +) sin”® ¢ cos (1-2) 6 sin® (6 ~ ¢) +......+8in” (0 ~ 4) 


=sin” 6 cos ng. 
8, Prove that the roots of the equation 


oc” sin nO — nx”! gin (nO + p) + mn) x2 sin (nO + 2¢) 
mhatewee to (n+1) terms=0, 
. P vin T 
are given by w=sin( 0+ o-h™) cosec (0-27), 


where n is an integer and & has any integral value from 0 to n—1. 
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9, Prove that the sum to infinity of the series 
cca re 

2 8 2.4 5 

is 6, if @ be acute, and, generally, is nr+(-—1)"0, where n is so chosen 


that nr +(-1)" 6 les between 5 and +5 ? 


10, If the are of a circle of radius unity be divided into 2 equal ares, 
and right-angled isosceles triangles be described on the chords of these arcs 
as hypothenuses and have their vertices outwards, prove that when n is 
indefinitely increased the limit of the product of the distances of the 

a 
vertices from the centre is e”, where a is the angle subtended by the arc 
at the centre, 

11, The sides of a regular polygon of n sides, which is inscribed in a 
circle, meet the tangent at any point P of the circle in A, B, C, D...... 
Prove that the product O4.OB.OC. OD...... =a*tannéd or a*®tan? nd, 
according as 2 is odd or even, where a is the radius of the circle and 6 is 
the angle which the line joining P to an angular point subtends at the 
circumference. 

12. Aregular polygon of » sides is inscribed in a circle and from any 
point in the circumference chords are drawn to the angular points; if 
these chords be denoted by ¢,, Cg, ... Cn, beginning with the chord drawn 
to the nearest angular point and taking the rest in order, prove that the 
quantity 

Cy Cot Colgt ... Tlp—1 ln — Cn ly 
is independent of the position of the point from which the chords are 
drawn. 


13, A-series of radii divide the circumference of a circle into 2n equal 
parts; prove that the product of the perpendiculars let fall from any 


point of the circumference upon n successive radii is 
VO 8 
sin 74, 


gn—1 
where 7 is the radius of the circle and 6 is the angle between one of the 
extreme of these radii and the radius to the given point, 
14. If a regular polygon of n sides be inscribed in a circle, and 1 be 
the length of the chord joining any fixed point on the circle to one of the 
angular points of the polygon, prove that 


; ; Om 
n— mm ——= 
2m = nam ae] my?" 
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15. ABCD... is a regular polygon of » sides which is inscribed in a 
circle, whose radius is @ and whose centre is O; prove that the product of 
_ the distances of its angular points from a straight line at right angles to 
OA and at a distance b(>a) from the centre is | 


1 a 1 a\~} 
n Nl ann7l= \ ant! = anal \ 
b | 0s € sin | ) = (5 sin 5) | ° 


16. Prove that there is one, and only one, solution of the equation 


6=cos 6 and that it is less than 7: 
17, Prove that the general value of @ which satisfies the equation 
(cos 0 +7 sin #) (cos 26 +7 sin 26) ...... to n factors=1 
18 addi where m is any inte er 
n(n+1)’ ore 


18. Prove that 


2 2 
eT + e-™ = 2414-27! {1+ (5) } {i+ (3) } Flea ad inf. 


19, Prove that 
an a oo te col -s r/ 3x 
celiac Pel panes 2 a 
Pt ae et ot ad inf, ex + Qe cos ( 5 \] 


20, Prove that 


Qe 4r Om < 6c BT ae 167 1 

GOR yt OS par COS ae ihe i7 17 = 9? 
d cdl st PLO ade 
an ROCA ag Tee 17 wo" 


91. From the sum of the series 


sin 26 ~5sin 40-+5sin 66—... ad inf., 


or otherwise, shew that 


99. Prove that 


1 sinha =—s il "5 1 = 1 | 
Qxcoshx—cosa a2+22” ,, [(Qnr—a)*+2?  (Qnr+a)?+2? 
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93, Prove that the general value of sinh! is 
ikem +(-1)* log [a+ /1+ 2°], 


where k is any integer. 


D4, Tf pry fos vevee. py be the distances of the vertices of a regular 
polygon of n sides from any point P in its plane, prove that 
1 1 1 n Le 


Sa a ean sine 
py? rg” Pn” 


where a is the radius of the circumcircle of the polygon, 7 is the distance 
of P from its centre O, and @ is the angle that OP makes with the radius 
to any angular point of the polygon. 


72 ~ Q?2 72% —~ Jar” cos nO + az’ 


25, If0+¢+yw=2r, prove that 
cos? 6+ cos? ¢+ cos? y — 2 cos 6 cos dcos Y=1. 


Hence deduce the relation between the six straight lines joining 
4 points which are in one plane. 


ie Se) ee 


ANSWERS. 


I. (Page 5.) 

2 9 301 3 45569 
3 " 360° " 64800° 
Iie 5. 2sos00" 6. 4eers 
338 33° 33°3™. | 8. 908. 9. 153888 88°8", 
392 76° 38-8“. ll. 261234‘ 44:-4™., 
5288 3° 33°3™. 13. 1lirt. 2; 108°. 
453524 rt. 2; 40° 49° 1-776". 
394536 rt. 2; 35° 30’ 29-664". 
2°554881 rt. 2; 229° 56’ 21-444", 
759456 rt. 2; 683° 30 37°44", 
66° 40’; 5° 33’ 20”, 29. 4755°; 4242° 
33° 20’; 10° 48’. 

II. (Page 10.) 
25132:74 miles nearly. 
19:28 miles per hour nearly. 
12°85 miles per hour nearly. 
3°14159... inches. 5. 581,184,640 miles nearly. 
14:994 miles nearly. 

IIT. (Pages 13, 14.) 
60°. 2. 240°. 3. 1800°. 
57° 17' 44-8", 5. 458° 21'58:°4”, 6. 1608. 
L.-T. 31 


ll 


(3) 


Oyo co 


ll. 


12. 


14. 


16. 


35? 35° 85? Bb? 8M 35 


TRIGONOMETRY. — 


z! = mae 
23338, 8. 20008, 9, 3 10. 360 7 
703 3557 79 
790 "" 12. 13500 Tv. 13. Ti 
3a 1103 
10 15 5000 7 16. 1°7262687 
SiO 18. 24°, 60°, and 96°. | 
132° 15’ 12-6”. 20. 30°, 60°, and 90°. 
loa 2r 1 : 
5° 3? and 3-9 radians. 

(1) = 108°. (2) = 1285". 

37 5 Dar ° 15x o 
ve 135°. (4) rae 150°. (5) 7 15812". 
8 and 4, 24. 10 and 8. 25. 6 and 8, 
7 Sar® 

= =—_- = : = 1s; 

3" 27. (1) 15 75° = 8338 ; 

(2) a0 = 77%; (8) a1 ay= 195%, 


IV. (Pages 17, 18.) 


| Take n=3'14159... and *= "31831. | 


2077: 2. = radian ; 34° 22’ 38:9", 


68°75 inches nearly. 4, :05236 inch nearly. | 
24°555 inches nearly. 6. 1° 25'57” nearly. 
3959°8 miles nearly. 8. awft.=3:14159 ft. 
5:4, 10. 3:1416. 

An Or l4er 192 247 i 

radians. 

65° 24’ 30-6”. 13. 2062-65 ft. nearly. 
15359 ft. nearly. 15. 262°6 ft. nearly. 
321429 ft. nearly. 17. 17188-7 ft. nearly. 


18. 
19. 


19. 


22. 


ANSWERS, ili 


19:099’, 21. 1105-8 miles. 
238,833 miles. 22. 21600; 3437-75 nearly. 
478 x 104 miles. 


VI. (Page 31.) 


12, 8 7 11 60 61 3 3.4 

5? 13° " 60’ 61’ 60° © eB: 

40 41 7 3.4 1 5 : 3 

9° 0° 10. 535 53 11. Z | 

15 17 1 3 | 3 

17? eo" 13. gv; wae 14. 1 or 5° 

3. 45 5 12 ] 

5 oF a3: 16. 13° 17 [3° 18. Nine 1 

1 1 | 

5° 20. NES 21. 1+,/2. 

2e(e@+1) 2+] 

Qe?4+20+1° Qa®+ Qa4+1° 

VIII. (Pages 44—46.) 

34°64... ft.; 20 ft. 2. 160 ft. 3. 225 ft. 
, 136°6 ft. 5. 146-4... ft. 

367°8 yards; 453-9 yards. 7. 86°... ft. 

115°359... ft. 9. 87°846... ft. 

43°3... ft.; 75 ft. from one of the pillars. 

94-641... ft.; 54-641... ft. 12. 1°366... miles. 

30°. 15. 13°8564 miles per hour. 

25°98... ft.; 70°98... ft.; 85°98... ft. 

32/0 = 71°55... ft. 19, 10 miles per hour. 

86°6... yards. 241. 692°8... yards. 


IX. (Page 63.) 


2500 2250 1539 


6289 Ty 6989 T and 6289 T radians. 


31—2 


iv 


11. 


TRIGONOMETRY. 


| 9 
68° 45' 17-8" oi aa! 
ety” wy? 
ae ee 4 £2 z 
ta tan‘ A. 9. #=60°. 


In 14 minutes. 


X. (Pages 74, 75.) 
— 366...; 2°3094.... 5. —1°366...; —2°3094. 
0; 2. 7. 1°4142...; —2. 
1°366...; —2°3094.... 9, 45° and 135°. 
120° and 240°. ll. 135° and 315°. 
150° and 330°. 138. 150° and 210°. 
210° and 330°. 15. —cos 25°, 
sin 6°, 17. —tan 43°. 18. sin 12°. 
sin 17°, 20. — cot 24°. 21. cos 33°. 
— cos 28°. 23. cot 25°, 24. cos 30°. 
cot 26°. 26. —cosec 23°. 27. cosec 36°. 
negative. 29. negative. 30. positive. 
Zero. 82. positive. 33. positive. 
positive. 35. negative. 
i. —/2 -1 /2 
V3 and oe Js and WE ° 
XI. (Pages 83, 84.) 

T es 

na +(—1)"—. 2. nr —(—1) 3: 
at Qar 
nw +(—1) AS 4, Aim = = . 
3 
nm e . 6. 2am 7 mm + 
37 T | T 

ae i 9, maser ie 10 dn * 5. 
nm (—1)" 5 12, nee 13. mss. 


ANSWERS. Vv 


14, ne 15. Ma se 16. neo 
: T T T 
17. tm ‘ 18. (22+ 1) T+a : 19. 2nw — = 


A é m Tv m ™ = 
20. 105° and 45°; (n+ 5) wa 5 +(-1) =, and 


(F-*) meat (—l)" a5, 

where m and n are any integers. 

21, 1874° and 1424°; 

mM a ae m T TT 
(n+ 5) +5 =75 and (n-5) 2-5 19° 

22. (1) 60° and 120°; (2) 120° and 240°; (3) 30° 
and 210°. 

23. (1)2; (2)1; (38)1; (4)1; (5)1. 


XII.. (Pages 85, 86.) 


l, nrt+(- ie. 2. Qn a 
3. ne +(— 15. 4, cos 9 = N= 
5. sin g=as?=} =sin 18° or sin (—54°) (Art. 120). 
T Tv T 
6. 6 = Inr+ 5. 7. G=nr +7 or MO ees 
Qa Sar 1 1 
8. 0 = 1m + or mm +e. 9. tan 6=— or -F: 
10. = nme. 11. @=2n7 or Qnm +7. 
VT es wt (Qn+1)7 
12, ra 1) 90° 13, 4 or ams Ti aa 
14. 2n7 or (2nt 1) a 15. ae O Lil : 
5 m—n m+n 


al 


dl. 


33, 


30. 


TRIGONOMETRY. 


Cos 
bo 
~) 

- 
bo] 
tear 
ou a 

ro) 

eS 

I) 

> 

3 

| 

| 

—_ 

Le | 

bD 

o 

| 

O 

a} 


a 
bo 
= 
-+- 

[ bet 
ea 
3 
+/ 34 
S 

fe) 

Fy 
Fos 

bo 

= 

| 
bo] 
5 ee 
Ss 
tia 
= 


SON 
~] 
-+ 

bo] 


is 
Se 
eo 
+ 
| S, 
oO} 3 
bo 
pO 
a’ 
S 
+ 
bo] 
Ne 


eo| 9 


He 


eel ZS all 
a 
wR DSire 
or) 


a (6m—4n) m2 ew ; 5 | (6n— 4) wt ree |, 
| 1 D 


45° and 60°, 32. 3 or 3° 


XIII. (Pages 91, 92.). 


_183, 84 9 1596 3444 
205° ~ 205° "3445? 3445" 

220 171 220 

2217 221? 91° 


XIV. (Pages 96, 97.) 


2 sin (6 + md) sin = 81, 2sin (6 + n@) cos . 


25. 
29. 


XV. 


cos 26 — cos 1206. 
cos 146 + cos 86. 


ANSWERS, 


(Pages 98, 99.) 


2. sin 126-sin 20. 


Vili 


4. cos 12°—cos 120°. 


XVI. (Page 102.) 


ia 


35 73° 


XVII. 


24 


(1) = 55> (2) = 


eae) 


XVIII. 
re si is 4/2 


av ies 


a 


act 
16 49 


3057" 305° 


3 
=e | 
J4~J2- 6 | 

ne 


4 — a? —b? 
e+ 


eee eae =", 


3a 
(1) Ina and An + 


4 


(3) Qne—= and Qn7+—; (4) Inw+ 


4 


aes. 
2/2 


3. 1. 


(Pages 109, 110.) 


120. (g) 2016 
169° ( 4995 ° 
7 119 
—953 (9) T@- 


(Pages 123—125.) 
3. 169 
ee ea Oe 


i: 


23. — and +.. 


2-1; 
—(/24+1)4+/442,/2. 


5 (2) 2nmt an 


— and —. 


Oar 
4? 


@ and ane 2 


Vill 


30. 


12. 
13. 


TRIGONOMETRY. 


(1) 2m — = and 2nmr+-—; 


(2) One om and Qnm +r 5 


4 


(3) Qn +t and Qe + 


XIX. (Pages 129, 130.) 
The sine of the angle is equal to 2 sin 18°. 


Tv 7 
2n 108 


XXI. (Pages 142, 143.) 


T l\ 7 l\ 7 
or - (2nr +5). 2. (205) 5 or (2n=5)5. 


or 2nz7. 


S 
4 


| 


bo| Bol eg) 


Ne Ne 
3 


7 1 Qa 
3 or (Ques) F. 7. (n#z)= or 2nm = 


- or (n #3) 9, Ir: 3 +5) 
ns 3 TT. ° T 5 (= 5) TT. 


1 a 4mm 
e ary are a Oe Seren 
ma; — | ma (—IF]. 18 Bm; 
ee ae (Qrms5). 16. ee 
m+n’ m—n 2 M=zN 2 
i mir 1 9 a7 
T 5 n—- 9 “( so e 


17, 


18. 


20. 


22. 
23, 


24, 


26. 


28. 


30. 


32. 


34. 


37. 


38. 


aon > 


6. 
(6) the 


ANSWERS, 1X 
wr dL Tv 
Ane — 55 5(2n0 5). 
ae tye. 
na +(—1) 473° 19. nr+(—1) 5 


T T T 
amt et (—1)rs. 21, na + 7 A. 


— 21°48! + mm + (—1)" [68°12], 
Qnar + 78°58"; Ine + 27°18’. [N.B. cos 25° 50’ =°9.] 


na +45° 3 nr + 26°34", 25. 270; Qn 
T T TT 
Qnr ; tn +5. 27. An +5 3 Anim +s. 
Qaim +e 3 Qn — =. 29. 27. 
sin gat lial 31. cos NIT = 3 
8 4 : 

T T via vis 
aad nm + 5. 33. Qn & 3° An +7. 
(n+3) 5. 35. nme 36. ne +o. 
d= or ra also G=nre5, where cos a= 5. 

l\ 7 T 
(n+5) 5. 39. nt +3. 


XXIII. (Pages 157, 158.) 


1:90309; 3-4771213; 2-0334239; 1°4650389. 
‘1553361; 21241781; 5388340; 130759623. 
2;2;0; 4; 2; 0; 3. 4, 312936. 
132057; 588453; -461791. 

(1) 21; (2)13; (3) 30; (4) the 7th; (5) the 21st 
32nd. 


ae a 


ad 


TRIGONOMETRY. 


4 log 3 log 24+ 2log3 
log 7+4log3—log2’ 4log7—3 log 3—2 log 2’ 
7 log 3+ 4 log 2 
3 log 3 + log 2 — 2 log 7" 
229291, 9, 86414. 10. 9°6192. 
16389. 12. 4°7161. 13, °41432. 


XXIV. (Pages 167—169.) 


45527375; 1:5527394. [N.B. log 35706 = 4°5527412.] 
4:7689529 ; 3°7689502. 

478-475 ; 004784777. 4, 2583674; 0258362. 
(1) 4:7204815; (2) 27220462; (3) 2-7240079 ; 
(4) 5273-63; (5) -05296726; (6) 5-26064. 


6870417. 7. 43°23'45", 
8455104; :8454509, 9. 32°16'35"; 32°16'21”. 
4*1203060 ; 4°1218748. 

. 4°3993263 ; 4°3976823. 12. 13°8'47”. 
9:9147334. 14. 34°44'27", 
9°5254497 5 71° 27°43" 16. 10:0229414. 
18°27'17". 18. 36°52'12". 


XXV. (Pages 171, 172.) 


13°27'31", 2, 29°1'28". 

10997340 ; 65°24’12-5”, 

9-6198509 ; 22°36'28", 

10° 1534", 6. 44°55'55". | 

(1) 9°7279043; (2) 9-9270857; (3) 10-1958917 ; 
(4) 10-0757907 ; (5) 10-2001337 ; 

(6) 10°0725027 ; (7) 9-7245162. 

(1) 57°30'24"; (2) 57°31'58"; (3) 32°29/15”; 
(4) 57°6'39”, 

53736037. 


10. 


17. 


ee 


ANSWERS. Xl 


(1) cos(a—y)secusecy; (2) cos(w+y)secausecy; 
(3) cos (a@—y) cosec x sec y ; 

(4) cos (#+y) cosec x sec y ; | 

(5) tan?a; (6) tan «tan y. 


XXVI. (Pages 179, 180.) 


3 ng 8. 49 24 oq 496 
BP Bal? 41° 25? 1026 


5 612 4 56 . 12 
[9 5? and @. 5, 5? 65 and 13° 


and -~. 7. 60°, 45°, and 75°, 


XXVII. (Pages 185—187.) 
2 313 
4. ess aw 
164 ft. 19. 5° 22. 339° 
XXVIII. (Page 190.) 


18660... and 193°18. 

26°33'54"; 63°26'6" ; 10,/5 ft. 
48°35'25”, 36°52'12” and 94°32'23”, 
75° and 15°. 


XXIX. (Page 193.) 


90°. 9, 30°. 4, 120°. 

45°, 120° and 15°. 6. 45°, 60°, and 75°. 
58° 59' 33”, 8. 77°19'11". 9, 76°39'9”, 
104° 28’ 39”, 

56°15'4" 59°51'11” and 63°53'45”. 

38°56’33”, 47°41/7" and 93° 22'20”, 

130° 42'20°5”, 23°27'8°5”, and 25°50'31”, 


xi TRIGONOMETRY. 
XXX. (Pages 197—200.) 
1, 63°138'2"; 43°58'28", 2.. 117°38'45"; 27°38'45", 
3. 8/7; 79°6'24" ; 40°53'36". 
4. 87° 27'25:5" 5 32° 32'34°5". 
5. 40°53'26”"; 19°6'24"; /7: 2. 
6. 71°44'30": 48°15°30". 7. 78°17'41"; 48°36'19", 
8, 108°12’25-5"; 49°27'34°5". | 
9, A=45°; B=75°; c=,/6. 10. ,/6; 15°; 105°. 
11, 8965, 14, 40 yds.; 120°; 30°. 
15. 7°589467 ; 108°26'6”; 18°26’6"; 53°7'48". 
16. 226°87; 73°34'50”"; 39°45'10". 17. 2°5298283. 
18. A =83°7'39"; B=42°16'21" ; c=199-099. 
19. B=110°48'15"; C=26°56'15"; a= 93-5192, 
20. 73°1751" and 48°41'9”. 
21. 88°30'1” and 33°30'59". 
XXXII. (Pages 205—207.) 
1. There is no triangle. 
2. B,= 30°, Cy=105°, and 6,=,/2; B,=60°, C,=75', 
and 6,= ,/6. 
8. B,= 30°, C,=120°, and 6,=100; B,=90°, C, = 60°, 
and 6, = 200. 
5. 4,/8+2,/5. 
6. 100,/3; the triangle is right-angled. 
8. 33°29'30”" and 101°30'30". 9. 17:1 or 3°68. 
10. (1) The triangle is right-angled and B = 60°. 
(2) b,=8 41 and C,=141°19'; B,=111°19’ and 38°41’. 
ll. 65°54’ and 42°1'12”. | 
12. 5:988... and 2°6718... miles per hour. 
13. 63°2'12” or 116°57'48". 
14. 62°31'23” and 102°17'37”, or 117°28' 37” and 47°20’ 23”. 


592661. 


1. 
5. 
8. 


10. 


4. 
0. 
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XXXII. (Page 208.) 


7:9:11. 4, 79-063. 

1 mile; 1-219714... miles. 7. 20:97615... ft. 
685673... and 54378468... miles. 9, 404-4352 ft. 
233°2883 yards. ll. 2229-02 yards. 


XXXTIT. (Pages 213—216.) 
100 ft. high and 50 ft. broad; 25 feet. 


95-T83414 yds. 8, 33-07... ft; 17} ft, 
18°3... £t. 5. 120 ft. | 6. Atanacot Bp. 
1939°2 ..3 Tt: 8. 100 ft. 9. 61:224... ft. 
100,42 ft. 


PQ = BP = BQ =1000 ft.; AP = 500 (./6 — ,/2) ft ; 
AQ =1000,/2 ft. 

*32119 miles, 

‘1736482 miles ; ‘9848078 miles. 


119°2862 ft. 19. 132-266 ft. 
141°682 yds. 21. 1:42771 miles. 
125-3167 ft. 

XXXIV. (Pages 220—225.) 
20 ft; 40 ft. 


i cosec y, where y is the sun’s altitude; sin y = . 


3°732... miles; 12°342... miles per hour at an angle, 


whose tangent is ,/3+1, 8S. of E. 


6. 
7. 


10-2426... miles per hour. 

16°3923... miles; 17°394... miles. 

2°39 miles; 1°366 miles. 

It makes an angle whose tangent is ; ; - hour. 
c sin B cosec (a + 8); ¢sin asin B cosec (a + £8). 


9 yds. ; 2 yds. Wy, 2. 8 


a0 


X1V 


35. 
39. 
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75,/8 ft. | 22. c(1—sina) seca. 
114-122 ft. 25. 1069°745645 ft. 

.. The angle whose tangent is 30. 45°. 
18°24'6", 35, tanasec PB: 1. 


91°896 ft. 89. 1960°95 yds, 
2°45832 miles. 41. 333°4932 ft. 


XXXV. (Pages 227, 228.) 


84. 2. 216. 3. 630. 4, 3720. 
270. 6. 117096. 7. 1470. , 

TL OG sais 12. 35 yds. and 26 yds. nearly. 
14:941... inch, (14. 5, 7, and 8 ft. 15. 120°. 


45° and 105°; 135° and 15°. 
17:1064... sq. ins. 


XXXVI. (Pages 235, 236.) 
81, 14, 8, 2, and 24 respectively. 
XXXVII. (Pages 244—248.) 
9-1547... or (1547 times the radius of each circle. 


Tv n Tv 
A,= 5+ (-1.2 a -5) om 


XXXVIII. (Pages 253, 254.) 
(1) 3/105 ft.; (2) 10/7f. 3 lgand 22 ft. 
XXXIX. (Pages 257—259.) 


77°98 ins. 2. 3°215. 

(1) 1-720... sq. ft. ; (2) 2-598... sq. ft. ; 
(3) 48284... sq. ft.; (4) 7-694... sq. ft; 
(5) 11°196... sq. ft. 


1°8866... sq. ft. 5. 33136... sq. ft. 
are pi aa ee ae 12-33: 
6. 15. 9 or 16. 16. 20 and 10. 


17. 


342 and 19 sides respectively. 


1. 
4. 
7. 


10. 


OS 


10. 


Se 


ANSWERS. XV 


and 5, 12 and 8, 18 and 10, 22 and 11, 27 and 12, 
42 and 14, 54 and 15, 72 and 16, 102 and 17, 162 and 18, 


XL. 
00204. 2. 
99999. 5. 
34’ 23”. 8. 


2°26'15", 11. 


XLI. 


435°77 sq. ft. 
127° 19'26”", 
11:0004 inches. 
wy 


poy TTY. 


3 


XLIT. 


LO 226 


19. NEY /6. 


(Pages 264, 265.) 
00007. 3. 
25783-1000... 6. 
28° 41'7", 9, 
114-59... inches. 


00029. 
-1-0000011. 
3934", 


(Pages 267, 268.) 


2. 4:9087... sq. ft. 
4, 6 sq. ft. 
6. :00044625 inch. 


(Pages 269, 270.) 
Q. 17:14 miles. 


‘61 miles; 1°48’ nearly. 
About 61800 metres=about 384 miles. 


3960 miles, 


XLIV. 


aes 2n6 cosec 6. 


2 
3n—1 
4 


COS 


i nt 
2 n+l 


A sino A cosec 2 A, 


. COSEC - 
T 


+1" 


(Pages 285—287.) 


4, 


Qa 


; 1 B . 7 
sin [a+ (n—5) B |sinnBsee's. 8 —sin 5. 


sin 2na (cos 2nx + sin 2ne) (cos # + sin «) cosec 2a. . 


; [(2 + 1) sin 2a— sin (2n + 2) a] cosec a. 


XV1 


11. 
12. 
13. 
14, 
15. 


16. 
17, 
18. 


19. 


20. 


10. 
11. 
12. 
13. 


po oe SS Eos 


TRIGONOMETRY. 


pool 


5 sin (n te 2) a. Sin Na COSsec a. 


n 1 : 

5 008 2a — 5 008 (n+ 3) asin na cosec a. 

cos (2na — a) cos (n+1) B - cos (2na+a) cos nB + cos a (1 — cos 8) 
2 (cos B — cos 2a) 


: [(2n + 1) sin a — sin (2n + 1) a] cosec a. 


nm 1 , 

3 ~ 5 00826 + (nm — 1) a] sin na cosec a. 

LO Les gin “% cosec Gea, se ee 3a 
fo ge eae 9-4 ge Sg Bp 


; [3n — 4 cos (n +1) a sinna cosec a+ cos (2n + 2) a sin 2na cosec 2a). 


; [8n+4 eos (n+1) asinna coseca + cos (2+ 2) a sin 2na cosec 2a]. 


1. 76 iol n+3 m+7 86 
qsin-s cos 5 6 + cos 5 +0085" 8 | cosee 5 
ad gin 3”? cg 2% +9 g e 30 
fran ee re 
~ 5 sin (2a + 2nB) sin 2nB sec B. 


XLV. (Pages 291, 292.) 
a? +b? =¢? +d’. 
2 + aU ae B) aint a8), 
a’ 8? ab 
a (2c? — d?) = bde. 4, asina+bcosa=,/2b (a+b). 
= +0- . 6. © Past. 
(p+ 1+ 2q (p+) (ptg)y=4(p tay. 
a? (a — 6) (a—c) =b? (6—c) (6—a). 
8bc = a {467 + (6? —c*)*}. 
yf (a+b+c)(—a+b+0)=a(e—a?—6°) /(a—b+e)(a+b—c). 
5? [a (6? — a?) + a (a? + b°) P = 44 [B?a* + ay? |. 


ANSWERS. XVll 


XLVI. (Pages 303—305.) 
8. log, 2, 9. log, 3. — log, 2. 


XLVII. (Pages 316—318.) 
T a AL 
/2 (cos 7 + a i i) ; 


37 ee 37 
/2 | eos (- | +@sin (- 7) . 
2 [cos 97 +d sin | : A O*® ca 
6 6 : 
J2+1 


i 
JEEP NP rita |. 


(/6- /2) [cos 75 —~+% Sin al : 

cos (106 + 12a) —zsin (106 + 12a). 

cos (a +B—y—8)+¢sin (a+ B-y—8). 
cos 1076 —7 sin 10786. 10. —1. 
sin (4a + 58) —2 cos (4a + 58). 

TrT+O+¢ 
ag 


e 6 os 
2”*) sin™ — ? cos 2 
2 


co ee eae oe re 
5 = 5? co a a 


XLVIII. (Pages 321, 322.) 


—~1+42,/3 . fd+t, —/34+0 
oe ae Bhs SEE agra tr as 


vr | 
+ (cos 5 12 +74 sin aa) where r= 3, 7, or 11. 


L; 


+2, and + (cos 5 jot? sin a3)? where r=1 or 3. 


+/2 (cos FF om +7 sin si)? where r= 1, 9, or 17. 


mail 32 


XVI TRIGONOMETRY. 
6. 2/2048 cos F + isin 7 |} where = 11, 15, or 19. 
7. +4/2 [cos 75 — sin 15 [> Where y=lor 7. 


18 
9, /4 cos FE =~ +7sin i5\> where r=—1, 5, 11, 17, or 28. 
10. +2 and + 2. 
11. 2, and 2 [oF —+74sin =|; where r= 2 or 4. 


8. 4/2 [cos Te + ésin il where 7 = 1, 13, or 25. 


12. —1024. 13. ee wits ie ta. 


16. +1,+%, + (cos + ésin 5)? and + (cok +0 sin 5): 


The last four values. 


17, 22/2 cos “59 Where r=1, 7, or 13. 


XLIX. . (Pages 327, 328.) 
5 tan @— 10 tan? 6 + tan® 6 


6. 1—10 tan?64+5tan*@ — 
7 7 tan 6 — 35 tan’ 6+ 21 tan’ 6 — tan’ 6 
1 — 21 tan? 6+ 35 tan? @—7 tan® 6 
3 9 tan 6 — 84 tan? 6 + 126 tan® 6— 36 tan’ 6 + tan? 6 
" 1 = 36 tan?6 + 126 tan*@—84 tan°d+9tan®d * 
L. (Pages 337—339.) 
S4Qr EM L Bait | a il 
6. 3°48'51”. 7. 6 8; oat 9. i, 10. 5° 
a . @ be ae oe a? + ab + 6? 
11. .3.. 12. Be 13, 0. 14. ear aera 
ak, a: 25 
15. “5: 16. -2 17. — g 18... — ve 


19. 


22. 


ive 


ANSWERS. X1X 


| n? — m? 1 

6 20. 2-— 21. a. 

9) = 9 

2 (m—) 23, 24. 24. 0 

3 mn 

log 5 26. 1. 27. 28. 9 
_# 

1 30. 0 31, 1 39, 62 

| 
7 Or 37. 6? = GE" 


LITT, (Pages 361, 362.) 
oP — 55a + 3302? — 462a°+ 165a —11 =0. 


cos 26, (n odd) ; = [(— 1)?—cos 76], (n even), 


ml] 
(—1) . 90-1 


sinn6, (nodd); (— 1)? a 1—cos76), (neven). 


n’ cosec? nO, (n odd) ; sn cosec” ss (n even). 


n'sec’nd — n,(n odd); n?+[1— (— 1)? cosn6]—n,(n even). 
— n cot (F + nb ) : 20. 2 cot né. 


n-l 


(— 1)? tan 0, (n odd); (— 1), (n even). 
n* cot? (F + nd) +n(n—1). 


1 n° . : 
0 or = —_——_—_———_ , according as v is odd or even, 


n 


~ (— 1)? cos nb -1 


LV. (Pages, 375—377.) 


cosa cosh 8 — isin a sinh B, 


sin 2a —7 sinh 26 
cosh 28 — cos 2a ° 
32—2 


XX TRIGONOMETRY. 


sin a cosh B —7 cos a sinh 8 
‘cosh 28 — cos 2a 

cos a cosh 8 +7sina sinh B 

| cos 2a + cosh 28 

21. sinhacos8+72cosh asin pf. 
sinh 2a +7 sin 28 | 

~ cosh 2a + cos 28 © 

—. cosh a cos 8 —7 sinh asin B 


ae cosh 2a + cos 28 
LVI. (Page 381.) 
aw 2 1+siné Se ay : a 
lL + 7 + 7 log Toon ae according as cos @ is positive or 
negative. 


2, sin-?(,/sin 6) + log [,/1 +sin 6 —,/sin 6]. 


LVII. (Page 388.) 


do. : log (u? + v?) +2 tan™ ~ , where 
U= ; log at aed and v= tan™'(cot x tanh y). 
LIX. (Pages 402, 403.) 
1, 3. 2. 2. 3. OO. 4, —1. 5. —3. 
LX. (Pages 407, 408.) 
1 7 smo | 
" 5-4 cosa” | | 
2. 0, provided a does not equal a multiple of 7. 
3 sin? a, 4 sin a (cos a — sin a) 
" [sin 2a + sin? a” '  L-sin 2a+sin?« * 
5 sina —c sin (a—f) —c"sin(a+nB)+c**sin {a+ (n—1) Bt 
1—2ccosB +c? ? 


sin a —¢ sin (a — £) 
1—2¢cosB+¢? 


15. 


16, 


= 


ANSWERS. 


1 —¢ cosh a— ce” cosh na + c”*! cosh (n= ja 
As -2¢ cosh a +c? 
e sinh a 
1] — 2¢ cosh a +c?’ 
cos a + (—1)"- 1 (/ +1)cos(n—1)a+n cos roy 
2 (1 + cos a) 


sina+(2n +38) sin na — (20 + 1) sin e + lya a. 


2 (1 — cos a) 
0, if n=4m or 4m~—1, and 1, if n=4m~— 2 or 4m~3 
0, if n=4m or 4m—3, and —1, if n= 4m—1 or 4m— 


(2 COs Fy . sin (a+ “B) ‘ 

(2 sin a)~? sin @ + 5 except when a =r. 

0, if m be odd ;. (- 1)! sin” a, if m be even. 

(2 sin 5) . sin (F -*) , ifn be <1. 

/cos 6 (1 + cos 6), if 0 be between 3 and + a 


; Uu n+ 
(2 cosh 5) sinh 5 


LXI, (Pages 411—413.) 


ecosp ccosp - 


e sin (a+c¢ sin £). - 2 e 


e~ 0084 CSP cos (cosa sin f). 
sin a cos (cos £) cosh (sin 8) 
— cos a sin (cos #) sinh (sin B). 


sin (cos £) cosh (sin 8) cos (a — 8) 
— cos (cos £) sinh Sa B) sin (a _ ‘B). 


1 a a ¢ a —a 
5 (e +e )e 7, 5 (e- e° ). 


e/ 8(8IN) cos fy sin (sin a)}, where yor 


XX1 


9, 


cos (a + ¢sin f). 


XX TRIGONOMETRY. 


9, e882) | cos fy sin (cos a)}, where-y = ¢""*. 


10. xe ©? {cos (6 + sin 6) + 4 cos (sin ay 


2 , 7 0088 {cos (6 —sin 6) ee COs (sin 6)}. 


c sin a 


11. tan7?-——_—__., except when ¢ = 1 and a=(2n+1) z. 
1+c¢cosa eae 

lL, _, 2¢ 81 
12. 5 ta to 5 » except when ¢=1 and a =z. 

I 1+ 2c cosa+¢ 
8 78 TB coat 

1, _,2ccosa . Ll, 142esina+e 
a oo 1. 718 1 oesina te 
16. + a5 ~7 , or 0 according as cosa is positive, negative, 

or zero, 


ae cos is 1 2¢ sin B 


1 
17. 5 C08 (a — 8) tan ~ 5sin(a- B) tanh-! ———- fe 


18. log (sin ® =e Cosec 2) except when a + @ is a mul- 


2 2 
tiple of 27. 7 | 
19. log [(1 +m) +./1 + 2m cos 2a +m]. 
20. 7 Zi, ~ 5 tan? (cos £ cosech a). 
22, * [2,/3 log, (2+ ./3) — 7]. 


LXIL. (Pages 415, 416.) 
cots cot 2°76. cosec 8 {cot 6 — cot (n + 1) 6}. 
cosec 6 {tan (n +1) 6—tan 6}. 
cosec {tan (6+ np) —tan 6}. 


oh Pe oe 


poosee 6 {tan (n +1) 6 tan 6}. 


21. 


22. 


. tan (n+1)-tan1, ae. tan7 
n 


ANSWERS; XX111 


S,= wai C0t 5 aa ~2cot 20 ; S= a 2 cot 26. 
yy oth ye an am 8. tan 2” 6 —tan 6. 


tan 6 — tan 6, tan @. 


sin 6 (cot 6 — cot 26). 


I +1 I N+1. 
5 sin 20+ (- 1) jai Sin 2 6. 
5 sin 26 — see sin 2" 6. 


ae an +1 6 — sec =) 
5 ~ oe 3): 


Gp) 
l 


—— tan 2 2% —2tana; S,=2a—-2 tan a. 


n-1 
ee -) cos 3" ‘ 


n sin & eee sin a. 


bhS 
| 
| 


. 


OO] Rt HR] Rt PB] Ret 
Oo ere ie. 


[é 
. | cot 6 — 3* cot 3* 4] 
tan“! {(n a 1) (a + 2) —tan! 2. 


"tan 3 6 —tan 6]. 


+2 
S,'= tan! 2"—tan11; S, = i ‘ 


7 . 


— anal th ~L. 
S, = sin] — sin 5° 


; Sa= 


1 
ul n+l 
LXIII. (Pages 421, 422.) 


1 — a.cos 6 + a cos 26 —a? cos 36 +... ad inf. 
cos 0 + a cos (0+ d) +a’ cos (6+ 2d) +... ad inf. 


XX1V- 


8, sind+asin (9+) +a’ sin (0+ 2d) +... ad inf. 
mer? a a 
4, cos6+acos(0+¢)+ Bo (0 + 2) + rE cos (0 + 36) 
| gk. ad inf. 
2 2 343 : s. 0 
do. résind+ ee sin 2h + ae 36+ ,.. ad inf, 
2 Ee 
where r=+/a+ and stant, 
9. x cos wee sin 7 ee 3a + B gisty 4o. 
2 3 4 
& : a cos 5a —.,. ad inf. 
a 1 : 
10, x+y—rr=— cosasin % — 5 COS’ a Sin 2a — 3 cos’ a sin 3a 
—... ad inf, 
12, (1) m = tan? ; (2) m= — tan’ a. 
: 1 2 1 
13. — log 2—sin 26+ 3 008 46 + 3 sin 66 —7 cos 80 
— pin 100+... ad inf, 
ae Ls acuiees 
14. 2 sin 6 — 3 sin 36 + sin 50 —... ad inf, |. 
15. log G COS B) + (tan a + cot a) cos @ 
— 5 (tan? a+ cot a) cos 20 + > (tan’ a+ cot® a) cos 36 —.., ad inf, 
LXIV. (Pages 434—436.) 
1, IL} w+ 2a cos (37 + 1) + 1], where 7=0, I, or 2. 
2. IL| a?— 2a cos (6r +1) a rs 1|, where r=0, 1, 2, or 3. 


TRIGONOMETRY. 


where 


ANSWERS. XXV 


| a*— 2 cos (67 + 1) int 1 ; 
r=0, 1, 2, 3, or 4. 
nm *— 2r cos (3r+1)5 +1], 
7=0, 1, 2, 3, 4, or 5. 
II a? — 2a 00s (6r +2) 0 + 1, 
r=0, 1, 2, 3, 4, 5, or 6. 


| 2 : 
@e-1) 01 2 — 2a cos = + 1|, where r=1 or 2. 


| *_ 2a cos (27 + let 1], where r= 0, 1, or 2. 
; - 
(7 —1) II a — 20 00s >" “- , where r=1, 2, or 3. 


(7 +1) II a Imoos(ar+1)e +1], 
7=0, 1, 2, or 3. 
(@—1) 01 *— 20 008 + mF where r= 1, 2, 3, or 4. 


(#41) 11 | a 20-08 (2r-+1) 7 + 1], 
PAO, 15D 
(@*-1) 01) *— 20 cos + 1], where r= 1, 2, ...6. 


nl ® __ Qa cos (27 + 1) 55 + 1|, where r=0, I, 2, ...9. 


LXVI. (Pages 465, 466.) 


+ ‘32746... ft. 

a cos (a+ B) a asim Boy 

cos” (a + 28) cos*(a +28) ’ 
10m ,/2 5 (2—,/3) 7 
ery va and ee :) ea feet. 
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